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AbstractA treatment of potentially inconsistent measurements is presented. The advocated method,termed the Combiner , is an extension of the classical weighted mean.
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1 IntroductionWhen several measurements xexp(i) � �xexp(i), with i = 1; ::; N , of the same physicalobservable X are available, the question arises on how to combine them into a singlemeasurement hxexpi. Combining the measurements can serve two purposes: merely, itcan be to provide a summary carrying the overall information within a convenientlyeasily-quoted global measurement, or, more ambitiously, it can be to provide a means toincorporate the set of measurements into a more involved analysis, where the physicalobservable X enters as one input among others.The weighted mean (WM) method de�ned by:hxexpi = �2hxexpi NXi=1 ��2xexp(i)xexp(i) ; (1)��2hxexpi = NXi=1 ��2xexp(i) ; (2)is the optimal method to merge the individual measurements, insofar all measurementsare consistent the ones with the others. It leads to an easily-quoted global measurement:X = hxexpi � �hxexpi. Furthermore, because the underlying hypothesis is clear (the set ofmeasurements is taken to be consistent) the WM method is statistically well-de�ned andits result is easy to use: the true value of the physical observable being assumed to be x,the probability for this value to yield for the �2:�2(x) =  hxexpi � x�hxexpi !2 (3)a value larger than the observed one, is given by:P(x) = Prob(�2; 1) ; (4)where Prob(�2;Ndof) = 1p2Ndof�1�((Ndof � 1)=2) 1Z�2 e�t=2t(Ndof�1)=2�1 dt : (5)A measure of the consistency of the set of measurements is provided by the �2�2(hxexpi) = NXi=1 xexp(i)� hxexpi�xexp(i) !2 ; (6)and, more conveniently, by its associated con�dence levelP(hxexpi) = Prob(�2(hxexpi); N � 1) (7)If the value of �2(hxexpi) is too large, one may suspect that some of the measurementsin the set are 
awed. If one insists on a democratic treatment of the xexp(i), i.e., ifone refuses to remove the suspected ones, the PDG-recommended scheme[1], termed the1



rescaled weighted mean below (RWM), consists of rescaling the error �hxexpi of Eq. (2) bythe scale factor S = q�2(hxexpi)=(N � 1) ; (8)if the latter exceeds unity: �hxexpi = �hxexpi S : (9)The RWM method is simple and convenient, however, it su�ers from two drawbacks:1. Psychostatistics.On the average, the quoted error is necessarily enlarged with respect to the oneof the un-rescaled weighted mean (WM), even for consistent data sets. Tamperingwith Eq (2) implies a departure from well-de�ned statistics to enter the realm of ill-de�ned (psycho)statistics, where working hypotheses are no longer fully explicited.2. Schizostatistics.The average hxexpi may lie outside the range of values covered by the measurements.This is because the democratic treatment does not allow to detect measurementswhich obviously stick out from the set. Such a measurement, termed an outlier inthe following, pulls the average toward its value, albeit it may remain inconsistentwith the resulting weighted mean, eventhough the error of the latter is rescaled.In this paper we advocate the use of a method, termed the Combiner , which is anextension of the weighted mean method. Although the Combiner does not provide for anescape from the �rst drawback, it is shown below to be more satisfactory with respect tothe second drawback.The discussion of the above drawbacks is further expanded below.1.1 PsychostatisticsThere is no way out of the �rst drawback: this is because accepting the possibility ofhaving in the set of measurements some which are biased in an unspeci�ed way impliesa loss of information, which, furthermore, is ill-de�ned. When the standard deviation isrescaled following the RWM scheme, the (re)de�nition of Eq. (3) is to be taken, at best,as a test statistics. It is no longer a pure �2 term: that is to say that Eq. (4) does nothold. Moreover, the use of this test statistics is ill-de�ned. Its distribution cannot bedetermined, since the underlying hypothesis is now unspeci�ed (the set of measurementsis taken to be inconsistent, but this is not a precisely de�ned hypothesis).However, the aim of the RWM method being to be conservative, the price to pay is toaccept the use of ill-de�ned statistics and to deal with �2(x) as if it was a pure �2. Stateddi�erently, applying Eq. (4) yields over-conservative con�dence levels, which, after all, isprecisely what one is looking for.We use the term psychostatistics to draw the attention on the obvious fact that numer-ical values have henceforth to be taken with a grain of salt: this should not be perceivedas an arrogant jest from our part (arrogant would use Voodoostatistics), but of realisticmodesty. 2



1.2 SchizostatisticsThe second drawback is worth being spelled out explicitly. If one is dealing with twomeasurements which are su�ciently apart for the rescaling of Eq.(9) to be enforced,namely, if �x2exp � (xexp(2) � xexp(1))2 > �xexp2(1) + �xexp2(2) ; (10)leading to a rescaled uncertainty (Eq. (9)):�hxexpi = �xexp(1)�xexp(2) j �xexp j�xexp2(1) + �xexp2(2) ; (11)then the RWM method is prone to contradict itself in the following way.On the one hand, using �hxexpi in place of �hxexpi in Eq.(3), yields:�2(x = xexp(1)) =  �xexp(1)�xexp(2)!2 ; (12)�2(x = xexp(2)) =  �xexp(2)�xexp(1)!2 ; (13)independently on how far apart the two measurements are, provided Eq. (10) is full�lled.Hence, if the two measurements have widely di�erent uncertainties, the measurementwith the largest uncertainty (e.g. the second one: �xexp(2) � �xexp(1)) is viewed ascorresponding to a true value of the physical observable x = xexp(2) which is utterly ruledout by the data (�2(x = xexp(2))� 1), eventhough the weighted mean error is rescaled.On the other hand, the weigthed mean is pulled away from both measurements inproportion of �xexp. As a result, from the view point of both measurements i = 1; 2, thehypothesis that the true value of the physical observable is x = hxexpi leads to�2(x = hxexpi)(i) =  xexp(i)� hxexpi�xexp(i) !2 = �x2exp �xexp2(i)(�xexp2(1) + �xexp2(2))2 ; (14)and, thus, is liable to be ruled out as well, if �xexp is large enough. In particular, if�xexp(2)� �xexp(1): �2(x = hxexpi)(1) ' S2  �xexp(1)�xexp(2)!2 � 1 ; (15)�2(x = hxexpi)(2) ' S2 : (16)Therefore, if the second measurement has a much larger uncertainty than the �rstmeasurement, the conjunction of Eqs. (13-15) implies that when the rescaling is signi�cant,the RWM result and the second measurement are mutually incompatible: this contradictsthe use of the second measurement to de�ne the weighted mean, especially consideringits impact on �hxexpi as displayed by Eq. (11).For twin measurementswith identical �xexp, the RWMmethod is not self-contradictory:whereas Eq. (14) indicates that from the view point of both measurements the RWM3



value may be unacceptable, Eqs. (12-13) guarantees that the rescaled uncertainty yieldacceptable �2 for both.If only two measurements enter into play, not much can be done to circumvent thissecond drawback, since there is no objective way to identify the 
awed one. However, ifmore than two measurements are available, one may rely on the consistency of a subsetof them to identify the possible outliers.2 The CombinerThe Combiner method is explicitly build as an extension of the weighted mean: by con-struction, it tends to reproduce Eqs.(1-2) in the case of a consistent set of measurements.The (psycho)statistical point of view which is taken here is that some of the measurementsmight be uncorrect: if such measurements occur, they should be removed from the set.But other points of view can be chosen. For the sake of completeness, two alternativemethods are discussed in section 4.2.1 PrincipleThe removal of uncorrect measurements relies on the clustering of the others measure-ments around a common mean. Rather than removing abruptly a measurement if it meetssome criteria, the Combiner does not use cut but it considers all possible hypotheses aboutthe correctness of the measurements. A con�guration being de�ned as a subset of mea-surements which are assumed to be consistent the ones with others, the Combiner weighsall possible con�gurations to build an overall likelihood. To reproduce the WM result,the Combiner favors the con�gurations involving the largest number of measurements,provided they have good probabilities.2.2 NotationsWe denote:� c, an ordered list of N bits. It is referred to as a con�guration, indicating whichmeasurements are considered. For example, for N = 3, the con�guration c �101 means that the two measurements i = 1 and i = 3 are to be merged, whiledisregarding the measurement i = 2. The void con�guration being of no interest,the total number of con�gurations considered amounts to 2N � 1.� nc, the number of bits set to one. It is referred to as the multiplicity of the con�gu-ration.� call = 11 : : : 1, the con�guration where all measurements are considered (ncall = N).� �2c, the �2 obtained from the weighted mean (cf., Eqs. (1-6)) of the nc measurementsto be considered in the con�guration c.� Pc = Prob(�2c ; nc � 1), the corresponding con�guration probability (cf., Eq. (6)).4



� Pc = 1�Pc� hxexpi(c) and �hxexpi(c), the results of the weighted mean for the con�guration c.� Gc � Gc(x), the Gaussian probability density function (p.d.f.) with mean valuehxexpi(c) and standard deviation �hxexpi(c).� wc, a weight characterizing the con�guration c. The sum of these weights over the2N � 1 con�gurations is normalized to unity, i.e., Pcwc = 1.� c0 > c denotes two con�gurations such that all the bits set at one in c0 are also setat one in c, and there is at least one bit set at one in c0 which is not set at one in c(e.g., 1111 > 1101, but 1101 6> 1011). The con�guration c0, embedding c, is said tobe larger than c.2.3 De�nitionWith these notations, the WM method consists of using only the con�guration call. In alikelihood analysis relying on those measurements, this treatment is equivalent to addingto the overall log-likelihood the term:�2(x) = �2 lnG(x) ; (17)where the global p.d.f. G is the fully combined Gaussian G = Gcall . The RWM methodconsists of using the same con�guration, but, if S > 1, it modi�es Gcall by rescaling itsstandard deviation. As pointed-out in the Introduction (cf. section 1.1) eventhough inthat case �2 lnGcall de�nes a pseudo-�2, it should be used as a pure �2.Instead of using a single gaussian, the Combiner uses for the global p.d.f. a compoundfunction: G(x) =Xc wcGc(x) ; (18)which enters into the computation of the pseudo-�2 of Eq. (17) here also to-be-used as apure �2. What remains to be done is to de�ne appropriately the weights wc. Obviouslythere is an in�nite number of choices. Since the goal is to protect the analysis from biasedmeasurements and over-optimistic �hxexpi values, which is admittedly a vague goal, onemust rely on educated guesswork to pick-up a particular de�nition of the weights.The weights advocated for the Combiner are:wc = PcPnc=nc0c0 Pc0  1� nc0=ncYc0 Pc0! nc0>ncYc0 Pc0 : (19)The �rst term is a measure of the relative validity of the con�guration c, with respect tocon�gurations of the same multiplicity nc. The second term weighs the validity of thecon�gurations of multiplicity nc, taken as a whole. The third term suppresses con�gura-tions of multiplicity nc if any higher multiplicity con�guration receives a large probability.Therefore, whether or not a con�guration c0 is larger than c, if nc0 > nc, it is su�cient forc0 to receive a large probability to suppress c. For example, if an outlier measurement is5



utterly incompatible with all the others, it is suppressed by the Combiner , if some of theothers are mutually compatible.For the con�guration c = call, the third term receives no contribution and is de�ned tobe equal to one. The above expression ensures the normalization of the weights to unity.3 Illustrations3.1 Twin MeasurementsTo illustrate how the Combiner works, we �rst consider the evolution of the p.d.f. Gas a function of the discrepancy between twin measurements xexp(1) and xexp(2), with�xexp(1) = �xexp(2) = �0 = 1. Figure 1 shows the combined p.d.f. for the Combiner andfor the RWM method. The measurements, indicated by the vertical lines, develop a mu-tual disagreement which increases from the upper left �gure to the lower right �gure.One observes that the Combiner p.d.f.'s become broader with increasing discrepancy andeventually splits up into two Gaussian-like curves. In the limit of extreme incompati-bility, the two curves become genuine Gaussians with central values xexp(1) and xexp(2),respectively, and width �0. On the contrary, the RWM gaussian stays on the central valuewhile the error increases to always keep the two measurements within the (so-called) 68%probability limit. The unsatisfactory behavior of the RWM method becomes obvious atlarge inconsistencies. One observes on the four lower curves in Fig 1 that, whereas theCombiner treats the center value x = 0 as being unlikely | it is favored by the weightedmean, although there exist no supporting measurement, while the rescaled uncertaintygives rise to unduly broad tails which do not show up when using the Combiner.This �rst exemple already exhibits advantages of using the Combiner. However, itdoes not allow to demonstrate fully the superiority of the method because it uses twinmeasurements. As discussed previously (cf. section 1.2), the behavior of the RWMmethodis even less satisfactory if the two measurements have very di�erent �xexp. In addition,since only two measurements are available, the Combiner cannot use the clustering ofcorrect measurements to suppress the 
awed one(s). As shown in the next section, thebehavior of the Combiner is markedly di�erent for a set of more than two measurementsamong which a subset is consistent.3.2 Information LossIt was mentioned in the Introduction that enlarged errors (broader p.d.f's) are an un-avoidable side-e�ect when taking into consideration the possibility of biased measure-ments. This entails a loss of information when the set is consistent. To quantify thisloss of information, we perform a toy Monte Carlo simulation of a set of N = 5 mea-surements, each distributed following the same Gaussian, hxexpi(1 � 5) = hx0i = 5 and�xexp(1 � 5) = �0 = 1. We use the RWM method and the Combiner to obtain the dis-tributions of the mean value and the distributions of the root mean square (r.m.s) of thep.d.f. G. The results are shown on Fig. 2. The left plot shows the distribution of themean value hx[C]i as provided by the Combiner . The distribution of hx[C]i is very closeto be a Gaussian of width � = 0:47. This is to be compared with the RWM gaussian6



distribution of width �WM :5 = 5�1=2 ' 0:45. The �gure on the right shows the distri-bution of the rms. �[C] of the Combiner , to be compared with the hatched histogramwhich represents the distribution of the rms. �[RWM] of the rescaled weighted mean.mean, the distribution of the maxima of the respective p.d.f.'s obeys a Gaussian shapewith standard deviation �0=pN ' 0:45. The same holds for the rescaled weighted mean,as the center value of the p.d.f. is not a�ected by the enlargement of the width. However,this is not true for the Combiners. Although statistical outliers are suppressed, giving riseto a narrower e�ective width, the increase of the width due to the statistical occurrence ofseeming inconsistencies superseeds the narrowing suppression e�ect. The left hand showsthe resulting distributions of central values for the weighted mean (pure Gaussian) andthe C and the T-Combiner. The increase of the width with respect to the weighted meanamounts to 10% for the C-Combiner and 9% for the T-Combiner. gives the correspond-ing distribution of the r.m.s. for the unscaled weighted mean (constant at threshold), therescaled weighted mean as well as the C and the T-Combiner. As expected, the increaseof the errors is strongest for the C-Combiner.3.3 Inconsistent SetThe second example uses the following set of N = 5 measurements: xexp(1 � 5) =3:7; 4:2; 5:0; 5:5; 0:0, all with identical errors �xexp(1 � 5) = 1. While the �rst fourdata points are mutually compatible with a Gaussian distribution (�2=Ndof = 1:9=3), thelast measurement is an outlier leading to a large overall �2=Ndof = 18:9=4, translated intoa scale factor of S = 2:2. The Combiner yields for the p.d.f. G (quoting only the leadingterms):G ' 0:580 G1110 + 0:125 G01110 + 0:118 G10110 + 0:079 G11010+ 0:077 G11100 ; (20)The Combiner p.d.f. is shown in Fig. 3 together with the WM and the RWM functions.As pointed out in the Introduction, one observes that the WM and the RWM methodscontradict themselves: the outlier pulls the mean value signi�cantly but, even in theRWM method, the outlier and the mean value remain incompatible. Furthermore, in theexemple considered here, the measurement the farthest apart from the outlier, althoughcorrect, is also incompatible with the mean value.4 Alternative Methods4.1 The Cautious CombinerFor the Cautious Combiner, G(C), the weights are de�ned asw(C)c = a Pc c0>cYc0 Pc0 ; (21)where the constant a ensures the proper normalization of the weights. The �rst term isa measure of the validity of the combination, while the second term suppresses it, if anycon�guration larger than c receives a high probability. If a con�guration c is such that all7



larger con�gurations are unlikely, it does not get suppressed by the above expression. Forexample, if an outlier measurement is utterly incompatible with all the others, it is keptby the C-Combiner with a weight equal to a. It is termed the Cool-Combiner becauseof that. However, if the number of consistent measurements grows, the outlier weight, a,decreases accordingly.4.2 Bayesian Based Method4.3 Comparisonsshown in Fig. 7. Whereas one may be satis�ed by either the C-Combiner or the T-Combiner, the rescaled weighted mean is not satisfactory: the central value and the errorare strongly a�ected by the outlier which, however, remains inconsistent with the weightedmean result. A sample of the most signi�cant weights obtained for this example is givenbelow:Quoted are only the con�gurations with wc > 0:05. One observes that con�gurationswhere the incompatible measurements are mixed, i.e., bit �ve and another one are set toone, have negligible weights for both the C and the T-Combiner. The C-Combiner allowsa sizable single weight for outlier (measurements �ve) which, while it is suppressed by theT-Combiner.5 Applications5.1 Combining Measurements of �0=�As a practical application, we shall use the C and the T-Combiner to create a combinedp.d.f. of the measurements of direct CP-violation in theK sector described by the quantity�0=�. At present, there exist four measurements which are assumed to be independent inthe following: �0=�� 104 = 8>>><>>>: 23:0 � 6:5 (NA31 [3])7:4 � 5:9 (E731 [4])28:0 � 4:1 (KTeV [5])14:0 � 4:3 (NA48 [6]) (22)for which we obtain a weighted mean of h�0=�i = (19:2 � 2:4) � 10�4 and a scale factorS = 1:9, so that the rescaled weighted mean reads h�0=�i(rescaled) = (19:2� 4:6)� 10�4 .The resulting p.d.f.'s for the C and the T-Combiner together with the one standarddeviation error bars for the simple and the rescaled weighted mean are plotted in Fig. 8.Also shown are the four measurements listed above. One observes the tendency of theT-Combiner to suppress the E731 measurement as an outlier, while it is retained by theC-Combiner. The weighted mean does not account for these details.8



5.2 Combining Measurements of �Md6 ConclusionsWe have developed a straightforward algorithm for combining potentially inconsistentmeasurements. The combiner behaves superior compared to the commonly used �2 rescal-ing of the error obtained from the standard weighted mean for the following reasons: (i),the high probability zones lie within the range of values covered by the measurements, and(ii), outliers are detected and can be suppressed, where the strength of the suppressionis di�erent for the C-Combiner and the T-Combiner. As an application, we show theprobability density functions obtained for the present data set of �0=� measurements.The FORTRAN program combiner.f together with a detailed description of its functionality can becopied from the Web page: http://www.slac.stanford.edu/�laplace/ckm�tter.html, via the link: \Whatis CKM-Fitter".AcknowledgementsWe gratefully acknowledge stimulating discussions with Heiko Lacker.References[1] The Pudding Data Grinder,[2] G. D'Agostini, \Sceptical combination of experimental results: General considerations andapplication to �0=�", CERN-EP-99-139 (1999)[3] NA31 Collaboration (G.D. Barr et al.), Phys. Lett. B317 (1993) 233[4] E731 Collaboration (L.K. Gibbons et al.), Phys. Rev. Lett. 70 (1993) 1203[5] KTeV Collaboration (A. Alavi-Harati et al.), Phys. Rev. Lett. 83 (1999) 22[6] G. Graziani for the NA48 Collaboration, \A new result on direct CP violation from theNA48 experiment", Talk given at the XXXV Rencontres de Moriond - Electroweak Inter-actions and Uni�ed Theories, Les Arcs, France, March 2000
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