Ultimate precision Standard Model tests: the muon magnetic
anomaly — taming its hadronic contributions
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Magnetic moment

The magnetic dipole moment of a particle can be observed from its motion in a magnetic field

Intrinsic magnetic moment discovered in Stern-Gerlach experiment, 1922:

Observation

Expected result

IM FEBRUAR 1922 WURDE IN DIESEM GEBAUDE DES
PHYSIKAUISCHEN VEREINS, FRANIFURT AN MAN,
VON OTTO STERN UND WALTHER GERLACH D
FUNDATENTAIE ENISLCRUNG BER RAUMOUANTISIERUNG
DER MAGNETISCHEN MOMENTE IN ATOMEN GEMACHT.
AUF DEM STERN. GERUACH-EXPERIMENT BERUHEN WICHTIGE
. PHYSIKALISCH-TECHNISCHE ENTWICKLUNGEN DES 20 JHDTS.,
Beam of neutral silver at WIE KERNSPINRESONANZMETHODE, ATOMUHR ODER LASER
eutral sliver atoms OTTO STERN WURDE 1945 FUR DIESE ENTOECKUNG

DER NOBELPREIS VERLIEHEN L a]P i i

(unpaired atomic electron)
A commemorative plagque at

Inhomogeneous magnetic field the Frankfurt physics institute

— atoms have intrinsic and quantised angular momentum

Uhlenbeck & Goudsmit postulated in 1925 that electrons have spin angular momentum
with magnetic dipole moment: e/2m, (Bohr magneton)



Electron g tactor

Dirac’s relativistic theory of the electron (1928) naturally accounted for
quantized particle spin, and described elementary spin-1/2 particles

In the classical limit, one finds the Pauli equation with magnetic moment:

e

S , with |g.| = 2 the gyromagnetic factor

(and radius R, = 0, ie, elementary !) Paul Dirac

L=-g

€ 2me

Here g,/g. = 2.8 hinted that proton is not elementary



Dirac’s relativistic theory of the electron (1928) naturally accounted for
quantized particle spin, and described elementary spin-1/2 particles

In the classical limit, one finds the Pauli equation with magnetic moment:

e

S , with |g.| = 2 the gyromagnetic factor

(and radius R, = 0, ie, elementary !) Paul Dirac

L=-g

€ 2me

Here g,/g. = 2.8 hinted that proton is not elementary

Today, everyone knows that the proton is composite,
and the electron is a point-like particle ...

But —is it really ?

— Precise g, measurement is key !



Electron g tactor

Dirac’s relativistic theory of the electron (1928) naturally accounted for
quantized particle spin, and described elementary spin-1/2 particles

In the classical limit, one finds the Pauli equation with magnetic moment:

e

S , with |g.| = 2 the gyromagnetic factor

(and radius R, = 0, ie, elementary !) Paul Dirac

p=-g

€ 2me

Here g,/g. = 2.8 hinted that proton is not elementary

Dirac’s prediction was confirmed to 0.1% by Kinsler & Houston in 1934 through studying the
Zeeman effect in neon [ rhys. Rev. 46, 533 (1934) |

A deviation from g, = 2 was established by Nafe, Nels & Rabi only in 1947 by comparing the
hyperfine structure of hydrogen and deuterium spectra [ rhys. Rev. 71,914 (1947) |

A first precision measurement of g, = 2.00344 + 0.00012 (wrong.: 2.00232...!) was made by Kusch
& Foley in 1947 using Rabi’s atomic beam magnetic resonance technique [ rhys Rev. 72, 1256 (1947) |



Electron g tactor

Ever since experimentalists & theorists are racing for g, precision to test QED

A series of (Nobel prize winning) experiments was performed using single
electron capture in a cylindrical Penning trap and measuring the spin (ws) to
cyclotron (w, = eB/m,) frequency ratio, giving: g./2 = ws/w,

) ¢ S

.

. . . Hns G. Dehmelt
The most precise measurement from 2008 exploits spectroscopy with fully resolved lowest Nobel 1989

cyclotron and spin levels of a single electron quantum cyclotron in a cold (0.1 K) cylindrical
Penning trap cavity immersed in 5.4 T B field

Anomalous magnetic moment:

y electron top endcap

uartz spacer electrode Ge —
. e —
arrte sp ) compensation ap = = 1159 652 180.73(28) - 10712
electrode 2
nickel rings < s—ring electrode (24 ppb precision, 1.80 below 1987 value)
0.5cm] ___compensation
bottom endcap electrode
electrode field emission [ Hanneke, Fogwell, Gabrielse (Harvard), 0801.1134, 1009.4831 ]

microwave inlet point

Cylindrical Penning trap cavity used to confine a
single electron and inhibit spontaneous emission 6



Quantum fluctuations

Dirac’s gyromagnetic factor is lowest order QED graph, but there are quantum corrections...

4 ) 4 ) ( 7\ Schwinger 1948 (Nobel price 1965)
First QFT loop calculation!
[ Phys. Rev. 73, 416 (1948) ]

\ Y, \ Y, \ Y, l J
5 .

(g-2)e # 0 (full Standard Model) (g-2)s = 0 (Dirac) coupling to virtual fields: Julian Schwinger
(g-2)e# 0 (15t order QED)

Quantum fluctuations slightly increase gyromagnetic factor, so that:

QD _ @&

ag"’ = -+ =0001161 ..



Theory and comparison

with experiment

In a tour de force, five QED loops have been computed [ kinoshita et al, 14128284 (2014) |

2 3 4 5

o QFP _ % — 0328478444 (%) +1.181234 (%) ~1.912(1) (%)

—78(3) (%)

adding to these small contributions from hadronic and weak loops, and using the best value
a~! = 137.035 999 049 (90), from a measurement of h/mgy, via the recoil velocity of Rubidium
atoms when absorbing photon [ Bouchendira et al, 1012.3627 (2010), a? = 2R.,mgyh/(cm.myy) 1, ONE fiNAS:

asM = 1159 652 181.64 (4)(76) - 10712 — In agreement with experiment

(errors are from loop terms and a, respectively)

af® = 1159 652 180.73(28) - 10712

Measurement and SM prediction can be used to derive most precise value of a

a"l(ae) = 137.035999 157 (4)(33) (errors are from theory and experiment, respectively)

(0.25 ppb precision, 3 times better than Rb based value) [ Kinoshita et al, 1412.8284 (2014) ]
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with experiment
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a2 = = — 0328478444 (%) +1.181234 ()

a~ ! 5999 157 (4)(33) (errors are from theory and experiment, respectively)

(0.25 pp®precision, 3 times better than Rb based value) [ Kinoshita et al, 1412.8284 (2014) ]



Theory and comparison

with experiment

In a tour de force, five QED loops have been computed [ kinoshita et al, 14128284 (2014) |

2 a3 4 a5

225 _ % — 0.328478444 (z) +1.181234 (;) ~1.912(1) (%) —7.8(3) (E)

adding to these small contributions from hadronic and weak loops, and using the best value

a~1 =137.035 999 049 (90) — 137.035 999 046(27) | 137.035 999 206(10) [ 5c difference],
using the recoil frequency of Cs-133 | Rb-87 atoms in a matter-wave interferometer [ rarker et al,
Science 360, 191 (2018) | Morel et al. Nature 588, 61 (2020) ], Oone finds:

asM = 1159652 181.64 (76) - 10712 — 1159652 181.61(23) | ...180.25(10) - 10~ *2
a® = 1159 652 180.73(28) - 1012
e

so that the experimental value differs from the SM prediction by —2.4c | +1.60, respectively
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Theoretical properties

The anomalous magnetic moment of an elementary particle corresponds to an effective
Lagrangian interaction of mass dimension 5. It is finite and calculable

At lowest order in QED, the anomalous magnetic moment is universal:

ED,LO
al

ED,LO ED,LO a
o al = aQ = —

K T 21T

Differences, ie, lepton mass dependence are introduced at loop level: (a/m)?

SM contribution to a, dominated by mass-independent Feynman diagrams in QED with
electrons in internal lines

Lepton mass effects become significant for a,, !
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The measurement of the muon g-2 is harder as the muon is instable (2.2us) — why bother ?

— All sectors of SM physics contribute measurably to muon g—2

— At lowest order where mass effects appear, contributions from heavy virtual “new physics”
(NP) particles of mass Ayp scale as m3

2 NP 2
NP mg ay my
¢ Ap aX¥ m2

Muon g-2 looses “only” about factor 23 (4) in experimental (theoretical) precision,
so a, expected to be significantly more sensitive to NP than a,

Example: weak + Higgs boson contribution is 1536 - 1072 (1) and 0.030 - 102 (e) — ratio of ~ 51,000

12



Fermilab muon g-2 experiment, 2018-...
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Measuring the muon g—2

Analogous approach as for electron: search for discrepancy between the frequencies of
cyclotron motion and spin precession

For polarised muons moving in a uniform Bfield (perp. to muon spin and orbit plane),
and focused in an electric quadrupole field, the observed difference between spin
precession and cyclotron frequency (= “anomalous frequency”), ignoring uEDM, is:

el

e 1 IO With electrostatic focusing, no gradient
- - — D _ _ Bfield focusing needed so that Bcan
Wg Ws c mﬂ [aﬂB (ali 2 ) '8 XE] be made as uniform as possible !

Motional magnetic field @, Independent of muon momentum
The Efield dependence is eliminated at the “magic y": y = 29.3 — p, = 3.09 GeV

The experiment measures (g, — 2)/2 directly
[ J. Bailey et al., NP B150, 1 (1979) ]



Exploit muon properties in experiment

« —>» spin orientation
1. Parity violation polarizes muons in pion decay Uy = T~ = Upolarised
~97% polarized for forward decays
Polarized u Momentum

ST \&
2. Anomalous frequency proportional to a, ?

Storage ring ¢

e - 1 N e R
3. Magicy: 6=—[aB—(a— ) XE| ~——a,B
Jiey “© myel ™ H )/2—1'8 myc *
0
. . . . c < Wgq
4. Parity violation in muon decay 3
(@]
+ + = S
Mpolarised — € T Ve + Yu =
0
fast positron emitted preferentially in direction of muon spin %

Time

© D. Hertzog, UIUC "



Fermilab muon g—2 experiment

« 8 GeV proton beam incident on a target produces large number of pions that decay to muons

« 3.1 GeV muons (relativistically enhanced lifetime of 64 us) is injected into a 45 m circumference ring
with 1.4 T vertical magnetic field, which produces cyclotron motion matching the ring radius

» Vertical focusing via electrostatic quadrupole lenses around the ring

Inflector Magnet

Quadrupole
Focussing /

Straw-tracking

station _
1.4 T Me gnet A A\lélgll(‘r‘ﬁ -
Direct muons
into ideal orbit

Kicker

« Decay positrons (correlated with u spin precession) counted vs. time in calorimeters inside ring (— w,)
*  Muon beam profile measured with tracking stations

 Precise measurement of w, and B allows to extract a, 16



N/149.2 ns

Fermilab muon g—-

PRD 103, 072002 (2021

~
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Time after injection modulo 102.5 [us]

Anomalous frequency:
e

—a, B

W, =
U
muc

obtained from time-dependent fit to electron counts
(for given energy £), in simplified form:

N(t) = Nye t/Y*[1 — A - cos(wyt + ¢)]

In blue: fit parameters (full fit has 22 free parameters)

2 experiment

Observed positron rate in successive 102.5 ys periods

6000 [

a2 o
S 9
S o
S o

3000 [~
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2000 |~
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20000 — ¢
%wooozé‘r‘?;}z$ ¢$ i ¢ é P 5—paramerter fit
ogg ;}{tfg{m iy ;:;5&:y"‘,.éf*g\,ﬁf.;\{g“«“;"»"g*& not adequate to
m"°°°°z§t};‘§" t ( ' describe data

Time [us]

Statistical uncertainty on w,: 0.43 ppm

Total systematic uncertainty on w,: 0.06 ppm,
with largest contributors:

Pileup (~in-time arrival of two low-E positrons)
+  Calorimeter gain changes
*  Fit model
* Coherent betatron oscillation

Additional beam-dynamics systematic: 0.09 ppm



y [mm]

Fermilab muon g—2 experiment

B-field is mapped with 17 NMR probes on a trolley pulled through beampipe every 2-3 days

40

20 A

—20 1

—40

PRL 126, 141801 (2021)

= Field homogeneity [ppm]

1.0

o
©

o
o
Relative muon intensity [arb. u.]

-40 -20 0 20 40

Azimuthal average magnetic field contours
overlaid on the time and azimuthally
averaged muon distribution

B-field is proportional to free proton precession frequency w,,
(B < w,/u,) measured by NMR probes, so one can write:

. WMy Wy PpMy ge
y = = P RIE
B e Wy Ue M 2

Precise external data
(total uncertainty: 0.03 ppm)

where was used:

hw 4m
p and e=—eﬂe

B=——
2Up nge

The full expression includes corrections for the muon distribution and
NMR temperature reference

— Systematic uncertainty on w,, is 0.06 ppm
— Additional systematic from magnetic transients: 0.10 ppm

w, and w, measured independently in blind analyses — doubly blind experiment!
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Result, and comparison with earlier experiments

Fermilab g—2 Result (Run 1): [PRL 126, 141801 (2021) |

Muon g-2 (FNAL) ... . TDR Goal
2] 201 m— RUN-1 /,
a, = 11659 204.0 (5.1)(1.8) - 1071° g | e
S5 T s -
(0.46 ppm precision, assumes CPT invariance) = " —— Runs /
0 )/
G 101 //
Combination with BNL E821 result: - N
[ PRD 73, 072003 (2006) with updated reference values ] E 51 analysis __/
~10 done ____ﬂ?_un-Z analysis underway
a, = 11659 206.1 (4.1) - 10 (0.35 ppm) ST |

W A A W 0 0 N N 9l
W ge® (W ge® W ge® W ee® o
T Qv N Qv RN Qv N Qv RN Qv

Evolution of the experimental sensitivity:
[ See, eg, Miller, de Rafael, Roberts, hep-ph/0703049 ]

Experiment Beam = Measurement da,l a, Required theor. terms
Columbia-Nevis (‘57) u g =2.00 (0 =0.10) g=2 Muon
Columbia-Nevis (‘60) 4 0.001 13 (+16)(-12) 12%  a/2n o
CERN 1 (SC, 1961) ot 0.001 145 (22) 1.9 % a/2n electron
CERN 1 (SC, 1962) ot 0.001 162 (5) 0.43 % (a/m)?
CERN 2 (PS, 1968) ot 0.001 166 16 (31) 266 ppm (a/m)3
CERN 3 (PS, 1979) o 0.001 165 923 0 (84) 7.2 ppm (a/n)® + had (60 ppm) Electrostatic
BNL E821(1997-2001) 4=  0.00116592091(63)  054ppm  (a/r) + had + weak +?  mage .
Fermilab 2020 ot 0.001 165 920 40 (54) 0.46 ppm same

19



Confronting Experiment with Theory

The Standard Model prediction of a, is decomposed in its main contributions:

-2
sm _ 9u _ QED , EW , _Had
Gt ==——=a +atV + aj

of which the hadronic contribution has the largest uncertainty



Confronting Experiment with Theory

QED Electroweak Hadronic SUSY? Some other
type of new
physics?

had




QED contribution

Known to 5 loops, good convergence, diagrams with internal electron loops enhanced:

X

QED _ i ﬁ 2 g 3 ﬁ 3-loop light-by-light
ai™" = +0765857425(17) (~) + 24.05050996(32) (~) e

electron loop

[ Schwinger term ] 5

+ 130.880(6) (%)4 + 753.3(1.0) (%)

[ 5-loop: Aoyama, Hayakawa, Kinoshita, Nio, 1205.5370 (2012) ]

Using a = 137.035 999 049 (90) from Rubidium recoil measurement, gives:

2P = 11 658 471.895(0.008) - 10710

with negligible uncertainty compared to experimental error of 6.3 - 1071°

22



Observation of yy — vy
light-by-light scattering em—fields
(LBLS) by ATLAS in 5.02
TeV ultraperipheral
Pb+Pb collisions

b|———V=C

Picture shows LBLS vETe ‘ ]

candidate: two em—fields — L. C

E;= 4.9 GeV back-to- ii' n|r | Wi

back photons with no [ A’]‘, .’E’I_FFI‘ 4"6’ ‘ kj
additional activity Field strength of up to 10% V/m reached

[ PRL 123 (2019) 052001 ]

ATLAS

EXPERIMENT

23



Electroweak

contribution

2

am
EW contribution involving W, Zor Higgs is suppressed at least by a factor: E—é‘ ~4-107°
my,

The first loop gives: [ Jackiw, Weinberg and others 1972 ]

_ Gem? [5 mj m;
gEWA—loop _ “FMy [ + = (1 — 4sin®0y,)? + 0< ) +0 <—‘2‘)] =19.48-1071°

" 8v2m2 |3 mé, mé,
ﬁ\ A /A\ 1-loop diagrams (some cancellation between W .Zgraphs)
+389x10 1° -194x10 10 <33x10 ~
Two-loop contribution surprisingly large due to : .
Iarge |ﬂ(/772//77ﬂ): [ Czarnecki, Krause, Marciano, 1995, and others | u ! z u v z
2-loop diagrams (+ Higgs exchange)
Ew,2—loo _
a, P = _412(0.10)- 10710
EwW,1+2—loop Three-loop leading logarithms are found to be

_ _10-10
ali _ 1536(010) 10 small (~ 1 0_12) [ Degrassi, Giudice, hep-ph/9803384, and others ]
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The dominant hadronic contribution and uncertainty stems from the

Had,LO

lowest order contribution, a, , which cannot be calculated from
perturbative QCD as it is in the nonperturbative regime

Tools to approach low-energy QCD:

1.

2.

Lattice QCD (encouraging results, but precision is challenging)

Effective QFT with hadrons such as chiral perturbation theory
(limited validity range)

Hadronic models (hard to estimate robust uncertainties)

Dispersion relations and experimental data

Hadronic

contribution

25



Digression: Running of aqep(mz)

Photon vacuum polarisation . iax y t y )
Y
Only vacuum polarisation _a(0) L
“screens” electron charge 28— 1— Aa(s) with: Aa(s) =-47aRe[ T1,(s)-T1,(0)

split into leptonic and hadronic contribution

Leptonic Aa.(s) calculable in QED (known to 3-loops). However, quark loops are modified by long-
distance hadronic physics, cannot be calculated with perturbative QCD

Born: o'%(s)=o(s)(a/ 0!(3))2

O[ata-
Way out: Optical Theorem (unitarity) 127Im[L(s) = c"'[e'e” — hadrons] = R(s)
v 0(0)[e+e— N ILl+ﬂ_]

and the subtracted dispersion Im N@,\/ o hadrons |2
relation of IL(g2) (analyticity) [ ; | o | A |

2 ImIL(s)

I1,(s)-11,(0)= = s R(s)

S'(s'—s)-ie

as . ¢
A s)=——Re| ds’
(s —8)—ic P Adu(S)= g !

Precise knowledge a(m,) important ingredient to global electroweak fit

Aai.4(S) uncertainty contributes 1.8 MeV to my, SM prediction (total error of SM: 8 MeV), but dominant uncertainty to sin28.; (SM)



Hadronic

contribution

AKIn to Aanag(S), the lowest-order hadronic contribution to g, can be obtained from a

dispersion relation: [ Bouchiat, Michel, 1961 |
[ Brodsky, de Rafael, 1968 ]

[¢e) - E
2 -
HadLo _ 1 (& p K(s) P 003 | | — -Koslred,
ay ~3\7 S S (s) - BT SRR ~ 1/(s(s-M?) for ot (M?) |
mZ I T T ~ s’ |
> 0.02 + -
= [ ]
Integration kernel steeply falls with s, g i
putting emphasis on the low-mass A(s), 0.01 -
dominated by low-multiplicity exclusive i
hadronic states, such as ete - n*n- I
O !
0
Most recent DHMZ evaluation (2019): s (GeV?)
= aEad'LO= 694.0(4.0) - 10-10 [ DHMZ,1908.00921 (2019), EPJ C 80, 241 (2020) ]

a(aEM [10—10] — 4.4 = O.OQED fan) 01EW fan) 4.0Had,LO ) O_lHad,N(N)LO fan) 1.8Had,LBL
27



The hadronic contribution to the muon g-2

All' hadronic contributions (LO, NLO, NNLO), except for light-by-light
scattering (LBLS), can be obtained via dispersion relations using a mix
of experimental data and perturbative QCD

The LBLS contribution is a four-point had
function that is currently estimated
using meson models ¥




The hadronic contribution to the muon g-2

In the following, all a, numbers are given in units of 10-7°



The challenge

The dispersion relation is solved using a mix of ete~ — had data and QCD, depending on s

Davier, Hoecker, Zhang, hep-ph/0507078 (2005)

6

1/2

(GeV)

T T T |\ T ‘\‘ T T T T ‘ T T T T ‘ T T T T ‘ T T T T ‘ [| T T T ‘ T :\ T T ‘ T T T T ‘ T T T T
r ' \: | _
C fo P ' Iy ]
- b e*e” — hadrons e ]
r . A
- zmE QCD E 7
C ' fi
E : y
C |
r ~ ! 3
r “Hl 1. 190 L.) ) L l IL J 3 EIT,'& ]
L J T t L 4 J _]
: Ll }H} ! :
C H O BES m Crystal Ball -
- = exclusive data * w2 4 PLUTO .
C | I L J” ly\{ 1 \\\F‘\’T’k | | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | i
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
RE (GeV)
T T T T T T T T T T T T T T T T ‘ T \’ T T ‘ LI l T ‘ T T T T T T T T T T T T
C EY1s st 3s‘4s ]
: . :
% Lo e |
ﬁ‘— 1 ELLT IEPZE&TE*T*IEI :‘ME: et g ) % : :
1 - L ' ! .
Pyt DI R
- e*e” — hadrons 4 PLUTO * MD1 ]
- = QCD A LENA & JADE ]
C m Crystal Ball o MARKJ i
1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1 ‘ 1 1 1 1
5 6 7 8 9 10 11 12 13 14

e [m%y-1.8GeV ] sumof 34
exclusive channels; very few
unmeasured channels are
estimated using isospin symmetry

« [1.8-38.7 GeV ]. agreement
between data and QCD for vds
continuum — more precise QCD
NNNLO used; Jy & ¥(2S)
resonances from Breit-Wigners

« [8.7-5.0GeV ]. open charm pair
production: use of data

« [5.0GeV-o0]: NNNLO QCD
(assuming global quark-hadron duality
to hold across bb threshold)
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e*e- — m*n~ contributes 73% to a; 2% and 58% to total uncertainty-squared

The dominant ete- — m*tm— contribution

Relative to uncertainty?
due to quadratic addition
(neglecting inter-channel
correlations here)

Many of the efforts of the last twenty years focused on that channel.

Most measurements dominated by systematic uncertainties

Cross section [nb]

10°

102

10

10

Compilation and combination: DHMZ, 1908.00921 (2019)

I'TTH

p(770) N ¢ TOF o KLOE 12
- <« prwmXng 4 OLYA * BESIII —
= o CMD ¢ SND 3
C * CMD-2 06 4 DMA1 7]
- o CMD-2 03 v DM2 _
= 4 KLOE 08 v CLEO 3
I s KLOE 10 ° BABAR ]
L Combined —
= p(1700) =
C : ]
L Y ov4 ]
= T ey \ —
= SRR P A =
- Data combination —» l l y _&uv; p(2300) ?
- v ..é.. -]
= et > mm 'i" T %‘.{:‘? *%&}z
:II | 11 1 | 11 1| | 11 1| | 11 1 | | I | | | I 11 1 | 11 1 | 11 1 | 11 1 | I’%
04 06 0.8 1 12 14 16 1.8 2 22 24
\s [GeV]

Three types of input data:

Energy scans: CMD-2 (&, ~ 0.8%),
SND (64,6~ 1.5%), + DM1, DM2, OLYA,
TOF

ISR-based measurements: BABAR
(8eyst ~ 0.5%), BES-III (6,5 ~0.9%), KLOE
(Bgyst ~ 0.8-1.4%)

Yisr
e+

hadrons

Hadronic tau decay data via isospin
symmetry (CVC): ALEPH, OPAL,
CLEO, Be”e (6systfcombmed - 0-7%)1
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The dominant ete- — m*tm— contribution

Monumental ISR analysis: BABAR, 1205.2228

- . BABAR data -
- p(770) .
- ; 4 p—
N s <« p-wmixing ]
- ’0 -
L ‘,4 R —
C R ]
- () —
#
_— .o'" ‘M" __
- » K .
— ‘} —
— ‘J A —
—_ ."‘ ~.~ _—
L L _
B ~ i
— '.0 —
- .'/ \”'.. 7]
5—.—#’#@’ \\\ _:
_I 111 | | | 111 1 | 1 11 1 | I | | | | 111 1 | 1 11 1 | I | | 111 I_

055 06 065 0.7 0.75 0.8 0.85 09 095 1
V's' (GeV)
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IF |

The dominant ete- — m*tm— contribution

Monumental ISR analysis: BABAR, 1205.2228

TTTTITTTT T II T[T T T T T T T TT T[T TTTTTITT[TTTT] T TTT
RRRNRRRRNELRN ALY R AR LR

T T T T T T T T T | T T T | T T T | T T T

BABAR data

Pion form factor fit
well behaved, but
complex structure

o
IIII|IIII|IIII|IIII|II |IIII|IIII|IIII|IIII|IIII

1 | 1 1 1 | 1 1 1 1 1 1 | 1 | 1 1 1
0.72 0.74 0.76 0.78 0.8 0.82
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The dominant ete- — m*tm— contribution

Monumental ISR analysis: BABAR, 1205.2228

Pion form factor fit
well behaved, but
complex structure

BABAR data
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1
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The dominant ete- — m*tm— contribution

Dominant systematic uncertainties / challenges:
(in parentheses uncertainties for best measurements)

* Energy scan measurements (ex. CMD-2 / 0.8%):
detection efficiency, radiative corrections (0.4%),
beam energy (0.3%), ...

* |ISR-based measurements (ex. BABAR / >0.5%):
pion identification (0.3%), u*u~ reference (0.4%), ...

» Tau data (ALEPH, 0.3% on normalisation): ° and
photon reconstruction (0.2%), hadronic interactions
(0.2%), ...

Huge amount of precision data, but — with a close look —
one notices issues...
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Digression. Combining data points for integration

The integration of data points belonging to different experiments, with
different within-experiment, inter-experiment and inter-channel correlated
systematic uncertainties, and with different data densities requires a
careful treatment

Trapezoidal rule is biased

It is thereby mandatory to test the accurateness of the integration T T
procedure in terms of central value and uncertainty using o) g ocow
representative models with known truth ooy % S

3000 —
2500 -

2000 [~

Cross Section (nb)

1500 -

DHMZ approach for a given channel:

1000 -

« Quadratic interpolation of the data points for each experiment L

RN RN RN A UNAAIN AR g
01.01 1.02 103 1.04 1.05 1.06 1.07

* Local weighted average between interpolations performed in infinitesimal

s (GeV?)
bins (1 MeV); local PDG error rescaling in case of incompatibility

» Full covariance matrices: correlations between data points of an experiment
(systematic errors), between experiments and channels

* Error propagation (up to dispersion integrals) using pseudo experiments

» Possible bias tested in 2 channel using a form factor model (closure test):
negligible for quadratic interpolation, but not for linear model (trapezoidal rule)
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The dominant ete- — m*tm— contribution
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Cross section(exp) / Combination - 1

Cross section(exp) / Combination - 1

The dominant ete- — m*m~ contribution — close comparison

Compilation and combination: DHMZ, 1908.00921 (2019)
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Relative weight in combination

Error scale factor

The dominant ete- — m*m~ contribution — close comparison

Compilation and combination: DHMZ, 1908.00921 (2019)

| \\‘\\\‘\\\‘\\\‘\\\‘\\\ III|IIII|IIIIIIIIIIIIIIIIIIII
1 CLEO : v
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2.6 Above: comparison of results for a;;***°[z*7~] in
24 the interval 0.6 — 0.9 GeV for various experiments
22 1 (for KLOE, the result of their public combination is shown)
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The dominant ete- — m*mr~ contribution — impact on a,

Local uncertainty rescaling does not fully

Full combination: q,* M OlmtnT] = 507.0x1.9 <« o0 A BABAR KLOE dicropancy
Removing BABAR: = 505.1 = 2.1

Removing KLOE: = 510622

Full combination incl. global error rescaling: = 507.9+0.8 + 3.2

[ DHMZ 1908.00921 numbers ]

It is possible to also use precise T — m*n® v data via isospin symmetry (CVC):

W:l=1&V, A y:1=0,1& V
T et

CVC:I=1&V \ y
/WMC hadrons

e-

T

hadrons

But it requires to correct for isospin breaking effects. Last estimate: 516.2 + 2.9 + 2.05 (3.5) [2.10 above e*e]
Some IB effects still under debate (eg, y—p mixing). While the use of tau data helped significantly in the

1990-ies when the quality of the e*e~ data was insufficient, with the much improved e*e~ precision we
consider the tau data less appealing for the g, estimate
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The ete- - 0 contribution

Had,LO

ete” —» mrnm0 contributes with 6.6% to a,, and 13% to its uncertainty-squared

Good agreement among precision data (no BABAR data yet below 1.04 GeV)

Compilation and combination: DHMZ, Davier 1612.02743 (2016)
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The ete —

mtm10 contribution

ete” — nrn 0 contributes with 6.6% to aEad'Lo and 13% to its uncertainty-squared

Good agreement among precision data (no BABAR data yet below 1.04 GeV)
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The ete- — ¢(1020) > KsK, K* K contributions

ete” — KsK|, KK contribute to 5.1% to aﬁlad']‘o and 1.6% to its uncertainty-squared

Good consistency in KA final state, new data from CMD-3 and BABAR

BABAR reconstructed A directly via their nuclear interactions in the electromagnetic calorimeter

Cross section [nb]
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Compilation and combination: DHMZ, Davier 1612.02743 (2016)
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The ete- — ¢(1020) > KsK, K* K contributions

ete” — KsK|, KK contribute to 5.1% to aﬁlad']‘o and 1.6% to its uncertainty-squared

Problems in K*K~ channel, discrepancy between BABAR and CMD-2/3/SND (VEPP-2000)

K*K final state with low kaons at threshold hard to reconstruct for energy-scan experiments. Easier in BABAR due to ISR boost

Compilation and combination: DHMZ, 1908.00921 (2019

'3‘ = I T T T | T T T | T T T | T T T | = 1I_ :l I LI I T TT I LI I LI I LI I T 1T I LI I LI I T I:
= C . ) 1 < u ete KK * SND * CMD-3 -
+ A

c 10°E e'e KK OLYA * SND - 8015 « CMD-2 o BABAR
O 2 ® CMD *CMD-2 3 g - Combined 3
B F . + DM1 "CMD-3 ] & o0if % =
S 12 §§ * DM2 °BABAR = & - % .
o F g Combined 3 I VUop _H_ =
S -2 oy 1 a C n
© 1or g - £ ofF e 4€=_
- o 1 5 F % .
B T =-0.050 IR % { —
1 —- 8 u + ]
1 I A: | + E
- ; § -0.1[ + 3
-1 = : .
107 5-0.15 =
_2 B I \ \ \ I \ \ | I | 1 : I | I 111 1 I | I | I | I | I 111 1 I L1111 I | I 11 I:

10 1 1.2 1.4 2 1.016 1.017 1.018 1.019 1.02 1.021 1.022 1.023 1.024

-\JE [GeV] \s [GeV]

BABAR (0syst = 0.7%) higher by 5.1% compared to CMD-2 (0syst = 2.2%) and by 9.6% compared to SND (Ogyst = 7.1%).
New SND results agree with BABAR and supersede previous ones. New CMD-3 results are 5.5% higherthan BABAR.
11% difference between CMD-2 and CMD-3 results, compared to 2.2% systematic uncertainties quoted

— apply global error rescaling as for m*m~
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The ete —» -, wtn om0 contributions

The four pion channels contribute with 4.6% to aﬁad'Lo and 2.4% to its uncertainty-squared

mrn-n*m~ channel pretty well known since long, but m+r %0 challenging. Discrepancies in
earlier data, but recent precise (~3.1% systematic) measurement from BABAR much improving
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with BABAR & uncertainty < halved

Cross section [nb]

:

Cross Section (nb)

60

50

40

30

20

10

Compilation and combination: DHMZ,,1612.02743 (2016

40 &

- ete>ntn2n? + OLYA =
- * SND -
C ° BABAR ]
- e*e” Average .
Z_ 0000, _Z
: o
22 24
\s [GeV]

1 Tau data from ALEPH

significantly above BABAR
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> 5m channels (incl. nrr) contribute with 0.7% to a

The ete- — > b contributions

Had,LO
U

Also here large improvement from BABAR ISR data, problems in older datasets
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and 0.2% to its uncertainty-squared

Compilation and
combination: DHMZ,
1612.02743 (2016)
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The ete- — KK n(mrm) contributions (many charge combinations)

Past analyses suffered from missing final states that were estimated by symmetry arguments

Systematic measurement of exclusive processes by BABAR completes the KAKm and (almost)
all Kknr final states. Their sum contributes 0.4% to aj;*®° and 0.1% to uncertainty-squared
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Selection of measurements
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3.7-5.0 GeV region contributes with 1.1% to a

The charm resonance region (above DD threshold)

U

Had,LO

and 0.6% to its uncertainty-squared

Good agreement between measurements. Precision dominated by BES (o, ~ 3.5%)

Cross section [nb]

35
30
25
20
15
10

™ T | T T T | T T T | T T T T T T T T T | T T T ]
— * PLUTO 3
: e*e’—Hadrons - CB :
- ° BES 3
- Average -
= I =
) ] ¢ q
: 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 :

3.8 4 4.2 4.4 4.6 4.8 5

\s [GeV]

48



The big picture

Davier-Hoecker-Malaescu-Zhang, 2019

| I I I I | I I

Charm resonances -
integrated using data
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Full compilation in numbers

DHMZ, 1908.00921 (2019)

Legend: First error statistical, second channel-specific systematic, third common systematic (correlated)
For Aqcp, uncertainties are due to: as, NNNLO truncation, resummation (FOPT vs. CIPT), quark masses

Channel ap?dto 110719 Channel ap?d10 110719
7Oy 4.41 4+ 0.06 £ 0.04 £ 0.07 KYK~ 23.08 4+ 0.20 + 0.33 4+ 0.21
Yy 0.65 + 0.02 4 0.01 + 0.01 KsKi, 12.82 4+ 0.06 + 0.18 £ 0.15
atm™ 507.85 + 0.83 + 3.23 + 0.55 ¢ (non-K K, 37,70y, 17y) 0.05 + 0.00 £ 0.00 + 0.00
ata—x® 46.21 +£0.40 + 1.10 + 0.86 KKn 2.45 + 0.05 £ 0.10 & 0.06
ot o 13.68 £ 0.03 + 0.27 £ 0.14 KK2r 0.85 + 0.02 & 0.05 + 0.01
atr 20 18.03 + 0.06 + 0.48 + 0.26 KKw 0.00 4 0.00 4 0.00 4 0.00
227770 (1 excl.) 0.69 + 0.04 & 0.06 + 0.03 ne 0.33 +0.01 & 0.01 £+ 0.00
atn73n1% (n excl.) 0.49 + 0.03 & 0.09 + 0.00 nKK (non-¢) 0.01 +0.01 4 0.01 £ 0.00

3rt3n~

21277270 (1 excl.)
ata~47% (n excl., isospin)
nw*wi

nw

nnt 7 (non-w, ¢)

2t 2w

wnm®

wr® (w — m07)
w2m (w — 7°9)

w (non-3m, w7y, ny)

0.11£0.00 £ 0.01 £ 0.00
0.71£0.06 £ 0.07 £ 0.14
0.08 £0.01 £ 0.08 £ 0.00
1.19 £ 0.02 £ 0.04 = 0.02
0.35+£0.01 £0.02+£0.01
0.34 £0.03 £0.03 £ 0.04
0.02 £0.01 £ 0.00 £ 0.00
0.06 £0.01 £0.01 £ 0.00
0.94 £ 0.01 £0.03 £0.00
0.07 £ 0.00 £ 0.00 + 0.00
0.04 £0.00 £ 0.00 £ 0.00

a, "0 = (694.0 £ 4.0) - 1071

w3 (w — 7°y)
7r (37737~ 70 + estimate)

0.06 £0.01 £0.01 £0.01
0.02 +£0.00 £ 0.01 £ 0.00

J/¢ (BW integral)
¥(285) (BW integral)

6.20 £0.11
1.56 £ 0.05

R data[3.7 — 5.0] GeV

7.29 £0.05 £ 0.30 = 0.00

RQCD 1.8—-3.7 GeV]uds
Rqep [5.0 — 9.3 GeVluase
RQCD 9.3 —-12.0 GeV]udscb

RQCD > 400 GeV]udscb
RQCD > 40.0 GeV]t

[
[
[
RQCD [12.0 — 40.0 Gev]udscb
[
[

33.45 £ 0.28 £ 0.654ual
6.86 = 0.04
1.20 £ 0.01
1.64 + 0.00
0.16 £ 0.00
0.00 = 0.00

Sum

694.0£1.0£3.5+1.6+0.1y £0.7qcp
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Higher order hadronic terms

NLO two-point correlation contributions to aﬁad'NLo
(a sum of) dispersion relations

o 1 [ KO(s)
Had,NLO(i) __ (=
a, _3(n) fds S R(s)
mg

Each diagram corresponds to specific kernel function K

can be computed akin to the LO part via

= a,**N"0= (-9.87 + 0.09) - 1071°

Kurz et al, 1511.08222 (2015) Kurz et al, 1511.08222 (2015)

NNLO two-point function corrections have also been computed:  a; 2" = (1.24 + 0.01) - 1071°
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Higher order hadronic terms

NLO two-point correlation contributions to a;;2*N"° can be computed akin to the LO part via

(a sum of) dispersion relations

o 1 [ KO(s)
Had,NLO(i) __ (=
a, _3(n) fds S R(s)
mg

Each diagram corresponds to specific kernel function K

= g2NLO= (_9 .87 4 0.09) - 10710

Kurz et al, 1511.08222 (2015) Kurz et al, 1511.08222 (2015)

NNLO two-point function corrections have also been computed:  a; 2" = (1.24 + 0.01) - 1071°

The four-point hadronic LBL scattering contribution, however,
cannot be obtained this way and models are used instead

Calculation uses hadronic models with 79, n®), ... pole insertions and
m* loops in the large-N, limit, Lattice QCD offers promising alternative

= aEad'LBL= (9.2+1.8)-1071° Muon g-2 Theory White Paper, 2006.04822 (2020) f' ! o
A
— Educated guess (other groups find smaller / larger uncertainty)




Muon g—2 summary

Summlngallcontrlbutlons[10710] T T T T [T T T T [T 1711 ||||:||||:|||| TT |E| T T [ T T T T [T1

aSED = 11658 471.895 + 0.008 DHMZ 2019 TR Fermilab '21
—243 + 43 (4.70) 3 3 + BNL
G = 1536 £ 010 o [
& €
H d,LO -*(—'_) : ‘ o
a, """ = 694.0 £ 4.0 = KNT 2019 . =
5 252 +29 (5.00) | ‘ g
Had,NLO __ = 1911.00367, updated with =
a, = —9.87£0.09 @ wp 2020 LBL Sa\i;e t

Had,NNLO

—251+43 (4.20) 3 :
aHad’LBL =92+4+1.8 Muon g-2 Theory White Paper,
H - 2006.04822 | ‘
||||||||||||||||||||IIII|||||||||||||||||||||
-600 -500 -400 -300 -200 -100 0 100 200
SM _ . -10 _
a; " = (11659181.8+4.3) 10 a, - aﬁxp [x10 11]

Aa, = aEXp —ay™ =243 + 410y, £ 435y (£6.000t) > 4.10level, using WP 2020 it is 4.20
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Alternative prediction of the hadronic contribution: Lattice QCD

Lattice QCD allows to directly compute the real part of the two-point correlation function
without invoking the resonances occurring on the imaginary axis

The required sub-percent precision is, however, a huge challenge, requiring to master
systematic and extrapolation uncertainties

The BMW collaboration recently published* a{fad"‘o = (707.5 £ 5.5) - 1071° which reduces
the discrepancy with experiment to Aa, = 10.8 £ 4.1¢4p + 5.85m (= 1.90) 200 towards DHMZ

dispersive approach
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—

T

This work

T

A H 32 frm |
Gérardin et al. B

T

11|

Davies et al.33

T

Giusti et al.34

1]

Blum et al.1®

11

T

1]

Borsanyi et al.’#

Davier et al.3 - —O—
Keshavarzi et al.# | O :
Colangelo et al.’, | S No new:physics
Hoferichter et al. ! ! ! i !
660 680 700 720 740

a/I;O—HVP ( %1 010)

*BMW, Nature 593, 51 (2021) 54



Digression : Conflict with Electroweak fit ?

Same dispersive approach used to determine hadronic contribution to aqep(mz) which is a
critical ingredient in the global electroweak (EW) fit

If a;*° were 3-4% larger to accommodate experiment, would the EW fit break down?
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© a4 N W & 00 O N © ©

C T T ' T =
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E [ |smiitwio M,y medsurements 3
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= —- LEP [arXiv:1302,8415] =
= i~ Tevatron [arXiv{l 204.0042] =
= i -@= ATLAS [EI.?.JC 8, 110 (2018)] 3
N e B e —20
g ! "‘. i g
e 'f/ ””” ; e - 10
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80.34 80.36 80.38 80.4 80.42
M,, [GeV]

While the tm — channel contributes 73% to a

Gfitter group, 1803.01853 (2018)
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8 .| |smiitwo Aahad(Mi) measurement 3
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5E =
4E E
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o : 1 1 1 1 :
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had\"""'z
Had,LO ., - .
12919 it is only 13% in the case of Aayaq(my)

— a 5% change in the former would lead to a shift in the latter value by 1.7¢

A shift of Aay,q(my) by 1o leads to Amyy, = 2.4 MeV — no problem

Studies in the literature: Crivellin et al, 2003.04886; Keshavarzi et al., 2006.12666 ;de Rafael, 2006.13880; Malaescu & Schott, 2008.08107;
Colangelo et al, 2010.07943
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Digression : Can it be real ?

The absolute size of the effect Aa, = 24.3 £+ 6.0 is large compared to EW contribution of 15.4
(but some cancellation among bosons in latter contribution)

2
»  Generic decoupling new physics predicts: aj,* ~ C - (m—”) [ Jegerlehner, Nyffeler, 0902.3360 ]
NP

2
Here: myp ~ 2 TeV for € = 1, myp ~ 100 GeV for C = %(natural strength), myp ~ 5 GeV for € = (%)

100 GeV
msuysy

2
»  Generic SUSY predicts: a3">Y ~ sign(u) - (13 - 10719) - ( ) - tanpf

— In constrained SUSY models, Aa, cannot be reconciled with the non-observation of strongly
produced sparticles at the LHC [ de Vries et al, MasterCode, 1504.03260 |

— However, general models such as the pMSSM can still accommodate Aa,, with light neutralinos,
charginos and sleptons, not fully excluded by the LHC

« A “dark photon” (y') coupling to SM via mixing with photon may give: aZ' ~ %ng(my,)

— Aa, is accommodated for coupling strength € ~ 0.1- 0.2% and mass m,, ~ 10 — 100 MeV

— Recent experimental constraints disfavour such a scenario if the dark photon decays primarily
into charged lepton pairs

Many, many new papers since the Fermilab g—2 result, apologies for not reporting them here 56



Conclusions

Independently of this discrepancy, there is so much wonder in these high-precision tests, as
beautifully expressed by CERN physicist Francis Farley some time ago (before the crisis):

“‘What the theorists do and what we experimenters do is completely different.
They talk about Feynman diagrams, amplitudes, integrals, expansions and a
whole lot of complex mathematics. We hook up an accelerator to beam lines
and steering magnets to the device itself, which is stuffed with wires, thousanas
of cables, timing devices, sensors and such things. It's two totally different
worlds! But, they come out with a number, we come out with a number, and
these numbers agree to parts per million! It s unbelievable! That is the most

astonishing thing for me!”

Quote reported by Robert P. Crease in Scientific American Online, 2 May 2021
Francis Farley, pioneer of muon

g—-2 measurements



https://www.scientificamerican.com/article/the-fermilab-muon-measurement-may-or-may-not-point-to-new-physics-but1/

Conclusions

But, we do have a problem to solve ...
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Long history of a;2**° determinations
involving theorists and experimentalists

Lan® [ K(s)

Had,LO —_ (=

a, _3(n) fds S R(s)
mZ

Improvement mostly driven by better

e*e- — hadrons data (intermittently also
hadronic tau decays used to improve over
insufficient-quality low-mass ete™ data)

« The understanding of the data and the

treatment of their uncertainties improved
over time

« Sum-rule tests allowed to expand the
use of perturbative QCD to predict A(s)

» Fairly consistent picture reached
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I:‘e+e- --> hadrons

Full combination of all exclusive modes: A(S) [Vs< 2 GeV]

Resulting A(s) function is finely

log-scale e*e’—»Hadrons

S
| -

binned with uncertainties mapped £ 10° 3
by covariance matrix PO
L : 10
Accuracy of combination tested e =
with pseudo-experiments .
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107
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F(s) spectrum dominated by BABAR ISR
data measuring almost all exclusive
channels until 2 GeV
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I:‘e+e- --> hadrons

Full combination of all exclusive modes: A(S) [Vs< 2 GeV]

Resulting A(s) function is finely
binned with uncertainties mapped
by covariance matrix
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Accuracy of combination tested
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SM perspectives

(Aa, =27.4)

Long standing 3-ish sigma discrepancy between data and SM on a,. On the SM side:

+  BABAR-KLOE discrepancy in w*m~ channel unresolved. New data from CMD-3 expected, and a new
BABAR analysis with the full data sample (0.3% systematic uncertainty may be reachable, current BABAR: 0.5% on peak)

* The r*m—m° channel should be further improved (need BABAR data at and below ¢(1020))

+  The K*K- data from CMD-2/3/SND must be scrutinized and understood

* Need to compare BABAR and forthcoming CMD-3/SND results in the 1-2 GeV range (so far they agree)

More results will come from BES-III and Belle-2

+ Alternative a}fad’Lo determinations: (1) Lattice calculations; (2) Proposal via a dispersion integral in the
spacelike region by an ultra-precise e — pe differential cross section measurement [Abbiendi et al, 1609.08987]

Uncertainty on a;;2*"° improved by factor of 2 during the last 13 years. Now twice smaller than

exp. uncertainty. LBL scattering, estimated from hadronic models, has an uncertainty of similar
size that currently appears irreducible. Lattice QCD calculations may provide the way forward.

The recent & future SM improvements pave the road of a full exploitation of the next generation

g—2 experiments at Fermilab and J-PARC
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New experiments

J-PARC E34

E34 beamline (J-PARC)

Entirely new, compact “zero E-field” approach (off magic y) —

* Replace electric quadrupole field focusing in E821 by low-emittance, low-momentum (“cold muon”) beam
» Positive muons from pion decays are stopped in aerogel target where they form muonium (e-x+) atoms

* The muonium atoms are laser ionised, leaving cold muons of momentum 3 keV in average

* These are reaccelerated (to increase lifetime) in a linac to 300 MeV

* Muons are injected into a compact, ultra-precise (iron shimmed) 3 T storage magnet with 66 cm orbit
diameter (14 min E821 / E989)

* The decay positrons are measured in silicon strip tracking detector (not a calorimeter) needed because
of dense muon decay environment

« Target: 4.5 at stage-one, and 1.2 final on a, [ 107°], and ~10-?" e cm final yEDM sensitivity

E34 was approved among the future priority projects by KEK. Detector partially funded, moving
ahead with construction. Fascinating project!
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