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tThis thesis presents measurements of the � ve
tor (V) and axial-ve
tor (A) hadroni
 spe
tralfun
tions and phenomenologi
al studies in the framework of quantum 
hromodynami
s (QCD).The analysis is based on a data sample a

umulated during the years 1991{1994 by the ALEPHdete
tor at the e+e� 
ollider LEP. In order to obtain the physi
al hadroni
 invariant mass spe
tra(whi
h determine the spe
tral fun
tions), the spe
tra are unfolded from dete
tor effe
ts usinga new method based on an inversion of the regularized dete
tor reponse matrix. Systemati
effe
ts from the measurement pro
edure and the unfolding are studied and the 
orrespondingun
ertainties are evaluated.Using the hypothesis of 
onserved ve
tor 
urrents (CVC), the dominant two- and four-pion ve
tor spe
tral fun
tions are 
ompared to the 
orresponding 
ross se
tions from e+e�annihilation. A 
ombined fit of the pion form fa
tor from � de
ays and e+e� data is per-formed using different parametrizations. The mass and the width of the ��(770) and the�0(770) are separately determined in order to extra
t possible isospin violating effe
ts. Themass and width differen
es are measured to be M��(770) �M�0(770) = (0:0 � 1:0) MeV=
2 and���(770) � ��0(770) = (0:1 � 1:9) MeV=
2.Several QCD 
hiral sum rules involving the differen
e (V �A) of the spe
tral fun
tions are
ompared to their measurements. The Borel-transformed Das-Mathur-Okubo sum rule is usedto measure the pion polarizability to be �E = (2:68 � 0:91) � 10�4 fm3.The � ve
tor and axial-ve
tor hadroni
 widths and 
ertain spe
tral moments are exploitedto measure �s and non-perturbative 
ontributions at the � mass s
ale. The best, and experi-mentally and theoreti
ally most robust, determination of �s(M� ) is obtained from the in
lusive(V + A) fit that yields �s(M� ) = 0:348 � 0:017 giving �s(MZ) = 0:1211 � 0:0021 after theevolution to the mass of the Z boson. The approa
h of the Operator Produ
t Expansion (OPE)is tested experimentally by means of an evolution of the � hadroni
 width to masses smallerthan the � mass. Using the differen
e (V � A) of the spe
tral fun
tions allows one to dire
tlymeasure the dominant non-perturbative OPE dimension to be D = 6:9� 0:5.As additional appli
ations, the ve
tor spe
tral fun
tions are used to improve the pre
i-sion of the experimental determination of the hadroni
 
ontribution to the anomalous mag-neti
 moment of the muon a� = (g � 2)=2 and to the running of the QED fine stru
ture
onstant �QED(M2Z) at the Z mass. They are found to be ahad� = (701:1 � 9:4) � 10�10 and��had(M2Z) = (281:7 � 6:2)� 10�4, where the latter leads to ��1(M2Z) = 128:878 � 0:085.
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Introdu
tionSin
e the dis
overy of the heavy lepton � through the observation of e-� events originatingfrom � pairs [1℄, the study of � pair produ
tion and de
ays has evolved in many differentways. The resear
h was propelled by the propheti
 paper of Y. S. Tsai [2℄, whi
h anti
-ipated almost the whole range of physi
s of leptons that are heavy enough to de
ay intohadrons. This property of the � is of parti
ular interest, as it provides a new laboratoryto study the gauge theory of strong intera
tions (QCD) at an energy s
ale where non-perturbative effe
ts 
ome into play. The subje
t of this thesis is the analysis of hadroni
� de
ays measured during the years 1991 to 1994 by the ALEPH dete
tor at the LargeEle
tron-Positron Collider (LEP) at CERN.The natural observables that give a

ess to the inner stru
ture of the hadroni
 � de
aysare the so-
alled spe
tral fun
tions. These essentially 
onsist of the invariant mass spe
traof the hadroni
 final states, normalised to their respe
tive bran
hing ratios and 
orre
tedfor the � de
ay phase spa
e and de
ay kinemati
s. As a 
onsequen
e of the weak leptoni
de
ays o

urring through the ex
hange of a maximal parity violating virtual W boson, the� spe
tral fun
tions have both ve
tor and axial-ve
tor 
ontributions. Any differen
e inthe normalisation (bran
hing ratios) or the shape between ve
tor and axial-ve
tor spe
tralfun
tions is ne
essarily generated by non-perturbative QCD as, e.g., long distan
e reso-nan
e phenomena. Among those resonan
es the most prominent of are the well-known�(770) | ve
tor | and a1(1260) | axial-ve
tor | mesons. For non-perturbative effe
tsto be studied, a 
lear experimental separation of the hadroni
 � de
ay 
hannels into ve
torand axial-ve
tor states is ne
essary. Con
eptional ambiguities and experimental problems
on
erning this separation are dis
ussed in detail in the framework of this work.The � ve
tor spe
tral fun
tions have their 
ounterparts in the low energy e+e� annihi-lation 
ross se
tion into isove
tor hadroni
 final states allowing isospin invarian
e of thehadroni
 
urrents (Conserved Ve
tor Current property | CVC) to be tested. Extended
omparisons of the two- and four-pion final states, as well as the sum of all ve
tor 
urrentisove
tor final states, between � spe
tral fun
tions and e+e� 
ross se
tions are presented.This in
ludes a 
ombined fit to the ele
tromagneti
 and weak pion form fa
tors.Several spe
tral fun
tion analyses have been already performed along these lines.In 1987, the ARGUS Collaboration published the spe
tral fun
tion of the de
ay ��!2���+�0 �� [3℄. The CLEO Collaboration 
ompared the e+e� results via CVC to the
orresponding invariant mass spe
tra of the � final states 2h�h+�0 and 3h�2h+�0 [4℄. Re-
ently, the ALEPH Collaboration published a study of � de
ays into � and ! mesons [5℄,in whi
h the final states ���0� and ��! were found to be in good agreement with e+e�data.The high pre
ision of the new � data, in parti
ular of the two-pion spe
tral fun
tion,
an be exploited to improve the determination of the hadroni
 
ontribution to the muonanomalous magneti
 moment (g� 2)� and to the running of the ele
tromagneti
 
oupling
onstant � at the mass of the Z boson. Both quantities are largely dominated by the un-
ertainties of virtual quark-loop 
ontributions, that are not 
al
ulable within perturbative5



QCD. Redu
ing these un
ertainties permits one to use the muoni
 (g� 2)� (whi
h 
an bemeasured very a

urately) in interesting tests of higher order ele
troweak intera
tion andin the sear
h for new physi
s. In the 
ase of the running �, it is of 
ru
ial importan
eto know pre
isely �(M2Z) as its un
ertainty limits the logarithmi
 
onstraint on the massof the Higgs boson (obtained from an overall ele
troweak fit). Although not 
al
ulabletheoreti
ally, the hadroni
 loop 
ontributions 
an be obtained via dispersion relationsfrom an integral over experimental data, 
onvoluted with the 
orresponding QED kernelfun
tion. The resulting analysis using � and e+e� data is presented in this thesis.QCD sum rules, involving the differen
e of ve
tor and axial-ve
tor spe
tral fun
tions,are 
al
ulable perturbatively in the framework of Chiral Perturbation Theory (ChPT)where the masses of the light quarks u; d; s are negle
ted. The most famous 
hiral sumrules, like the Das-Mathur-Okubo [6℄, and the first and se
ond Weinberg sum rules [7℄,are examined using � data. Finite energy sum rule te
hniques are employed in order tomeasure the polarisability of the pion.Another important topi
 of Quantum Chromodynami
s 
onsidered in this work is themeasurement of the running strong 
oupling 
onstant, �s, at the s
ale of the � mass.Su
h measurements were 
arried out for the first time time by ALEPH [8℄ and CLEO [9℄(see also [10℄). Using the Operator Produ
t Expansion (OPE) [11℄, a theoreti
al predi
-tion of the in
lusive ve
tor/axial-ve
tor � hadroni
 width as a fun
tion of both �s andnon-perturbative phenomenologi
al operators has be
ome available [12℄. These operatorsare part of a power series in the mass of the � . They absorb unpredi
table long-distan
eeffe
ts and are determined experimentally [13℄. In this thesis, the 
onsisten
y of the OPEansatz and the stability of the �s measurement are studied by 
omparing of the theoreti
alpredi
tion of the evolved � hadroni
 width obtained for masses smaller than the � massto the 
orresponding measurement.This thesis is organised as follows: in Part I, the theoreti
al and phenomenologi
albasis of the � spe
tral fun
tion analysis is presented, in
luding a brief des
ription of the� pair produ
tion and their de
ays in the framework of the Standard Model (SM) of ele
-troweak intera
tions, as well as general 
onsiderations of hadroni
 intera
tions. Part IIdeals with the a
tual � spe
tral fun
tions measurements, giving an overview of the mea-surement fa
ilities and of the sele
tion and 
lassifi
ation pro
edure of the � de
ays. A
omprehensive presentation is given of the unfolding method employed in this thesis. Theunfolding of dete
tor effe
ts is an important step of the analysis and requires parti
ular
are. A detailed des
ription of systemati
 effe
ts affe
ting the measurements follows. InPart III the appli
ations of the measurements to the QCD phenomenology are presented:the 
omparison of the ve
tor spe
tral fun
tions to e+e� 
ross se
tions, the measurementof (g�2)� and �(M2Z), as well as the QCD sum rule tests and the measurement of �s(M� ).
6



Part ITheoreti
al Framework
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Chapter 1Produ
tion of � Pairs at LEP and �De
aysThe present analysis is based on data from Z boson de
ays into � pairs. Due to the shortlifetime of the produ
ed � 's, they de
ay still inside the primary dete
tor elements intoits leptoni
 and semileptoni
 final states. The following se
tions give a brief introdu
tioninto the phenomenology of � pair produ
tion at LEP and their de
ays.
1.1 The Standard Model of e+e�! �+�� at q2 =M2ZThe theory of ele
troweak intera
tions, in 
onjun
tion with the Quantum Chromodynam-i
s, the fundament of the Standard Model (SM), grounds on models whi
h were developedthirty years ago by S.L. Glashow, S. Weinberg and A. Salam [14℄. It is based on the unifiedgauge symmetry SU(2)�U(1), whi
h is the smallest symmetry group to be invariant un-der weak isospin and weak hyper
harge transformations. The renormalisable ele
troweaktheory in
orporates the massive gauge bosons W�, Z whi
h is a
hieved by spontaneouslybreaking the lo
al gauge symmetry. This so-
alled Higgs me
hanism generates the massesof the gauge bosons as well as those of leptons and quarks. It requires the introdu
tionof at least one additional 
omplex Higgs doublet �. The physi
al neutral Higgs s
alar His the only remaining part of � after spontaneous symmetry breaking. Its mass is notpredi
ted by the model. Nevertheless, 
onstraints on MH 
an be obtained from globalele
troweak fits using all a

essible experimental information to the SM in whi
h themass of the Higgs boson intervenes logarithmi
ally through higher order loops.In the SM, the fields of matter are fermions organised in three hierar
hi
 generationsof leptons and quarks with in
reasing masses. The � lepton as the heaviest lepton belongsto the third generation. Left-handed fermions transform as weak isospin doublets underSU(2), whereas right-handed fermions are singlets. The mass- and 
hargeless neutrinosare always left-handed and 
ouple to the weak gauge bosons. The quark mass eigenstates(d; s; b) are not the same as the weak eigenstates (d0; s0; b0). Both bases are related via the9



unitary Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix [15℄0B� d0s0b0 1CA = 0B� Vud Vus VubV
d V
s V
bVtd Vts Vtb 1CA0B� dsb 1CA ; (1.1)where by 
onvention the three 
harge 2/3 quarks (u; 
; t) are unmixed.The 
oupling of a fermion f to the weak bosons has the form
� 12(vf � af
5)with the ve
tor (V ) and axial-ve
tor (V ) 
oupling 
onstants vf = If3 �2Qf sin2�W, af = If3whi
h read If3 = 1=2 for �e; ��; �� neutrinos and u; 
; t quarks, If3 = �1=2 for e; �; �neutrinos and d; s; b quarks in the neutral se
tor (Z). The 
oupling in the 
harged se
tor(W�) is a maximal parity violating V � A 
oupling, i.e., the 
oupling 
onstants readvf = af = 1. The experimental value of the weak mixing angle depends on the ele
troweakrenormalisation s
heme. In MS one obtains from the measurement of the leptoni
 and thehadroni
 asymmetries the 
ombined result sin2�W = 0:23165� 0.00024 (LEP and SLD (atSLAC) data) [16℄ with a �2 = 12:8 for 6 degrees of freedom (d.o.f). For momenta small
ompared toMW (strong virtuality), the 
harged 
urrent 
oupling of a W to a fermion andits isopartner gives rise to the effe
tive four-fermion intera
tion with GF=p2 = g2=8M2W,with the Fermi 
onstant GF = 1:16639 � 10�5 GeV�2 [17℄, obtained from the a

uratemeasurement of the muon lifetime. The ele
troweak theory provides pre
ise relationsbetween the masses of the gauge bosons and sin2�W, given at tree level, e.g., by theequivalent expressions sin2�W = 1� M2ZM2W ;sin2�W = ��p2M2WGF ;sin2�W = 14  1� vfaf ! :Radiative 
orre
tions involving the running of �(s) and ele
troweak loop 
ontributionsaffe
t these tree-level relations and renormalised 
ouplings have to be introdu
ed. Itis possible to a good approximation to keep the lowest order formulae in terms of therenormalised 
ouplings (the so-
alled improved Born approximation).The total 
ross se
tion �f �f of the rea
tion e+e�!Z! f �f at tree level is parametrisedby the Breit-Wigner resonan
e�f �f = 12�M2Z �e�f�2Z s�2Z(s�M2Z)2 +M2Z�2Z ; (1.2)with the Z massMZ=(91.1863� 0.0020) GeV=
2 and its width �Z=(2.4946� 0.0027) GeV=
2,taken from the 
ombination of the fit results of all four LEP experiments [16℄. At tree10



level and negle
ting lepton masses, the partial width of the Z boson for the produ
tion oflepton pairs is given by �` = GFM3Z6�p2 (a2̀ + v2̀) = 83:4 MeV=
2 : (1.3)It has been measured to be (assuming e-�-� universality) �` =(83.91� 0.011) MeV=
2 [17℄to be 
ompared to the tree level result (1.3) whi
h is already a good approximation. The Zhadroni
 de
ay width, pre
isely obtained from the measurement of the total leptoni
 width(�tothad + �tot` = �Z), re
eives a 4% 
ontribution from higher order quark loop 
orre
tions,governed by perturbative QCD. The theoreti
al predi
tion 
an be used to extra
t a valuefor �s(MZ) (see Se
tion 2.6 for more information).The parity violating V �A type 
oupling of the neutral 
urrent gives rise to a forward-ba
kward asymmetry of the fermion anti-fermion 
ross se
tion in forward (
os �polar > 0)and ba
kward (
os �polar < 0) dire
tion:Af �fFB = �(forward)� �(ba
kward)�(forward) + �(ba
kward) = 34AeAf ; (1.4)where the r.h.s. holds for tree level only and Af = 2afvf=(a2f + v2f ). The measurement ofAf �fFB determines sin2�W.1.2 Properties of the � LeptonThe � lepton was dis
overed in 1975 by M. Perl et al. [1℄ using the MARK I dete
tor at thee+e� 
ollider SPEAR at SLAC. The e+e�! �+�� 
ross se
tion behaviour and magnitudeshowed 
onsisten
y with the produ
tion of pointlike spin 1/2 Dira
 parti
les. It was thefirst eviden
e for a third generation of elementary fermions. Sin
e then, the pre
isionin the measurements of its properties in
reased impetuously, drawing in part near thethree per mille limit of pre
ision as, e.g., for the leptoni
 bran
hing ratios and the �lifetime. The most important properties and their measurements are briefly 
olle
ted inthe following paragraphs.1.2.1 The � MassThe by far most pre
ise measurement of the � mass is provided by the BES Collaborationby means of a maximum likelihood fit of the e+e�! �+�� produ
tion 
ross se
tion givenat threshold energies by ��+�� = 4��23s �(3� �2)2 F
 ; (1.5)with � = (1�4M2� =s)1=2 and F
 � ��=�(1�exp(���=�)) whi
h is 
aused by the Coulombattra
tion between the �+ and the �� [18℄ (this produ
es a non-vanishing threshold 
rossse
tion of ��+��(� = 0) � 0:23 nb). The fit results in a � mass of [19℄M� = 1776:96+0:18 +0:25�0:21�0:17 MeV=
2 :11



Another method, employed at higher energies for the first time by the ARGUS Col-laboration [20℄, uses a kinemati
 re
onstru
tion of the de
ay 
one of three-prong hadroni
de
ays to 
onstrain the � mass.1.2.2 The � LifetimeBy virtue of the high resolution of their sili
on vertex dete
tors, the LEP experimentsdominate the measurements of the � lifetime in the world average. All methods employeduse a re
onstru
tion of the � de
ay vertex whi
h, at LEP energy, is displa
ed by an averageof 2.2 mm from the �+�� produ
tion vertex. Five different analyses have been performedby the ALEPH Collaboration [21℄:{ the first uses the momentum-dependent impa
t parameter sum method (MIPS)analyses 1-1 topology events in whi
h the mean lifetime is extra
ted from the impa
tparameter sum distribution. The impa
t parameter sum is essentially the distan
eof the two daughter tra
ks at their points of 
losest approa
h to the beam axis.{ In the impa
t parameter sum analysis (IPS) the daughter tra
k dire
tions are 
on-sidered in addition to the impa
t parameter sum in the fit to the mean � lifetime.The spheri
ity axis, 
al
ulated for ea
h event from the 
harged and neutral de
ayprodu
ts is used as an estimate of the � produ
tion axis. As an advantage, theun
ertainty of the primary vertex position vanishes in the impa
t parameter summethods.{ The impa
t parameter differen
e analysis (IPD) of 1-1 topology events uses a fit tothe differen
e between the impa
t parameters of positive and negative tra
ks as afun
tion of their a
ollinearity and polar angle. This method is somewhat 
omple-mentary to the IPS methods used as it is independent from the impa
t parameterresolution and the � 
ight dire
tion.{ The most 
lassi
al approa
h is the de
ay length or vertex method (DL) in whi
hthe lifetime of � 's de
aying into three 
harged tra
ks is measured by means of a
onstrained fit to the se
ondary vertex.{ Finally, the three dimension impa
t parameter method exploits the three dimen-sional spa
e resolution of the vertex dete
tor in 
onjun
tion with a 
omplete kine-mati
 re
onstru
tion of the � flight dire
tion. The method 
ombines the advantagesof the IPS and IPD pro
edures and provides therefore the most 
ompetitive result.All methods are still statisti
ally limited. The 
ombined results of 1991 to 1994 ALEPHdata yield the preliminary value of�� = (291:2� 2:0� 1:2) fs :The 
ombination of the results presented at the Fourth International Workshop on TauLepton Physi
s (TAU'96), Colorado 1996, gives [22℄�� = (290:2� 1:2) fs : (1.6)12



1.2.3 The � Bran
hing RatiosA 
ru
ial point of the spe
tral fun
tion analysis is a good knowledge of the bran
hingfra
tions of the ex
lusive � de
ays modes. Their measurement requires the identifi
ationof a 
harged tra
k in (essentially) one-prong de
ays as an ele
tron, muon or hadron. Thefurther 
lassifi
ation of hadroni
 
hannels is based on the number of re
onstru
ted 
hargedand neutral hadrons, as well as the determination of the pion and kaon fra
tion in 
hargedtra
ks. The analysis te
hniques used for the ALEPH measurements of the leptoni
 [23℄and hadroni
 [24℄ bran
hing ratios and for the measurement of the � spe
tral fun
tionsare essentially the same and will be presented in detail in Part II of this work.The 
ombined result of the measurements of leptoni
 bran
hing ratios presented atthe TAU'96 workshop are1B(�� ! e���e�� ) = (17:786� 0:072)% (1.7)B(�� ! ������� ) = (17:317� 0:078)% (1.8)with a 
lear eviden
e of a smaller bran
hing ratio for the heavier muon due to phase spa
esuppression: B(�� ! ������� )B(�� ! e���e�� ) = 0:9736� 0:0059 : (1.9)The Standard Model predi
ts for the total width of the B(�� ! `���`�� ) de
ay, in
ludingele
troweak radiative 
orre
tions [25℄,�SM(�� ! `���`�� ) = G2FM5�192�3 f m2̀M2� ! 1 + 35 M2�M2W!"1 + �(M� )2� �254 � �2�# ; (1.10)with f(y) = 1� 8y + 8y3 � 12y2ln y. This yields�SM(�� ! ������� )�SM(�� ! e���e�� ) = 0:972565� 0:000009 ; (1.11)in agreement with (1.9).1.2.4 Universality Between the Lepton FamiliesThe hypothesis of e-�-� universality of the ele
troweak intera
tion relates masses, lifetimesand bran
hing ratios between the leptons. Any deviation from universality would be dire
teviden
e for new physi
s beyond the Standard Model. The ratios of e��e and ���� 
ouplingsgT=Le , gT=L� to the W boson follow from 
omparisons of � bran
hing ratios to e and � andfrom the ratio of pion de
ay bran
hing fra
tions. The two 
omparisons probe separatelythe 
ouplings to transverse (J�+�� = 1) or longitudinal (J� = 0) W's. Re
ent results forthe respe
tive ratios are [22℄ gT�gTe = 1:0008� 0:0028 ;1Throughout this thesis, 
harge 
onjugate states are implied.13
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troni
 and muoni
 bran
hingratios (shaded band). The points show the 
orresponding measurements.gL�gLe = 1:0012� 0:0015 ;gT�gT� = 1:0003� 0:0029 ;gL�gL� = 1:0067� 0:0064 ;all in agreement with universality. The assumption of universality 
an be used to im-prove signifi
antly the pre
ision of the B(�� ! e���e�� ) bran
hing ratio. Using therelations (1.11) and B(�� ! e���e�� ) = 1(1632:1� 1:4) fs �� (1.12)| where the error 
omes from the un
ertainty onM� |with the previously quoted valuesfor B(�� ! ������� ) and �� , one obtains for the ele
tron bran
hing ratio with universalityB(�� ! e���e�� ) = (17:789� 0:043)% ; (1.13)with �2=d:o:f: = 0:06=2. Fig. 1.1 shows the � lifetime versus the ele
troni
 (Be) andmuoni
 (B�(ml), \ml" means massless: B�(ml)=B�=0:9725 : : :) bran
hing ratios as wellas the weighted average of both (assuming universality). The shaded band depi
ts theuniversality relation (1.12) where the un
ertainty stems from the error on M� .A test of 
harged lepton universality in the neutral 
urrent se
tor is provided by themeasurement of the angular asymmetries in Z! `+`� de
ays. The 
ombination of LEPand SLD data yields for the ratios of the respe
tive ve
tor and axial-ve
tor 
ouplings tothe Z boson v�ve = 0:935� 0:085 ;14



v�ve = 0:959� 0:046 ;a�ae = 0:9993� 0:0017 ;a�ae = 1:0000� 0:0019 ;as in the 
harged 
urrent se
tor, in agreement with universality. The good pre
ision ofthe v�=ve ratio 
ompared to v�=ve is provided by the measurement of the final statepolarisation whi
h is only possible for the unstable � lepton (see following se
tion).1.2.5 The � PolarisationAnother effe
t of the parity violating neutral 
urrent (besides the forward-ba
kward asym-metry) is the fa
t that the fermions produ
ed in Z de
ays have a non-zero average heli
ity.The amount of this asymmetry, the polarisation P , depends on the polar angle of the lep-ton flight dire
tion, i.e., is forward-ba
kward asymmetri
. Both, the polarisation and itsforward-ba
kward asymmetry are related to Af �fFB and serve therefore as additional sensi-tive sour
es to measure the weak mixing angle sin2�W. At LEP there is no experimentala

ess to the heli
ity states of the \stable" e and � pairs. However, in the � 
ase, theheli
ity information is 
ontained in the energies and momenta of the � de
ay produ
tsso that their re
onstru
tion permits the inferen
e of the original � spin. Newer analysesof the � polarisation use so-
alled optimal observables [26℄ with highest possible sensitiv-ity on the basis of a 
omplete kinemati
 re
onstru
tion of the � rest frame, taking intoa

ount the 
orrelation between the � hemispheres [27℄, and the 
orresponding � de
aymatrix element. The 
ombination of all LEP results for the � polarisation on the Z peakyields [16℄ P� = (�14:01� 0:67)% :1.2.6 CP ViolationThe existen
e of CP violation in the neutral kaon se
tor, dis
overed by Christenson etal. [28℄, has been an experimental fa
t for a long time. It is introdu
ed into the StandardModel by 
omplex Yukawa 
ouplings whi
h generate a non-vanishing phase in the unitaryCKM mixing matrix. On the other hand, any CP violation in the leptoni
 se
tor wouldas non-zero neutrino masses signify new physi
s. The authors of Ref. [29℄ suggested amodel independent ansatz to extend the SM Lagrangian by an effe
tive CP violatingterm, where the strength of this new 
oupling is governed by a q2 dependent 
omplexform fa
tor, 
alled the weak dipole moment dw� in the 
ase of e+e�! �+�� produ
tion atq2 =MZ. CP violation is measured at LEP using CP-odd observables whi
h mean valuesare proportional to the CP violation generating weak dipole moment. The existen
eof the additional 
oupling influen
es the spin-momentum 
orrelation of the � pair and
an therefore only be measured in the � se
tor where the � spin 
an be re
onstru
tedthrough the measurement of its de
ays. Equivalent to the polarisation measurement, thephenomenologi
al knowledge of the CP violating �+�� produ
tion matrix as well as the15



dynami
s of the � de
ays 
onsidered allows the development of optimal observables, whi
hdepend on the respe
tive � final state [30℄. The 
ombination of re
ent LEP results yieldsthe upper limits [31℄ jRe(dw� )j < 3:6� 10�18 e 
m ;jIm(dw� )j < 1:1� 10�17 e 
m ;jdw� j < 1:2� 10�17 e 
m ;at 95% 
onfiden
e level (CL). Optimisti
 theoreti
al expe
tations of jdw� j from multi-Higgs models, supersymmetry or massive Majorana neutrinos rea
h the level of a fewtimes 10�20 e 
m, while lepto-quark models might generate a weak dipole moment of upto 3� 10�19 e 
m [31℄.1.2.7 The Lorentz Stru
ture of the Charged CurrentsThe Standard Model presupposes a pure V�A stru
ture of the 
harged 
urrent propagatedby the W boson. A general 
oupling ansatz whi
h involves additional V , A, V + Aand s
alar (S), pseudos
alar (P ) and tensor (T ) 
ouplings is proposed by Bou
hiat andMi
hel [32℄. The linear independent basis of this representation are the so-
alled Mi
helparameters in whi
h the differential leptoni
 de
ay width of the � has the formd�(�� ! `���`�� )d
 dx / � x2 �3(1� x) + 2� 43x� 1� m2̀3!2x!+ 6� m`M� 1� xx� P� � 
os�` �1� x + 2Æ �43x� 1��� : (1.14)Here, �` is the angle between the � spin and the momentum of the lepton, � = p`=E`,x = E`=! and ! = (M2� + m2̀)=2M� . The SM values for the Mi
hel parameters are:� = Æ = 3=4, � = 0 and � = 1. For example, the parameter � would be 3/8 for pure V orA and zero in the 
ase of a right-handed V + A 
oupling at the � -�� -W vertex. Pre
isere
ent experimental results from the CLEO Collaboration are (universality assumed) [33℄�e;� = 0:735� 0:0013� 0:008 ;�e;� = �0:015� 0:061� 0:065 ;�e;� = 1:007� 0:040 ;(�Æ)e;� = 0:745� 0:026 ;all in agreement with the SM. The values for �e;� and (�Æ)e;� are preliminary and givenwith statisti
al errors only.1.2.8 The � NeutrinoThe � neutrino �� is the only elementary fermion of the Standard Model whi
h has notbeen dis
overed yet. Efforts towards its dete
tion are presently undertaken by the CHO-RUS [34℄ and NOMAD [35℄ Collaborations at CERN who attempt to tag �� 's (by meansof a � signal) originating from �� ! �� os
illations whi
h o

ur if the neutrino masses are16



non-zero. This phenomena is equivalent to the mixing of massive quarks, des
ribed bythe CKM mixing matrix.Although the �� has not dire
tly been dete
ted, it influen
es signifi
antly the kine-mati
 of � de
ays and the � bran
hing itself. The energy-momentum 
onservation of�(k) ! X(pX) + �(p�) reads k = pX + p� or its square M2� = m2X + m2� + 2EXE� �2j ~pX jj~p�j
os �X;� . The existen
e of an invisible light parti
le (missing energy but smallmissing mass) 
an then readily be inferred, e.g., from the EX spe
trum. But 
ould thisinvisible parti
le not be an ele
tron or muon neutrino ? In su
h a 
ase one would assumethat the � itself is of ele
tron or muon type, e.g., an ex
ited state of those, whi
h 
ertainlywould 
ause transitions like � ! e
 and � ! �
, respe
tively, without missing energy.It would furthermore yield a breakdown of the universality relation between M� , Be, B�and �� . In fa
t, universality between all lepton 
ouplings is the eviden
e for a left-handed�; �� isospin doublet.Up to now, all observations 
arried out (in
luding the Z width 
onsistent with N� = 3(N� = 2:989� 0:012 [16℄)) support the existen
e of a light (or massless), ex
lusively weakintera
ting, left-handed parti
le of a third generation, i.e., different from �e and ��: the� neutrino �� .The indire
t kinemati
 eviden
e for its existen
e is exploited by the experiments to
onstrain the neutrino massM�� . The sensitivity of su
h 
onstraint fits in
reases with theamount of kinemati
al information used. It is good for high-multipli
ity hadroni
 finalstates and worse in the leptoni
 de
ay modes due to the additional ��` whi
h gets lost.Several re
onstru
tion methods have been applied by different 
ollaborations all dealingwith the three or five-prong � final states. No eviden
e for a non-zero mass has beenfound. The following limits are given at 95% 
onfiden
e level:{ CLEO, OPAL and ALEPH used a two-dimensional likelihood fit to the energy andthe invariant mass of the ��! (5h)� �� final state (ALEPH: ��! (5h)�(�0) ��).They obtained the results: CLEO M�� < 32:6 MeV=
2 [36℄, OPAL (1992 data)M�� < 74 MeV=
2 [37℄ and ALEPH (1991{93) M�� < 23:1 MeV=
2 [38℄.{ OPAL used the 
orrelation of the two � hemispheres (ideally, they are emittedba
k-to-ba
k) to infer an upper limit for M�� requiring three-prong 
andidates inboth 
ones. They found M�� < 35:3 MeV=
2 [39℄. An improvement of this methodusing an optimal exploitation of the available kinemati
 information is presented inRef. [40℄.{ DELPHI used a fit to the invariant mass spe
trum of the ��! (3�)� �� de
ay whi
his dominated by the a1(1260) resonan
e. They obtained M�� < 29:3 MeV=
2 [41℄.{ In a se
ond analysis ALEPH applied the same method as for the (5h)�(�0) ��final states on �� ! (3�)� �� de
ays whi
h o

ur mu
h more frequently (abouta fa
tor of 100) but is less sensitive to M�� . The upper limit is found to beM�� < 25:7 MeV=
2 [42℄.The best limit is derived from a 
ombined likelihood of both ALEPH measurements17



taking into a

ount the 
orrelations between systemati
 errors [42℄:M�� < 18:2 MeV=
2 ;at 95% 
onfiden
e level.1.3 Hadroni
 � De
ays and CVCThe � is the only lepton of the three known generations heavy enough to de
ay intohadrons. The very 
lean 
onditions at LEP energies, where the Z! q�q ba
kground iseasy to separate due to the high multipli
ity of its final states, render hadroni
 � de
aysan ideal laboratory for studying the hadroni
 
harged 
urrents and QCD.In analogy to purely leptoni
 � de
ays, the invariant amplitude for the hadroni
(semileptoni
) de
ays 
an be written in form of a 
urrent-
urrent intera
tionM(�� ! hadrons��� ) = GFp2 jV jl�J� ; (1.15)with the 
orresponding non-strange or strange CKM matrix element jV j. l� des
ribes theV � A 
urrent l� = ���
�(1� 
5)� : (1.16)The hadroni
 transition 
urrent J� is the pie
e of interest here. It probes the matrixelement of the left handed 
harged 
urrent between the va
uum and the hadroni
 finalstate. Restri
ting to a V � A stru
ture, one 
an write [43℄J� = hhadronsjV�(0)� A�(0)j0i : (1.17)With a non-strange 
urrent, hadroni
 systems of spin-parity JP = 0�; 0+; 1�; 1+ 
an beprodu
ed. The differential � hadroni
 width 
an be expressed in the general ansatz [44℄d�(�� ! hadrons��� ) = G2F4M� jV j2L��H�� dPS ; (1.18)with the leptoni
 (hadroni
) tensor L�� (H��) and the Lorentz invariant phase spa
e el-ement dPS. Seen from the hadroni
 rest system, the tensor produ
t simplifies to a sumover so-
alled stru
ture fun
tions and kinemati
 fa
tors [44℄.For the most simple hadroni
 de
ay modes � ! h� �� (h� �, K), the stru
ture fun
-tions redu
e to Æ-fun
tions. In
luding short distan
e ele
troweak radiative 
orre
tions tothe one loop level and non-logarithmi
 terms, and integrating over the � phase spa
e, itsde
ay width is given by [25, 45℄�(�� ! h��� ) = G2Ff 2h jV j28� M3�  1� m2hM2� !2 �1 + �2� �lnMZM� + 56�� ; (1.19)with the pion de
ay 
onstant2 f�=(92.4� 0.26) MeV [17℄ measured in the de
ays �� !����� and �� ! �����
, the kaon de
ay 
onstant fK = (113:0� 1:0) MeV [17℄ measured2The definition of f� and fK adopted here differs from the one used in [17℄ by a fa
tor of p2.18



similarly in K� ! �����; �����
 de
ays and the respe
tive CKM matrix elements jVudj =0:9752� 0:0007 [17℄ and jVusj = 0:221� 0:003 3, respe
tively. Using (1.13) and B(�� !���� )= (11.23� 0.16)% [46℄, B(�� ! K��� )= (0.691� 0.030)% [47℄, one obtainsB(�� ! ���� )B(�� ! e���e�� ) = 0:6313� 0:0091 ; (1.20)B(�� ! K��� )B(�� ! e���e�� ) = 0:0389� 0:0017 ; (1.21)
ompared to the ratio of (1.19) to (1.10) whi
h gives 0.6280 (�) and 0.0416 (K) in agree-ment with (1.20) and (1.21).1.3.1 Ve
tor and Axial-Ve
tor Spe
tral Fun
tionsThe quantum number 
orresponding to the (
onserved) ve
tor and axial-ve
tor 
urrentsis the so-
alled isotopi
 parity, the G-parity. It is a generalized multipli
ative symmetryof multi-pion systems under the su

essive operations C and R, where C 
onjugates the
harge and R rotates the system around the se
ond axis in I = 1 isospa
e:(G � CR) 0BB� 1p2(�1 + i�2)1p2(�1 � i�2)�3 1CCA = �C 0BB� 1p2(�1 � i�2)1p2(�1 + i�2)�3 1CCA = �0BB� 1p2(�1 + i�2)1p2(�1 � i�2)�3 1CCA ;with �� = (�1 � i�2)=p2 and �0 = �3. The measurement of the non-strange � ve
tor(axial-ve
tor) 
urrent spe
tral fun
tions requires the sele
tion and identifi
ation of � de-
ay modes with a defined G-parity G=+1 (G=�1) and therefore hadroni
 
hannels withan even (odd) number of neutral or 
harged pions (G is a multipli
ative quantum num-ber). In a neutral system, like in e+e� annihilation, the G-parity is related to the isospinI of the final state via G=C (�1)I . Thus, owing to C
 = �1, one has I2n� = 1 andI(2n�1)� = 0 for n = 1; 2; : : :. Isospin violating ele
tromagneti
 de
ays do not respe
t thisrelation. A prominent 
andidate is the I = 0 de
ay ! ! �+�� whi
h o

urs in 2.2% ofall ! de
ays. Sin
e hadroni
 final states of different G-parity differ also in JP quantumnumbers, there is no interferen
e between these two states. Thus the total hadroni
 widthseparates into �tot = �V + �A.The isove
tor spe
tral fun
tion v1; V � (a1; A�) of a non-strange ve
tor (axial-ve
tor)� de
ay 
hannel V � �� (A� �� ) is obtained by dividing the normalised invariant mass-squared distribution (1=NV=A�)(dNV=A�=ds) for a given hadroni
 mass ps by the appro-priate kinemati
 fa
tor:v1; V �=a1; A�(s) = M2�6 jVudj2 SEW B(�� ! V �=A� �� )B(�� ! e� ��e�� )� dNV=A�NV=A� ds 24 1� sM2� !2  1 + 2sM2� !35�1; (1.22)3Unitarity of the CKM matrix requires V 2ud + V 2us + V 2ub = 1. Estimating the u; b-mixing to be smallerthan 0.005 (68%CL) [17℄ one obtains the value quoted for jVusj.19



where again jVudj = 0:9752� 0:0007 [17℄ denotes the CKM weak mixing matrix elementand SEW = 1:0194 � 0:0040 a

ounts for ele
troweak se
ond order 
orre
tions [25℄ (seenext paragraph). The spe
tral fun
tions are normalised by the ratio of the respe
tiveve
tor/axial-ve
tor bran
hing fra
tion B(�� ! V �=A� �� ) to the bran
hing fra
tion ofthe ele
tron 
hannel (1.13), the latter improved by universality assumption. Note thatthis definition of the � spe
tral fun
tions differs from the one used in [48℄ by an additionalfa
tor 4�2.With the definition of Eq. (1.22) the differential � de
ay rate into non-strange hadronsreads [2℄d� (��! �� (V �=A�))ds = G2FjVudj2SEWM3�32�3  1� sM2� !2  1 + 2sM2� ! v1; V �=a1; A�(s) ;(1.23)whi
h 
orresponds to the standard relation between hadroni
 width and bran
hing ratio�(�! �� hadrons) = G2FM5�192�3 B(�! �� hadrons)B(�! e��e�� ) ; (1.24)from �� = ��1� .1.3.2 Ele
troweak Radiative Corre
tionsThe dominant 
ontribution from ele
troweak radiative 
orre
tions to the hadroni
 de
aywidth 
omes from the short distan
e 
orre
tion to the effe
tive four-fermion 
oupling�� ! (d�u)� �� leading to the fra
tional logarithmi
 term (�(M� )=2�)(4 ln(MZ=M�) +5=6) [45℄, whi
h vanishes due to their integer 
harges in leptoni
 � de
ays. This shortdistan
e 
orre
tion 
an be absorbed into an overall multipli
ative ele
troweak 
orre
tionSEW introdu
ed in Eq. (1.22). The resummation of higher-order ele
troweak logarithmsusing the renormalisation group yields [12, 25℄SEW =  �(mb)�(M� )!919 �  �(MW)�(mb) !920 �  �(MZ)�(MW)!3617 = 1:0194 ; (1.25)while remaining perturbative ele
troweak 
orre
tions are of order �n(M� ) lnn�1(MZ=M� )whi
h is safe to ignore. The subleading non-logarithmi
 short distan
e 
orre
tion, 
al-
ulated to order O(�) at quark level: 5�(M� )=12� ' 0:0010 [45℄ turns out to be small.Additional long-distan
e 
orre
tions are expe
ted to be final state dependent. They haveonly been 
omputed for the ��! �� �� de
ay leading to a total radiative 
orre
tion of2.03% [49℄ whi
h is dominated by the leading logarithm from the short distan
e 
on-tribution. The experimental value of the ratio (1.20) shows good agreement with thetheoreti
al predi
tion obtained from the formulae given in Ref. ([25℄). The evaluationof (1.25) negle
ts radiative 
orre
tions from additional gluon ex
hange between the finalstate quarks.To be safe [50℄, the un
ertainty of SEW in (1.25) is estimated to be �SEW = 0:0040.20



1.3.3 � Spe
tral Fun
tions and CVCAssuming unitarity and analyti
ity to hold, the spe
tral fun
tions of hadroni
 � de
aysare proportional to the imaginary part of the two-point 
orrelation (or: hadroni
 va
uumpolarisation) fun
tions [12, 51℄���ij;U(q) � i Z d4x eiqxh0jT (U�ij(x)U�ij(0)y)j0i= (�g��q2 + q�q�) �(1)ij;U(q2) + q�q� �(0)ij;U(q2) (1.26)of ve
tor (U�ij � V �ij = �qj
�qi) or axial-ve
tor (U�ij � A�ij = �qj
�
5qi) 
olour-singlet quark
urrents in 
orresponding quantum states and for time-like momenta-squared q2 > 0. TheLorentz de
omposition is used in Eq. (1.26) to separate the 
orrelator into its transverse�(1)ij;U(q2) and longitudinal �(0)ij;U(q2) parts. Thus, using the definition (1.22), one identifiesfor non-strange quark 
urrents1� Im h�(1)�ud;V=A(s) + �(0)�ud;V=A(s)i = 12�2v1=a1(s) : (1.27)Using Cau
hy's integration formula, the analyti
 va
uum polarisation fun
tion �(J)(q2)obeys the dispersion relation�(J)(q2) = 1� 1Z0 ds Im�(J)(s)s� q2 + subtra
tions : (1.28)where the unknown but in general irrelevant subtra
tion 
onstants 
an be removed bytaking the derivative of �(q2). The imaginary part Im�(J)(s) is proportional to the �spe
tral fun
tions or the hadroni
 
ross se
tion in e+e� annihilation. The above disper-sion relation allows one to 
onne
t experimentally measurable quantities to the 
orrelationfun
tions �(J)(q2) 
al
ulable with QCD te
hniques. This point will be redis
ussed in moredetail in se
tion 2.5.The va
uum polarisation fun
tions (1.26) for various types of quark 
urrents ij are
ru
ial in the theoreti
al evaluation of total 
ross se
tions and de
ay widths. In an equiva-lent 
onsideration one 
an relate the 
ross se
tion of e+e� annihilation �(e+e�! VI=0;1) tothe imaginary part of the 
orresponding va
uum polarisation fun
tion (opti
al theorem),where the photon propagator allows only ve
tor final states here. Then, using isospinrotation, the spe
tral fun
tion of a ve
tor � de
ay mode X� �� in a given isospin state forthe hadroni
 system is related to the e+e� annihilation 
ross se
tion of the 
orrespondingisove
tor final state X0: �I=1e+e�!X0(s) = 4��2s v1; X�(s) : (1.29)For the two-body hadroni
 final state X� � ���0 in � de
ays it is 
ustomary to introdu
ea weak pion form fa
tor ~F I=1� to des
ribe phenomenologi
ally the probability density ofthe transition W�! ���0: j ~F I=1� (s)j2 = 12�3�(s) v1; ���0(s) ; (1.30)21



where ��(s) = (1 � 4m2�=s)1=2 is the pion velo
ity in the hadroni
 
entre of mass. Theweak pion form fa
tor 
an be identified via CVC with the isove
tor ele
tromagneti
 formfa
tor, given by jF I=1� (s)j2 = 3� s�2 �3�(s) �I=1e+e�!�+��(s) ; (1.31)whi
h implies Eq.(1.29). In order to 
omplete the formula pa
kage, one may relate the �ve
tor spe
tral fun
tion to the total hadroni
 
ross se
tionR(s) = �tote+e�!hadrons�e+e�!�+�� ; (1.32)so that with �e+e�!�+�� = 4��2=3s and Eq. (1.29) one obtainsR(s) = 3� v1(s) : (1.33)The above equations relate hadroni
 spe
tral fun
tions from � de
ays to isove
torva
uum polarisation 
urrents. For this purpose one has to worry whether the breakdownof CVC due to 
hiral symmetry violating effe
ts or ele
tromagneti
 vertex 
orre
tions hasnon-negligible 
ontributions within the present a

ura
y. A detailed dis
ussion of thispoint is given in Chapter 9, Se
tion 9.1.1.4 Classif i
ation of Many Pion SystemsAbraham Pais [52℄ introdu
ed in 1960 a 
lassifi
ation of N -pions states with total isospinI = 0; 1. The basis of isospin wave fun
tions of the system belongs to irredu
ible repre-sentations of the 
orresponding symmetry group whi
h are 
hara
terized by three integerquantum numbers (partitions of N) N1; N2; N3 obeying the relationsN1 � N2 � N3 � 0 ; (1.34)N1 +N2 +N3 = N :Ea
h state (N1; N2; N3) of a partition 
lass fN1; N2; N3g is 
hara
terized by its symmetryproperty under the ex
hange of some of the momenta pa; : : : ; pN . Su
h a state is 
on-stru
ted with the help of a Young tableau. A 
onstru
tion pres
ription on how to obtainspe
ifi
 
lasses from Young tableaux is given in Ref. [53℄. A brief review of the Pais
lassifi
ation 
on
erning expli
itly � final states is presented in Ref. [54℄.The authors of Ref [53℄ give a 
ertain number of properties shared by all states of agiven 
lass of partitions N1; N2; N3:{ the total isospin IN� of the N -pion system is determined uniquely and{ it holds IN� = 0 (IN� = 1), if N1 �N2 and N2 �N3 are both even (odd).{ States (N1; N2; N3) are 
omposed by N3 isos
alar subsystems of three pions, N2�N3isove
tor subsystems of two pions and N1 (isove
tor) single pions.22



N = 2 e+e� (I = 1) �� (I = 1)fClassgI �+�� ���0f110g1 1 1N = 3 e+e� (I = 0) �� (I = 1)fClassgI �+���0 2���+ ��2�0f300g1 { 4/5 1/5f210g1 { 1/2 1/2f111g0 1 { {N = 4 e+e� (I = 1) �� (I = 1)fClassgI 2�+2�� �+��2�0 2���+�0 ��3�0f310g1 4/5 1/5 3/5 2/5f211g1 0 1 1 0N = 5 e+e� (I = 0) �� (I = 1)fClassgI 2�+2���0 �+��3�0 3��2�+ 2���+2�0 ��4�0f500g1 { { 24/35 8/35 3/35f410g1 { { 4/10 3/10 3/10f320g1 { { 2/5 3/5 0f311g0 2/3 1/3 { { {f221g1 { { 0 1 0N = 6 e+e� (I = 1) �� (I = 1)fClassgI 3�+3�� 2�+2��2�0 �+��4�0 3��2�+�0 2���+3�0 ��5�0f510g1 24/35 8/35 3/35 16/35 10/35 9/35f411g1 0 2/5 3/5 4/5 1/5 0f330g1 3/5 2/5 0 1/5 4/5 0f321g1 0 1 0 1/2 1/2 0Table 1.1: De
omposition of e+e� annihilation and � �nal states in linear independent
lasses using the Pais des
ription [52℄. The values given are expli
itly 
ross se
tions andpartial de
ay widths, respe
tively.A

ording to the CVC hypothesis, the amplitudes of � ve
tor final states with an evennumber of pions are related to isove
tor amplitudes of e+e� annihilation final states byisospin rotation. Table 1.1 
ompiles the Pais 
lassifi
ation for e+e� annihilation and �final states 
ontaining N = 2; : : : ; 6 pions. Most relations shown are taken from Ref. [54℄(see also Ref. [55℄).Upper Bounds for Unmeasured Final StatesA very useful property of the rigorous isospin 
lassifi
ation whi
h is extensively used inthis thesis is the possibility to 
onstrain 
ross se
tions (bran
hing fra
tions) of unmeasurede+e� (�) final states from measured ones.The approa
h used is always the same and will in the following be demonstratedfor the 
ase of the five-pion � final state where the ��4�0 �� mode has indeed been23



measured but its pre
ision is rather weak. The world average for the bran
hing ratio isB(��! ��4�0 �� ) = (0:12� 0:06)% [17℄. Using the de
omposition of Tab. 1.1�5�� = 2435�500 + 25�410 + 25�320 ; (1.35)�3��2�0 = 835�500 + 310�410 + 35�320 + �221 ; (1.36)���4�0 = 335�500 + 310�410 ; (1.37)one obtains two distin
t upper limits for ���4�0 from the assumption of dominant f500gand f410g 
lasses, respe
tively. Dominant �500 leads to the upper limits���4�0 � 18�5�� ; (1.38)���4�0 � 38�3��2�0 ; (1.39)while a dominant �410 yields ���4�0 � 34�5�� ; (1.40)���4�0 � �3��2�0 : (1.41)Using the bran
hing ratios given in Tab. 6.2 of Chapter 6, B5�� = (0:066� 0:008)% andB3��2�0 = (0:43 � 0:10)%, with B5��=B3��2�0 = 0:15 � 0:04, one 
an already ex
ludea f410g dominan
e whi
h predi
ts the ratio to be B5��=B3��2�0 = 4=3 . In fa
t, one
on
ludes from the de
omposition (1.36) that the high B3��2�0 is 
reated by a dominantf221g 
ontribution whi
h should be largely saturated by the well known ! ���0 interme-diate state with B! ���0 = (0:38� 0:11)% of whi
h 88.8% de
ay into 3��2�0.Using the \best",i.e., lowest upper limit from Eqs. (1.38) and (1.40) whi
h is ���4�0 �34�5�� one obtains B��4�0 � 0:054% ;with 68% 
onfiden
e level. As 
orresponding value one may take B��4�0 = 0:027� 0:027,providing a two times better a

ura
y than the measurement.
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Chapter 2Hadroni
 � De
ays and QCDA de
isive role in the 
onstru
tion of SM has been played by the experimental studies ofin
lusive pro
esses, in parti
ular e+e� annihilation into hadrons, and deep inelasti
 e-ps
attering. The dis
overy of s
aling of deep inelasti
 stru
ture fun
tions [56℄ led to theparton model [57℄. Finally, the dis
overy of asymptoti
 freedom in non-abelian gaugefield models [58℄ together with the 
on
eption of spin 1/2, fra
tionally ele
tri
 
hargedelementary 
onstituents of hadrons | quarks [59℄ with an additional quantum number
olour, intera
ting via 8 massless, non-abelian, i.e., self-intera
ting gauge bosons | gluons
aused the 
reation of Quantum Chromodynami
s (QCD) [60℄. The existen
e of gluonswas first inferred from the observation of s
aling violation in deep inelasti
 lepton-nu
leons
attering. In 1979, (radiative) gluons were dire
tly observed in 3-jet final states of e+e�annihilation [61℄. A histori
al review of QCD 
an be found, e.g., in Ref. [62℄.2.1 The QCD LagrangianQCD is a renormalisable quantum field theory based on the lo
al SUC(3) 
olour symmetrygroup, whi
h implies the minimal lo
ally gauge invariant Lagrangian density [63℄LQCD = �14(��G�a � ��G�a)(��Ga� � ��Ga�) + Xf �q�f (i
��� �mf )q�f+ gsG�aXf �q�f 
�ta��q�f� gs2 fab
(��G�a � ��G�a)Gb�G
� � g2s4 fab
fadeG�bG�
Gd�Ge� ; (2.1)with the quark fields q�f (six flavours: f = u; d; s; 
; b; t, and three 
olours: � = r; g; b), thegluon fields G�a , the unique strong 
oupling 
onstant gs and the 8 generator matri
es ofSUC(3), ta (a = 1; : : : ; 8) whi
h obey the 
ommutation relations [ta; tb℄ = ifab
t
 with thereal, totally antisymmetri
 stru
ture 
onstants fab
. The tensor G��a = ��G�a � ��G�a +gsfab
G�bG�
 gives the strength of the Yang-Mills fields [64℄. The first line in Eq. (2.1)
ontains the kineti
 terms for the respe
tive fields; the 
olour intera
tion between quarksand gluons is given by the se
ond line and the third line des
ribes the gluon-gluon inter-a
tion owing to the non-abelian 
hara
ter of the theory.25
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(c)Figure 2.1: Elementary verti
es of QCD: (a) quark-gluon vertex, (b) triple gluon vertex,and (
) four-gluon vertex.
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k-qFigure 2.2: Gluon self-energy diagram 
orresponding to the 
orrelator Eq. (2.5).The above QCD Lagrangian leads to the three elementary verti
es shown in Fig. 2.1.The amplitudes for the q�qG and GGG verti
es | Figs. 2.1(a) and (b) | are linear in the
oupling gs, whereas the four-gluon vertex 2.1(
) is proportional to g2s . The sum over thepossible 
olour 
ombinations for final state partons yields the following 
olour fa
tors:Tr tatb = TF Æab =) TF = 12 (2.2)ta��tb�
 = CF Æ�
 =) CF = N2C � 12NC = 43 (2.3)fab
fabd = CAÆ
d =) CA = NC = 3 ; (2.4)where the last identity on the r.h.s. a

ounts for SUC(NC), NC = 3. The 
olour fa
torsare the eigenvalues of the Casimir operators. They are proportional to the probabilitiesof the transitions: G! q�q (TF ), q ! qG (CF ) and G! GG (CA).2.2 RenormalisationQCD higher order graphs give rise to divergen
es whi
h must be regularised. There aretwo kind of divergen
es: one, the so-
alled ultraviolet divergen
e is due to large integrationmomenta as 
an easily be seen in the two-point 
orrelation fun
tion [63℄ of the gluon self26



energy loop shown in Fig. 2.2:���ab = iÆabg2sTF Z d4k(2�)4 Tr [
� 6 k
�( 6 k � 6 q℄k2(k � q)2 ; (2.5)whi
h diverges as R d4k=k2 = 1 . The other one, the infrared divergen
e, is asso
iatedwith the small integration momenta in the massless limit. It has been 
onventional todefine the loop integrals through dimensional regularisation [65℄, where the four dimen-sional spa
e-time is repla
ed by D = 4+2�. The integration (2.5) 
an then be performedand the solution is proportional to [63℄ �q24� !� ��1� � 
E + O(�2)� �! 0= �2� ��1� � 
E + ln 4� � ln(�q2=�2) +O(�)� : (2.6)where 
E = 0:57722 is the Euler 
onstant. The ultraviolet divergen
e of the loop appearsthrough the pole 1=� for D ! 4. Sin
e q2 has a dimension, an arbitrary energy s
ale �2is introdu
ed on the r.h.s. of Eq. (2.6) in order to guarantee a dimensionless argument ofthe logarithm, while of 
ourse the expression stays independent of �. The 
orrelator (2.5)finally reads���ab = Æab ��q2g�� + q�q�� �(q2) ;�(q2) = �43TF �gs��4� �2 �1� + 
E � ln 4� + ln(�q2=�2)� 53 +O(�)� (2.7)where the limit � ! 0 defines the 
ounterterms of the regularisation. After fixing �(q2)at given referen
e energy q2 = �2 (for example through a measurement), one obtains theregularised expression �(q2) = �(�2)� 43TF � gs4��2 ln q2�2! ; (2.8)whi
h governs the evolution of �(q2). One may now split the self-energy 
ontributioninto a meaningless divergent pie
e ��(�2) whi
h does not depend on q2, and a finite term:�(q2) = ��(�2)+�R(q2=�2) [63℄, where the 
hoi
e of ��(�2) (the renormalisation s
heme)is ambiguous and depends on the spe
ifi
 problem. All formulae given in this work referto the modif ied minimal subtra
tion s
heme (MS) [66℄, defined, e.g., for the diagram ofFig. 2.2 by ��(�2) = �TF3� g2s4��2� �1� + 
E � ln 4�� ; (2.9)�R(q2=�2) = �TF3� g2s4� �ln (�q2=�2)� 53� : (2.10)The \modifi
ation" 
on
erns the 
onstant term 
E� ln 4�, whi
h in the minimal subtra
-tion s
heme (MS) is kept in the finite term �R(q2=�2).27



2.2.1 The Renormalisation Group EquationsIn a more general way, following the QED pattern, one 
an say that the subtra
tion ofdivergen
es is equivalent to the renormalisation of the parameters 
oupling (�s � g2s=4�),quark mass (mq), et
, and fields in the original bare (supers
ript B) Lagrangian su
h as�Bs = �2�Z�s�s, mBq = Zmmq, et
. The parameter �2 entered through the renormalisa-tion and hen
e the unrenormalised quantities are independent of �2. This leads to thedifferential Renormalisation Group Equations (RGE)���s�� = �(�s)�s = � �02��2s � �14�2�3s � �264�3�4s � �3128�4�5s � : : : ; (2.11)�mq �mq�� = �
(�s) : (2.12)The solution of Eq. (2.11) in
luding the three-loop level as an expansion of inverse powersof ln(�2) reads in MS [17℄�s(�) = 4��0 ln(�2=�2MS)(1� 2�1�20 ln h ln(�2=�2MS)iln(�2=�2MS) + 4�21�40 ln2(�2=�2MS)� �ln h ln(�2=�2MS)i� 12�2 + �0�28�21 � 54!) ; (2.13)where �0 = 11� 23nf ;�1 = 51� 193 nf ;�2 = 2857� 50339 nf + 32527 n2f ; (2.14)obtained from the 
al
ulation of the 
orresponding Feynman diagrams. The renormalisa-tion s
heme dependent dimensional parameter �MS enters through the integration of thedifferential equation (2.11). It is fixed by the starting 
onditions of the problem, e.g.,a measurement of �s(�) at given s
ale �. Eq. (2.13) illustrates the asymptoti
 freedomproperty of the non-abelian QCD: �!1 implies �s ! 0. On the other hand, the valueof �s(�) diverges for �! �MS giving rise to non-perturbative quark 
onfinement effe
ts.The evolution of �s on the basis of the RGE in
luding fourth order �3 will be dis
ussedin the following paragraph.As solution of Eq. (2.12) one obtains the running quark masses mi(�), expressed interms of the s
ale invariant parameter m̂i as follows [12℄:mi(�) = m̂i  �02 �s(�2)� !2
0=�0 (1 + �1�0  
1�1 � 
0�0! �s(�2)�+12 24�21�20  
1�1 � 
0�0!2 � �212�20  
1�1 � 
0�0!+ �216�0  
2�2 � 
0�0!35 �s(�2)� !2+O(�3s)) (2.15)28



with the 
i 
oeffi
ients
0 = 2
1 = 1016 � 59nf ;
2 = 13 �3747� �192:3291 + 221627 �nf � 14027 n2f� : (2.16)2.2.2 The Evolution of �s(�)One major aim of the QCD analysis with � data is the pre
ise measurement of �s at thes
ale M2� . However, in order to test the 
ompatibility of the result one 
ru
ially relieson the evolution �s(M� )�!�s(MZ) governed by the RGE (2.11). A diffi
ulty arisesfrom the quark thresholds: as MS s
hemes employ mass-independent renormalisations,the MS-renormalised QCD 
oupling �s does not depend on a parti
ular vertex fun
tion.This simplifies the 
al
ulation of QCD 
orre
tions beyond the one-loop level. On theother hand, de
oupling of heavy quarks [67℄ is not manifest in ea
h order of perturbationtheory [68℄. A heavy quark de
oupling is realized in so-
alled momentum-spa
e dependentrenormalisation s
hemes (MO). The RGE in a MO s
heme involves the s
aling-fun
tion�MO = �(�0s; m0i; a0) whi
h depends on the 
oupling �0s(�), the quark masses m0i(�) and agauge parameter a0(�) where the primes denotes the s
heme dependen
e of the parameters.Quark loop 
al
ulations in this s
heme appear rather 
ompli
ated, however, the massdependen
e of the �-fun
tion provides a suppression of heavy-quark effe
ts at s
ales mu
hsmaller than the masses of these quarks, i.e., it de
ouples heavy quarks from light-parti
leGreen's fun
tion to ea
h order in perturbation theory.To obtain de
oupling in MS s
hemes, one builds in the de
oupling region, �� m(f)(�),where m(f)(�) is the mass of the heavy-quark with flavour f , an effe
tive field theorythat behaves as if only light quarks up to flavour f�1 were present. Mat
hing 
onditions
onne
t the parameters of the low energy effe
tive Lagrangian to the full theory. The
oupling 
onstant of the effe
tive theory 
an then be expressed as a power series of the
oupling 
onstant of the full theory with 
oeffi
ients that depend on x = ln(m(f)(�)=�).Doing so one obtains for the mat
hing of �s and the light quark masses between the\light" flavour f � 1 and the heavy-quark flavour f [69℄1:�(f�1)s (�) = �(f)s (�) 241 + x6 �(f)s (�)� + � 136x2 + 1124x + 1172� �(f)s (�)� !235 ; (2.17)m(f�1)` (�) = m(f)` (�) 241 + 112 �x2 + 53x+ 8936� �(f)s (�)� !235 : (2.18)There is no straightforward argument for the 
hoi
e of the mat
hing s
ale �. Keeping inmind the 
onsideration of quark loops makes the setting � = 2mf quite meaningful (see1There is a (numeri
ally insignifi
ant) misprint in the original paper by Bernreuther and Wetzel [69℄.The 
oeffi
ient \7/72" of (�(f)s )2 in the mat
hing 
ondition between different a
tive flavours at the quarkthresholds must be \11/72" [70, 71℄. 29
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2Figure 2.3: Evolution of typi
al �s(M� )= 0.350� 0.015 to higher and lower energy s
ales�. The solid line depi
ts the numeri
al solution in
luding fourth order �-fun
tion witherror bars (dotted lines). The dashed-dotted line (almost identi
al with the dashed line)shows the numeri
al solution to third order only, and the dashed line is the result fromthe analyti
al approximation.the end of this paragraph for the dis
ussion of the theoreti
al un
ertainties related to thisambiguity).There exists two different approa
hes to solve the RGE (2.11). The first deals withan analyti
al approximation of the exa
t solution to three loop order whi
h leads toExpression (2.13), whereas the se
ond employs a numeri
al 
omputation of the differentialequation using the CERNLIB routine DRKSTP based on Runge-Kutta integration [72℄whi
h performs the evolution in infinitesimal steps. Fig. 2.3 depi
ts the two solutions asa fun
tion of � where both are fixed at � = M� to �s(M� )= 0.35. Additionally showed(solid line) is the numeri
al solution using the four-loop �-fun
tion�3 = �1497536 + 3564 �3�� �1078361162 + 650827 �3�nf+�50065162 + 647281 �3�n2f + 1093729 n3f ; (2.19)30



with �3 = 1:2020569 : : :, re
ently 
al
ulated in Ref. [73℄. The dotted lines show the errorsassuming a typi
al experimental un
ertainty for �s(M� ) of 0.015. All 
urves are in verygood agreement. The differen
e between the third and fourth order numeri
al evolutionfrom M� to MZ assuming �s(M� ) = 0:35 is �s(MZ)3: order��s(MZ)4: order=0.00034 whi
his negligible 
ompared to typi
al experimental and theoreti
al un
ertainties in the �s(MZ)determination of 0.0020{0.0060.The major evolution un
ertainty left stems from the s
ale ambiguity of the mat
hingof the quark flavours. The variation of the quark thresholds m
 = 1:3 : : : 2:6 and mb =4:3 : : : 9:6 yields the systemati
 evolution error of�evol�s(MZ) = 0:0010 : (2.20)2.3 Perturbative and Non-Perturbative QCDDue to the non-abelian 
hara
ter of QCD, the strong 
oupling 
onstant �s diverges atvery low energy: starting from the asymptoti
 side, i.e., at short distan
es and movingto larger distan
es where 
onfinement effe
ts be
ome important, asymptoti
 freedomstarts to break down and resonan
es emerge as a refle
tion of the fa
t that quarks andgluons are permanently 
onfined within hadrons. The breakdown of asymptoti
 freedom,i.e., perturbative QCD, is signalled by the emergen
e of power 
orre
tions due to non-perturbative effe
ts in the QCD va
uum. These are introdu
ed via non-vanishing va
uumexpe
tation values originating from quark and gluon 
ondensationhmj �qiqii ; h�s� GGi : (2.21)A very prominent example of non-vanishing quark 
ondensates is given by the physi-
al states � (ve
tor) and �=a1 (axial-ve
tor). The va
uum polarization indu
ed by the
orresponding ve
tor and axial-ve
tor 
urrents is degenerated order by order in pertur-bation theory (negle
ting u; d quark masses whi
h is a good approximation). From thedimensional point of view, non-vanishing va
uum expe
tation values should lead to power
orre
tions 
ompared to the logarithmi
 behaviour of perturbative 
ontribution [74℄.2.3.1 Operator Produ
t Expansion (OPE)It was the approa
h of the authors of Ref. [11℄ to use the OPE in ambivalent energy regionswhere non-perturbative effe
ts 
ome into play but still perturbative QCD dominates. Asshown by the same authors, there exist 
riti
al dimensions, i.e., energies at whi
h non-perturbative effe
ts 
ause OPE to break down. In � de
ays, one expe
ts the energy s
aleof the break down on its best at about 800 MeV where the �(770) resonan
e be
omesimportant.The OPE of a two-point 
orelation fun
tion �(J)(s) takes the form [12℄�(J)(s) = XD=0;2;4;::: 1(�s)D=2 XdimO=DC(J)(s; �)hO(�)i ; (2.22)31
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Figure 2.4: Diagrammati
 presentation of the va
uum polarisation for light quarks. The�rst line depi
ts the perturbative series (up to �rst order in �s shown), the se
ond (third)line gives the D = 4 (D = 6) non-perturbative 
ontribution, separated in short-distan
e(loops) and long-distan
e (va
uum expe
tation operators) pie
es.
where the inner sum is over the operators of dimension D. The parameter � is arbitrary.It separates the long-distan
e non-perturbative effe
ts, absorbed into the va
uum expe
-tation elements hO(�)i, from the short-distan
e effe
ts whi
h are in
luded in the Wilson
oeffi
ient [75℄ C(J)(s; �). Sin
e the operator hO(�)i 
ontains va
uum expe
tation values,only those with spin zero (s
alar) need to be 
onsidered: the operator of dimension D = 0is the unit operator (perturbative series). Treating running quark masses as operators
lasses them as dimension D = 2 operators of the form mi(�)mj(�). The first dynami
aloperators the quark and the gluon 
ondensates (2.21) appear at dimension D = 4. Theynot depend on the separation s
ale �. The dominant 
ontribution to the dimension D = 6operators 
arries non-trivial four-quark dynami
al effe
ts of the form �qi�1qj �qk�2ql, where� is the general 
urrent vertex determined by the respe
tive quark 
urrent �qi�qj. Addi-tional 
ontributions to D = 6 from a mixed quark-gluon 
ondensate as well as a triplegluon 
ondensate are assumed to be small [12℄. The strength of the dimension D = 8term is poorly known as it involves a large number of operators. Some of its effe
ts havebeen studied in Ref. [76℄.Fig. 2.4 depi
ts the diagrams for a two-point va
uum polarisation fun
tion for lightquarks [74℄. The momentum transfer �q2 is large and all propagators in the diagramswhi
h represent the Wilson 
oeffi
ients 
arry large momenta while the momenta of thequark and the gluon 
ontributions whi
h disappear into the va
uum go to zero.32



2.3.2 The Borel Transformation of CorrelatorsIn order to pi
k out the lowest resonan
e (ground state) in a parti
ular 
hannel one 
andefine moments of derivatives of the 
orrelator �(J)(q2) [11℄:M (J)n (Q20) = 1n!  (�)ndn�(J)(Q2)d(Q2)n ����Q2=Q20! = 1� 1Zs0 ds Im�(J)(s)(s+Q20)n+1 ; (2.23)with Q2 = �q2. The dispersion relation (1.28) is used to obtain the se
ond identity.Inserting a narrow width resonan
e approximation parametrised through a Æ(s � M2R)fun
tion as 
orresponding spe
tral fun
tion into Im�(J)(s) and taking the ratios of adja-
ent moments yields for large derivatives nM (J)n (Q20)M (J)n�1(Q20) ' (M2R +Q20)�1 ; (2.24)whi
h gives the mass of the lowest resonan
e.The use of the moments (2.23) is only valid for heavy quark systems where va
uum
ondensates are negligible. Applied to light quark systems, higher non-perturbative di-mensions 
ome into play. The moments 
an still be used at large momentum s
ales Q2where all 
orre
tions are small. The 
riti
al momentum s
ale of minimum Q2 in
reaseswith the number of derivatives used, i.e., with the proje
tion strength on the lowest res-onan
e. In the limit Q2 ! 1, n ! 1 and Q2=n = M2 fixed, the evaluation of themoments is reliable. This 
orresponds to introdu
ing the Borel transform (also 
alled:Lapla
e transform [77℄) of the 
orrelator �(J)(Q2) with the Borel parameter M2 [11℄:LM�(J)(Q2) = limQ2;n!1 1(n� 1)!(Q2)n(�)ndn�(J)(Q2)d(Q2)n with : Q2=n =M2 ; (2.25)whi
h improves OPE as it appears that an operator of dimension D is suppressed by afa
tor 1=(D=2� 1)! [74℄. Using again the dispersion relation (1.28), one obtains for theBorel transformed 
orrelatorLM�(J)(Q2) = 1�M2 Z ds e�s=M2Im�(J)(s) ; (2.26)where subtra
tions 
an
el in the derivatives.The Borel transform of 
orrelators is a powerful tool to improve the 
onvergen
e (sat-uration) of the integral (2.26). This is of parti
ular importan
e as experiments 
overonly limited energy regions. The feasibility of QCD 
he
ks on the basis of finite energydispersion relations using spe
tral fun
tions or e+e� 
ross se
tions from the experimentdepends therefore 
ru
ially on the saturation of the dispersion integral. A se
ond impor-tant point, spe
ifi
ally related to � data, is the higher quality of � spe
tral fun
tions atlower mass-squared owing to the phase spa
e suppression fa
tor whi
h limits statisti
s athigh masses. The Borel transformation improves signifi
antly the pre
ision of the mea-surement of so-
alled 
hiral sum rules (see following se
tion) whi
h involve V �A spe
tralfun
tions from � de
ays. 33



2.4 Chiral Symmetry and QCD Sum RulesIn the limit of nf massless quarks (mi = 0, i = u; d; : : :), the QCD Lagrangian (2.1)possesses a global SUL(nf)�SUR(nf) 
hiral symmetry between the left- and right-handedquarks in flavour spa
e. The asso
iated Noether 
urrents (from Noether's theorem: everysymmetry-transformation of a field theory implies a 
onserved 
urrent) are the ve
tor(V �) and axial-ve
tor (A�) quark 
urrents [78℄. The ve
tor and axial-ve
tor 
hargesQV=A = Z d3x V 0=A0(x) : (2.27)are the generators of the symmetry group. For a state j�i whi
h is symmetri
 underSU(3)L � SU(3)R one then must have [79℄2h�jAa�(x)Ab�(y)j�i = h�jV a� (x)V b� (y)j�i (a; b =; 1; : : : ; 8) ; (2.28)whi
h requires that for every 
ontribution on the r.h.s. of Eq. (2.28) (JP = 0+ or 1�)there exists a mass degenerate partner on the l.h.s. (JP = 0� or 1+). However, 
hiralsymmetry whi
h should be a good symmetry for the light u; d; s quarks is not observedin the low energy hadroni
 spe
tra of e+e� annihilation or � spe
tral fun
tions. In orderto be 
onsistent with this experimental fa
t, the 
hiral flavour group SU(3)L � SU(3)Ris assumed to be spontaneously broken by non-vanishing light quark masses down toSU(3)L+R where the va
uum expe
tation values are symmetri
al:hm �uui = hm �ddi = hm �ssi 6= 0 : (2.29)Goldstone's theorem states [80℄: if a generator T a of the symmetry group produ
es non-zero va
uum expe
tation values, the physi
ally state T aj0i (whi
h must exist) is a masslesss
alar, if T a is a ve
tor 
harge; it is a massless pseudos
alar, if T a is an axial-ve
tor 
harge.The spontaneously symmetry breaking of the axial 
harge generates an o
tet of mass-less pseudos
alar mesons whi
h is identified with the 8 lightest hadroni
 states: �+, �0,��, �, K+, K�, K0 and �K0. In this 
ase, the axial-ve
tor 
urrent is non-
onserved and itsdivergen
e reads: ��A�ij = (mi +mj)�qi(i
5)qj ; (2.30)asso
iated with the de
ay 
onstant fP of a pseudos
alar meson P with four momentumq�, defined as: h0j��A�P jP i = p2fPm2P or : h0jA�P jP i = p2fP q�: (2.31)The non-vanishing physi
al masses of the pseudos
alars refle
t the fa
t that QCD is notreally a 
hiral theory. True zero u; d; s quark masses would generate massless pseudos
alarmesons. Expli
it mass formulae for the pseudos
alars 
an be dedu
ed from Chiral Per-turbation Theory (ChPT) whi
h is, in prin
iple, a perturbative expansion in powers of2The 
onserved right- (R = V + A) and left-handed (L = V � A) 
urrents under SU(3)L � SU(3)Rtransform like (8, 1) and (1, 8), respe
tively. If j�i is invariant then h�jRLj�i = 0 ) h�jV 2 �A2j�i = 0whi
h is Eq. (2.28). 34



quark masses (for an introdu
tion see, e.g., Ref. [81℄). Su
h formulae 
arry dire
t propor-tionalities to the quark masses (not in
luding ele
tromagneti
 mass symmetry breaking):m2�� � mu +md ;m2�0 � mu +md � O  (mu +md)2ms � (mu �md)=2! ;m2K� � mu +ms ;m2K0 � md +ms ;m2�0 � mu +md + 4ms + O  (mu +md)2ms � (mu �md)=2! : (2.32)There is no indi
ation of spontaneously symmetry breaking of the ve
tor 
harge (theve
tor 
harge operators \annihilate" the va
uum): no light s
alars have been found exper-imentally, ve
tor mesons 
an well be 
lassified in degenerate multiplets whi
h are SU(3)Vrepresentations. The longitudinal part of the ve
tor 
orrelator in Eq. (1.26) then vanishes:�(0)ij;V (q2) = 0.2.4.1 Spe
tral Sum RulesRedu
ing 
hiral symmetry to the non-strange se
tor, i.e., SU(2)L � SU(2)R, one has thetwo-point 
orrelator [78℄����ud;LR(q) = i Z d4x eiqxh0jT (L�(x)R�(0)y)j0i= (�g��q2 + q�q�) �(1)ud;LR(q2) + q�q� �(0)ud;LR(q2) ; (2.33)where L� and R� are the left and right-handed quark 
urrentsL� = �u
�(1� 
5)d ; R� = �u
�(1 + 
5)d : (2.34)With Eqs. (2.33), (2.34) and the 
orrelators for ve
tor and axial-ve
tor 
urrents (1.26)one identifies ����ud;LR(q) = ����ud;V (q) � ����ud;A(q) : (2.35)The 
orrelator ���ud;LR(q) vanishes in the 
hiral or in the asymptoti
 q2 !1 limits (whi
hagain implies the degenera
y of Eq. (2.28)). Using the dispersion relation (1.28) oneobtains the two famous Weinberg sum rules (WSR) [7, 78℄ for u; d quark 
orrelators fromthe 
omparison of the q�q� and the q2 terms in Eq. (2.33):1: WSR : 1Z0 ds Im h�(1)�ud;V (s)� �(1)�ud;A(s) + �(0)�ud;V (s)� �(0)�ud;A(s)i = 0 ; (2.36)2: WSR : 1Z0 ds s Im h�(1)�ud;V (s)� �(1)�ud;A(s)i = 0 : (2.37)The first WSR 
an be simplified using the pion de
ay 
onstant f� defined in Eq. (2.31)whi
h fixes the integral R10 ds Im�(0)�ud;A(s) = f 2� , and the fa
t the longitudinal ve
tor 
orre-lator vanishes. When swit
hing quark masses on, only the first WSR remains valid while35



the se
ond WSR breaks down due to 
ontributions from the differen
e of non-
onservedve
tor and axial-ve
tor 
urrents of order m2q=s, leading to a quadrati
 divergen
e of theintegral [77℄. However, 
onvergen
e 
an be re
overed by 
onsidering a Borel transformedversion of the se
ond WSR where the result is expressed as a fun
tion of the Borel param-eter M2 and the u; d running quark masses at s
ale M2 and quark 
ondensates in powersof 1=M0, 1=M2, : : : [77, 11, 82℄.Assuming narrow-width approximation for the resonan
es and a saturation of the 
or-responding ve
tor, axial-ve
tor spe
tral fun
tions by the �, �(770) and a1(1260), Weinbergdedu
ed from his sum rules the mass formula [7℄Ma1=M� ' 1:41 ; (2.38)whi
h is not so bad 
ompared to Ma1=M� = 1:60 � 0:05 [17℄ and keeping in mind the
oarseness of the approximations used.Das, Mathur and Okubo (DMO) [6℄ showed that the derivative of the ve
tor minusaxial-ve
tor 
orrelator ��ud;V�A(q2) taken at q2 = 0 is 
onne
ted with the radiative �� !`���`
 de
ay axial-ve
tor form fa
tor FA viad(q2��ud;V�A(q2))dq2 ����q2=0 = 1Z0 dss Im h�(1)�ud;V (s)� �(1)�ud;A(s)i = f 2� hr2�i3 � FA : (2.39)This relation will be used in Se
tion 10.1.1 in order to perform a finite energy determi-nation of FA and the polarisability of the pion.The ele
tromagneti
 mass differen
e has been 
al
ulated using 
urrent algebra te
h-niques in 
hiral symmetry by Das et al. [83℄. They obtained the sum rulem2�� � m2�0 = 12��if 2� Z d4q(2�)4 1q2 1Z0 ds s Im h�(1)�ud;V (s)� �(1)�ud;A(s)iq2 + s� i� (2.40)and, making use of the KSFR relation [84℄ and lowest resonan
e saturation, related fromit m2�� � m2�0 = 3�M2� ln24�m� = 5:1 MeV=
2 ; (2.41)in astonishing agreement with the experimental value of 4.59 MeV=
2 [17℄.Useful relations between the OPE terms and the spe
tral fun
tions are obtained fromproje
tive sum rules [85℄: 
onservation of 
urrents in the 
hiral limit implies (Q2 = �q2)Q2 h�(1)�ud;V (�Q2)� �(1)�ud;A(�Q2)i = 0 in momentum spa
e. For large spa
e-like momentaQ2 one 
an expand the dispersion relation of the V � A 
orrelator. By virtue of the �rstand the se
ond WSR one obtains1� 1Z0 ds Im h�(1)�ud;V (s)� �(1)�ud;A(s)i " 1s+Q2 �  s2Q6 � s3Q8 + : : :!# ' 0 : (2.42)36



On the other hand, non-perturbative effe
ts violate the 
urrent 
onservation giving riseto non-perturbative OPE 
ontributions�(1)�ud;V (�Q2)� �(1)�ud;A(�Q2) = XD=2;4;:::CD(�)hOD(�)iQD : (2.43)Comparing the 
oeffi
ients of the 
orresponding powers between Eqs. (2.42) and (2.43)yields the sum rulesC6(�)hO6(�)i = 1� 1Z0 ds s2 Im ��(1)�ud;V (q)� �(1)�ud;A(s)�C8(�)hO8(�)i = � 1� 1Z0 ds s3 Im ��(1)�ud;V (q)� �(1)�ud;A(s)� : (2.44)2.5 QCD and � De
aysTests of Quantum Chromodynami
s and the pre
ise measurement of the strong 
oupling
onstant �s at the � mass s
ale 
arried out for the first time by the ALEPH [8, 10℄ andCLEO [9℄ Collaborations have been the subje
t of vivid dis
ussions about theoreti
al andexperimental impli
ations, a

ompanied by a 
onsiderable number of interesting publi
a-tions (see, e.g., [13, 86, 51, 87, 88, 89℄). Following the line tra
ed by the pioneering workof Braaten, Narison and Pi
h [12℄, the theoreti
al framework of the QCD analysis usedto measure �s and to get information about the behaviour of non-perturbative power
orre
tions at M� is presented in this se
tion.It is the in
lusive 
hara
ter of hadroni
 � de
ays whi
h opens them for a wide rangeof interesting studies. In
lusive observables, primarily the total hadroni
 � de
ay rateR� = �(�� ! hadrons �� (
))�(�� ! e���e�� (
)) (2.45)are a

urately predi
table as fun
tions of �s(M� ) using perturbative QCD and the OPEin order to take into a

ount non-perturbative 
orre
tions. In fa
t, one 
an even say thatR� is a doubly in
lusive observable as it is integrated over all hadroni
 final states at agiven invariant mass and integrated over all masses between m� and M� . In addition,due to its ve
tor and axial-ve
tor de
ay modes with equal 
oupling 
onstants, R� is evenmore in
lusive than e+e� in
lusive I = 0; 1 final states. It will be learned from thisanalysis that M� lies in a 
ompromise region where �s(M� ) is large enough that R� issensitive to its value, yet still small enough that the perturbative expansions in powers of�s(M� ) 
onverges safely and, in parti
ular, non-perturbative power terms are either smallor, when in 
ases where it is not negligible, the OPE is well behaved.Experimentally, the most pre
ise value of R� is obtained by measuring the leptoni
bran
hing ratios, additionally 
onstrained via universality (see Se
tion 1.2.4), using theingredient that ele
troni
 (Be), muoni
 and hadroni
 bran
hing ratios saturate � de
ays.37



That gives R� = 1Be � 1� 0:97257 ; (2.46)and �R� =�Be=B2e . With (1.13) one obtainsR� = 3:649� 0:014 : (2.47)If strong and ele
troweak radiative 
orre
tions are negle
ted, the theoreti
al partonlevel predi
tion for SUC(NC), NC = 3 readsR� = NC �jVudj2 + jVusj2� ' 3 ; (2.48)from whi
h the 
ontribution to the experimental value of R� (2.47) from strong pertur-bative 
orre
tions in Eq. (2.47) is estimated to be about 21%, assuming other sour
esto be small. One realizes the important in
rease of sensitivity to �s 
ompared to the Zhadroni
 width where due essentially to the three times smaller �s(MZ) the perturbativeQCD 
orre
tion rea
hes only about 4% (see Eq. (2.90) in Se
tion 2.6).The in
lusive observable R� 
an theoreti
ally be separated into 
ontributions fromspe
ifi
 quark 
urrents, namely ve
tor (V) and axial ve
tor (A) �ud- and �us-quark 
ur-rents. It will not be attempted in the framework of this analysis to separate strange (S)final states into ve
tor and axial-ve
tor 
omponents. Some effort in this dire
tion hasnevertheless already been undertaken in Ref. [90℄. It is therefore appropriate to de
om-pose: R� = R�;V +R�;A +R�;S : (2.49)As seen in Se
tion 2.3, parton level and perturbative predi
tion do not distinguish ve
torand axial-ve
tor 
urrents. Thus the 
orresponding naive predi
tions be
ome R�;V=A =(NC=2)jVudj2 and R�;S = NC jVusj2, whi
h add up to Eq. (2.48).A 
ru
ial issue of the QCD analysis at the � mass s
ale 
on
erns the reliability of thetheoreti
al des
ription, i.e., the OPE ansatz, and the stability against unknown 
ontri-butions. A reasonable test 
an be a
hieved by 
ontinuously varying M� to lower valuesps0 � M� for both theoreti
al predi
tion and measurement. The kinemati
al fa
torwhi
h des
ribes the � phase spa
e suppression at masses near to M� is 
orrespondinglymodified in order that ps0 represents the new mass of the � . All formulae of the followingtheoreti
al se
tions are 
onsequently expressed as fun
tions of s0.2.5.1 Theoreti
al Predi
tion of R�A

ording to Eq. (1.27) the imaginary part of the ve
tor and axial-ve
tor two-point 
orre-lators (1.26), where the subs
ripts i(j) denote light quark flavours u(d; s), are proportionalto the � hadroni
 spe
tral fun
tions with 
orresponding quantum numbers. The hadroni
� de
ay rate 
an be written as an integral of these spe
tral fun
tions over the invariant38



mass-squared s of the final state hadrons [12℄3:R� (s0) = 12�SEW s0Z0 dss0 �1� ss0�2 ��1 + 2 ss0� Im�(1)(s+ i�) + Im�(0)(s+ i�)� ;(2.50)with the ele
troweak radiative 
orre
tion fa
tor SEW (see Se
tion 1.3.2) and the 
orrelator
ombinations a

ording to the de
omposition (2.49)�(J) = jVudj2 ��(J)ud;V +�(J)ud;A� + jVusj2�(J)us;V+A : (2.51)Unfortunately, the above integral involves large non-perturbative (resonan
e) effe
ts atvery low energies that 
ertainly will invalidate the OPE approa
h used here. None the less,the analyti
ity property of the 
orrelator �(J) allows the evaluation of the integral (2.50).The dispersion relation (1.28) elu
idates that indeed �(J) is analyti
 in the 
omplex splane everywhere ex
ept on the positive real axis where singularities exist. A

ording toCau
hy's integral formula, an integral over s along the 
losed 
ontour of the produ
t of�(J) with a non-singular fun
tion g(s) vanishes. On the other hand, the imaginary partof the 
orrelator is proportional to the dis
ontinuity a
ross the positive real axis. So thefollowing relation holds1� s0Z0 ds g(s)Im�(s) = � 12�i Ijsj=s0ds g(s)�(s) ; (2.52)where the 
ontour integral runs 
ounter-
lo
kwise around the 
ir
le from s = s0 � i� tos = s0 + i� as indi
ated in Fig. 2.5. The integral (2.50) then readsR� (s0) = 6�i SEW Ijsj=s0 dss0 �1� ss0�2 ��1 + 2 ss0��(1)(s) + �(0)(s)� : (2.53)The energy s
ale s0 of the 
ontour in Eq. (2.53) for s0 ' M2� is large enough toexpe
t small 
ontributions from non-perturbative effe
ts. One 
an therefore use the OPEintrodu
ed in Se
tion 2.3.1 to disentangle perturbative and non-perturbative 
ontributionsto R� (s0). Note that the fa
tor (1 � s=s0)2 suppresses the 
ontribution from the regionnear the positive real axis where �(s) has a bran
h 
ut and OPE validity is restri
ted [91℄.In order to avoid large logarithms of the form ln(�s=�2), where � is the separation s
alefor short- and long-distan
e 
ontributions expressed in the Wilson 
oeffi
ients C(s; �)(J)and the operators hO(�)i, one 
hooses appropriately �2 = s0.The theoreti
al predi
tion of the ve
tor and axial-ve
tor as well as the strange hadroni
3The parametrisation of the s0 dependen
e used here differs from the one introdu
ed in Ref. [13℄.While in that work the a
tual � mass remains un
hanged and only the integration range is varied forps0 �M� , here the mass of the � is indeed redefined to be ps0. Leaving the � mass un
hanged keeps the1=MD� power in the OPE while, in the definition adopted in this work, it be
omes 1=sD=20 and thereforemore important when evolving s0 to lower values. 39
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Figure 2.5: Integration 
ontour followed when performing the integrations of Eqs. (2.52)and (2.53).widths 
an now be written as:R�;V=A = 32 jVudj2SEW 0�1 + Æ(0) + Æ0EW + Æ(2�mass)ud;V=A + XD=4;6;:::Æ(D)ud;V=A1A ; (2.54)R�;S = 3jVusj2SEW 0�1 + Æ(0) + Æ0EW ++Æ(2�mass)us;V+A XD=4;6;:::Æ(D)us;V+A1A ; (2.55)with the residual non-logarithmi
 ele
troweak 
orre
tion Æ0EW = 0:0010 [45℄ introdu
ed inSe
tion 1.3.2 and the only D = 2 
ontribution Æ(2�mass)ij;V=A from quark masses whi
h is tinyfor u; d quarks (< 0:2%). The term Æ(0) is the purely perturbative 
ontribution, while theÆ(D) are the OPE terms in powers of s�D=20 . Insertion of the OPE (2.22) in Eq. (2.53)leads to Æ(D)ij;V=A = XdimO=DhO(�)i 4�i Ijsj=s0 dss0 (�s)�D=2 �1� ss0�2� ��1 + 2 ss0�C(1)D;ij;V=A(s; �) + C(0)D;ij;V=A(s; �)� : (2.56)Setting �2 = s0 expresses the above 
ontour integral as purely a fun
tion of the running�s. Taking now the 
hiral limit, and negle
ting higher order powers in �n�2s and thelogarithmi
 s dependen
e of the Wilson 
oeffi
ients (through the running �s(s)), only40



dimensions D = 2; 6; 8 non-perturbative operators 
ontribute to R� (s0):Æ(D)ij;V=A = 24 XdimO=DC(0+1)V=A hOisD=20 35 4� �Z�� d' �ei(1�D=2)' � 3ei(3�D=2)' � 2ei(4�D=2)'� ; (2.57)whi
h is non-zero for D = 2; 6; 8. The D = 2 quark mass term vanishes in the 
hirallimit. Nevertheless, anomalous D = 2 
ontributions, not foreseen in the SVZ approa
h,are not ex
luded here. The 
onservation of ve
tor and axial-ve
tor 
urrents in the 
hirallimit implies s�(0)ij;V (s) = s�(0)ij;A(s) = 0 in momentum spa
e. Thus only the �(0+1) term inEq. (2.57) remains.2.5.2 Perturbative Predi
tionThe des
ription of the perturbative predi
tion follows essentially Ref. [86℄. It will beshown that perturbative QCD whi
h appears as a power series in (�s(s0)=�)n up tothree loops (n = 3) provides by far the numeri
ally dominant 
ontribution to R� (s0).The perturbative 
ontribution is given in the 
hiral limit. Quark mass effe
ts have been
al
ulated in Ref. [92℄ and are found to be well below 1%. Thus the 
ontributions fromve
tor and axial-ve
tor 
urrents 
oin
ide to any given order of perturbation theory andthe results are flavour independent.For the evaluation of the perturbative series, it is 
onvenient to introdu
e the Adlerfun
tion [93℄ (Q2 = �q2)D(Q2) � �Q2d�(Q2)dQ2 = Q2 1Z0 ds Im�(s)(s+Q2)2 ; (2.58)where the se
ond identity follows from the dispersion relation (1.28). Here, the derivativeavoids annoying extra subtra
tions (renormalisation) on the r.h.s. of Eq. (2.58) whi
h areunrelated to QCD dynami
s. The fun
tion D(Q2) 
al
ulated in perturbative QCD withinthe MS renormalisation s
heme depends on the non-physi
al parameter � o

urring asln(�2=Q2). Furthermore it appears as a fun
tion of �s. On the other hand, sin
e D(Q2) is
onne
ted to a physi
al quantity | the spe
tral fun
tion Im�(s) |, it 
annot depend onthe subje
tive 
hoi
e of �. This 
an be a
hieved if �s be
omes a fun
tion of � providingindependen
e of D(Q2) of the 
hoi
e of �. Nevertheless, in a trun
ated series (as it isthe 
ase here), the � dependen
e remains. D(Q2) is then a fun
tion of D(�2=Q2; �s) andobeys the RGE. Choosing �2 = Q2, its solution is expressed in the formD(�s(Q)) = 1Xn=0Rn  �s(Q)� !n : (2.59)with renormalisation s
heme dependent 
oeffi
ients Rn.To introdu
e the Adler fun
tion in Eq. (2.53) one uses the identityIjsj=s0ds g(s)�(s) = � Ijsj=s0 dss (G(s)�G(s0)) sd�(s)ds ; (2.60)41



with the kernel g(s) = (1� s=s0)2(1+ 2s=s0)=s0 and G(s) = R s0 ds0 g(s0) . With (2.60) theperturbative 
ontribution from Expression (2.53) and (2.54) be
omes [86℄1 + Æ(0) = �2�i Ijsj=s0 dss "1� 2 ss0 + 2� ss0�3 � � ss0�4#D(s) : (2.61)The perturbative expansion of the Adler fun
tion 
an be inferred from the three loop
al
ulation of the e+e� in
lusive 
ross se
tion ratio Re+e�(s) = �(e+e�! hadrons (
))=�(e+e� ! �+�� (
)) performed in Ref. [94℄ (two-loop) and Ref. [95℄ (three-loop). Onethen obtains [86℄ D(s) = 14�2 1Xn=0 ~Kn(�) �s(��2s)� !n ; (2.62)with the ~Kn(�) fun
tions~K0(�) = K0 ;~K1(�) = K1 ;~K2(�) = K2 + 12K1�0 ln � ;~K3(�) = K3 + K2�0 ln � + 14K1 ��20 ln2� + �1ln �� ; (2.63)and the first elements of the �-fun
tion defined in Eq. (2.11). The fa
tor � in Eq (2.62)represents the renormalisation s
ale ambiguity and is therefore arbitrary to some extent.The 
oeffi
ients Kn are known up to three-loop order �3s. For n � 2 they depend on therenormalisation s
heme used: K0 = 1 ;K1 = 1 ;K2(MS) = F3(MS) ;K3(MS) = F4(MS) + 148�2�20 ; (2.64)with F3(MS) = 1:9857� 0:1153nf ;F4(MS) = �6:6368� 1:2001nf � 0:0052n2f ; (2.65)being the 
oeffi
ients of the perturbative series of Re+e� . The expansion (2.62) insertedin the r.h.s of Eq. (2.61) yields for the known orders in �sÆ(0) = 3Xn=1 ~Kn(�)A(n)(�s) ; (2.66)where the fun
tionsA(n)(�s) = 12�i Ijsj=s0 dss "1� 2 ss0 + 2� ss0�3 � � ss0�4# �s(��2s)� !n (2.67)42



are integrals in the 
omplex s-plane with an integration 
ontour a

ording to Fig. 2.5.The strong 
oupling 
onstant in the vi
inity of s0 
an be expanded in powers of �s(s0),with 
oeffi
ients that are polynomials in ln(s=s0) [12℄�s(s)� = �s(s0)� � 14�0 ln ss0  �s(s)� !2 � �18�1 ln ss0 � 116�20 ln2 ss0� �s(s)� !3� � 1128�2 ln ss0 � 564�0�1 ln2 ss0 + 164�30 ln3 ss0� �s(s)� !4 + : : : : (2.68)Inserting the series in Eq (2.66) leads to the expressionÆ(0)E = 4Xn=1 h ~Kn(�) + gn(�)i  �s(�2s0)� !n ; (2.69)where the gn are fun
tions of ~Km<n and of elementary integrals with logarithms of powerm < n in the integrand. Setting � = 1, Eq. (2.69) readsÆ(0)E = �s(s0)� + (1:6398 + 3:5625) �s(s0)� !2 + (6:371 + 19:995) �s(s0)� !3+(K4 + 78:00) �s(s0)� !4 ; (2.70)with a trun
ation of the power series at order �3s(s0) sin
e the 
oeffi
ient K4 is unknown.The first numbers in the parentheses give the ~Kn(1), while the se
ond ones are the gn(1).The trun
ation is performed despite the fa
t that parts of the higher 
oeffi
ients gn>4(�)are known to all orders and 
ould be resummed. These known parts are the higher(up to infinite) order terms of the Taylor expansion (2.68) whi
h are fun
tions of �n�3only. A rough estimation of the asso
iated error 
an be performed using the bold guess� ~K4(1) � K3(K3=K2) ' 25 whi
h 
ontributes to Æ(0)(K4) � 1:6% for �s(M� )= 0.35 (seeSe
tion 10.2.2 for further dis
ussions). The 
ontributions to Æ(0)E from the terms of ordern = 1; : : : ; 4 a

ording to Eq (2.70) are given in the first line of Table 2.1.Another more promising approa
h to the solution of the 
ontour integral (2.61) is thedire
t numeri
al evaluation of the A(n) integrals (2.67) using the approximative analyti
althree-loop RGE solution (2.13) or a numeri
al solution of the RGE (Runge-Kutta [72℄)as input for the running �s(��2s). The 
omplex integrals have then the formA(n)(�s) = 12� �Z�� d' h1 + 2ei' � 2ei3' � ei4'i  �s(�2s0ei')� !n : (2.71)The numeri
ally evaluated perturbative predi
tion (2.67) at different orders n for thesettings �s(M� )= 0.35, � = 1 and K4 = 25 are shown in Table 2.1. The results aregiven for the various types of te
hniques used to evolve �s(s0ei'): the trun
ated Tay-lor expansion (2.68), the RGE analyti
al solution and the Runge-Kutta type solution ofthe RGE whi
h is a
tually expe
ted to be next to the exa
t solution. The Runge-Kutta43



Integration Æ(0)(n = 1) Æ(0)(n = 2) Æ(0)(n = 3) Æ(0)(n = 4) Æ(0)(tot)Expansion Æ(0)E (Taylor) 0.1114 0.0645 0.0365 0.0159 0.2283Num. (Taylor) 0.1639 0.0342 0.0138 0.0045 0.2165Num. (RGE-analyt.) 0.1523 0.0313 0.0130 0.0047 0.2013Num. (RGE-num.; �2) 0.1531 0.0316 0.0133 0.0048 0.2028Num. (RGE-num.; �3) 0.1527 0.0313 0.0130 0.0047 0.2017Table 2.1: Perturbative 
ontribution to R� (M� ) at orders n with �s(M� )= 0.35. Thevalue of K4 is set to 25. The �rst line gives the results of the �s expansion a

ording toEq. (2.70), while the se
ond and third lines give the results of the numeri
al evaluation ofthe integrals (2.67) using the Taylor expansion (2.68) and dire
tly the RGE solution (2.13),respe
tively. The last two lines are obtained from numeri
al (Runge-Kutta) integration andfor the three- and four-loop �-fun
tions, respe
tively.results are additionally given at four-loop level. The differen
e between three- and four-loops is far beyond the experimental and theoreti
al a

ura
y of R� . Compared to theexpansion (2.70), faster 
onvergen
e is observed for the numeri
al solutions yielding asignifi
antly smaller error asso
iated with the unknown K4 of 0.5%. The differen
e ofabout 7% between the numeri
al solutions using the Taylor expansion (2.68) of the RGE(se
ond line in Table 2.1) and the 
omplete RGE solutions (3.{ 5. line) for the �s evolutioninvalidates the Taylor series as not providing a stable approximation along the integration
ontour. The same 
on
lusion should then strike the expansion (2.69) based on the sameseries.An important differen
e between the two evaluations of the integral (2.67), fixed orderexpansion and numeri
al solution, grounds in the fa
t that the gn 
oeffi
ients in Expres-sion (2.69) stem from a trun
ated series of fourth-order �4s (2.68) whi
h is not resummed.This resummation is automati
ally 
ontained in the numeri
al evaluation using the 
om-plete known RGE solution. In addition, the Taylor expansion inserted in the A(n) integralprovides imaginary logarithms, ln (�s=s0) = i(' � �), giving rise to large 
ontributionsin some parts of the integration 
ontour [86℄. This generates un
omfortably large gn
oeffi
ients at higher orders in �s whi
h reinfor
es the importan
e of resummation.2.5.3 RenormalonsThere has been some ex
itement on the theoreti
al side [96, 97, 89℄ 
on
erning the per-turbative expansion of the Adler fun
tion D(s) whi
h behaves divergent when 
onsideringa gluon propagator 
hain 
arrying multiple fermion insertions in a va
uum polarisationloop as depi
ted in Fig. 2.6. The resummation of this 
hain with a large number of nbubbles deals with the assumption of a dominating 
ontribution from the (�0�s(�s))nterm. Higher order terms of the �-fun
tion are then negle
ted. This assumption is sup-ported empiri
ally by the observation that the �0-term dominates se
ond order radiative
orre
tions for many observables in the MS s
heme [96℄. This pro
edure provides a naive44



q q

Figure 2.6: Multi-fermion loop insertion (renormalons) into a fermion anti-fermion va
-uum polarisation diagram.non-abelianisation of the theory sin
e lowest order radiative 
orre
tions apparently do notin
lude gluon self-
oupling. The Adler fun
tion obeys then the perturbative expansionD(�s) = NXn=0 rn�n+1s ; (2.72)where the 
oeffi
ients rn are polynomials in the number of a
tive flavours nf . Unfor-tunately, at suffi
iently large orders of n va
uum polarisation bubbles, the 
oeffi
ientsdiverge as rn � Ckn!n
k(�0=k)n (2.73)A 
onvenient way to handle this divergen
e is to 
onsider the Borel transform of the Adlerfun
tion B[D℄(u) � Xn=0 rnn!un ; (2.74)whi
h is believed to have a finite radius of 
onvergen
e in the u-plane [98℄. The nth fixedorder perturbation 
oeffi
ient is then generated by the nth derivativern = dnB[D℄(u)dun ����u=0 : (2.75)The expli
it fa
tor n! in B[D℄(u) makes the Borel transformed series mu
h better behaved.Summing up all orders leads to the integral representationD(�s)�D(0) = 1Z0 du e�u=�sB[D℄(u) : (2.76)What is needed to perform the integration (2.76) is that B[D℄(u) has no singularities inthe integration range. However, the large n expansion leads to singularities on the realaxis whi
h 
an be distinguished in infrared singularities (IR renormalons) | for smallvirtuality | and ultraviolet singularities (UV renormalons) | for high virtuality of theex
hanged gluon. At large n, the Borel transform behaves essentially as a geometri
series [97℄B[D℄(u) � CkXn n
k  �0uk !n � Ck�(
k + 1) 1� �0uk !�(
k+1) ; (2.77)45
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Figure 2.7: Ultraviolet (UV) and infrared (IR) renormalons in the u-plane.whi
h is singular for u = k=�0. They are asso
iated with the IR renormalons k =+2;+3; : : : (the k = +1 singularity is assumed to be absent in perturbation theory [99℄)on the positive real axis and the UV renormalons k = �1;�2; : : : on the negative side(see Fig. 2.7).The IR poles give rise to ambiguities when one uses the generators (2.75) to re
onstru
tD(�s) from its Borel transform. Using in first order for spa
e-like s < 0�s(�s) ' 4��s(�2)1 + �s(�2)�0ln(�s=�2) = 4� h�0ln(�s=�2)i�1 ; (2.78)one obtains for the asso
iated ambiguity for k = 2; 3; : : : [97℄�D(�s) = 1Z1=�0 du e�u=�sB[D℄(u)� �sB[D℄(k=�0)e�k=�0�s� �sB[D℄(k=�0) �2s !k : (2.79)These IR renormalons � (�2=s)k are reabsorbed into the non-perturbative terms of theOPE. The absen
e of a k = 1 IR renormalon is thereby related to the impossibility tobuild a gauge invariant operator of dimension D = 2.Due to asymptoti
 freedom, the UV renormalons arise on the negative real axis (onthe 
ontrary to QED where they o

ur on the positive side) so that they are outside theintegration range of (2.76) and in so far harmless whi
h means Borel-summable [98℄. Forlarge n, the fa
torial growth of the perturbation series is dominated by the 
ontribution ofthe leading UV renormalon k = �1 with alternating 
oeffi
ients rn � n
n! (��0)n. Theindividual 
ontributions rn�n+1s to the expansion (2.72) for reasonably small �s de
reasefirst then pass through a minimum and will finally diverge. This point of minimal sensi-tivity is the optimal n to trun
ate the intrinsi
ally divergent expansion. A guess at whi
horder N minimal sensitivity is a
hieved 
an be obtained from the argument that the seriesis 
onvergent,i.e., reliable at order n + 1 if �srn+1=rn < 1. Considering leading IR andUV renormalons one finds from the asymptoti
 behaviour (2.73) rn+1=rn � (�0=8�)n (IR)and rn+1=rn � �(�0=4�)0n (UV). The break down of 
onvergen
e is then first 
aused by46



the UV renormalon at order N � 4�=�0�s ' 4. However, a series trun
ated at finiteorder N brings an intrinsi
 limitation of a

ura
y along with it. The asso
iated error isreasonably estimated with the magnitude of the order N term of the perturbative series.That gives using Eqs. (2.73) and (2.78) for the first UV renormalon k = �1jrN j�Ns � N
N ! (�0�s)N' N
N !NNe�Np2�N(�0�s)N (Stirling formula)� (4�=�0�s)
e�4�=�0�sq8�2=�0�s� �2s ln
+ 12 s�2 : (2.80)Thus, the trun
ation of the perturbative series is a

ompanied by an un
ertainty whi
hs
ales like 1=s, i.e., with apparent dimension D = 2. The authors of Ref. [99℄ (first ref.)showed that the trun
ation un
ertainty at N s
ales a
tually with A�1=2s �2s=�4 when therenormalisation s
heme dependen
e of � is taken into a

ount. The interpretation of theabove un
ertainties and its impa
t on the theoreti
al error of the �s(M� ) determinationwill be dis
ussed in Se
tion 10.2.2.2.5.4 Non-Perturbative ContributionsFollowing SVZ [11℄, the first 
ontribution to R� (s0) beyond theD = 0 perturbative expan-sion is the non-dynami
al quark mass 
orre
tion of dimension D = 2, i.e., 
orre
tions inpowers of 1=s0. They have been 
al
ulated up to next-to-leading order �s [100℄. Insertingthe formulae in Eq. (2.53) and evaluating the 
ontour integral leads to [12℄Æ(2�mass)ij;V=A = � 8 1 + 163 �s(s0)� ! m2i (s0) +m2j(s0)s0� 4 1 + 253 �s(s0)� ! mi(s0)mj(s0)s0 ; (2.81)where mi(s0) are the running quark masses evaluated at the s
ale s0 using the RGE 
-fun
tion (2.15).The dimension D = 4 operators have dynami
al 
ontributions from the gluon 
on-densate h(�s=�)GGi and quark 
ondensates hmiqiqji whi
h are the matrix elements ofthe gluon field strength-squared and the s
alar quark densities, respe
tively. RemainingD = 4 operators are running quark masses to the fourth power. Inserting the Wilson
oeffi
ients of these operators [100, 101℄ in the integral (2.53) one obtains [12℄Æ(4)ij;V=A = 114 �2  �s(s0)� !2 h(�s=�)GGis20+16�2 241 + 92  �s(s0)� !235 h(mi �mj) (�qiqi � �qjqj)is20� 18�2  �s(s0)� !2 "hmi�qiqi +mj �qjqjis20 + 49Xk hmk�qkqkis20 #47



� 24487  �s(s0)� !�1 � 227 35 (mi(s0)�mj(s0)) �m3i (s0)�m3j(s0)�s20� 6mi(s0)mj(s0) (mi(s0)�mj(s0))2s20 + 36m2i (s0)m2j(s0)s20 : (2.82)As already seen in Expression (2.57), the gluon 
ondensate vanishes in first order �s(s0).However, there appear se
ond order terms in the Wilson 
oeffi
ients due to the s depen-den
e of �s whi
h after integration be
omes �2s.The 
ontributions from dimension D = 6 operators are rather 
omplex. As alreadymentioned, the most important operators arise from four-quark dynami
al effe
ts of theform �qi�1qj �qk�2ql. Other operators, su
h as the triple gluon 
ondensate whose Wilson
oeffi
ient vanishes to order �s, or those whi
h are suppressed by powers of quark masses,are negle
ted in the evaluation of the 
ontour integrals performed in Ref. [12℄. The largenumber of independent operators of the four-quark type o

urring in the D = 6 term
an be redu
ed by means of the va
uum saturation assumption [11℄ to leading order �s.The operators are then expressed as produ
ts of s
ale dependent two-quark 
ondensates�s(�)h�qiqi(�)ih�qjqj(�)i. To take into a

ount possible deviations from the va
uum satura-tion assumption, one 
an introdu
e an effe
tive s
ale independent operator ��sh�qqi2 thatrepla
es the above produ
t. The effe
tive D = 6 term obtained in this way reads [12℄Æ(6)ij;V=A '  7�11 ! 256�427 ��sh�qqi2s30 ; (2.83)providing a large 
an
ellation between the axial and ve
tor 
ontributions.The basis of the dimension D = 8 
ontribution has a stru
ture of non-trivial quark-quark, quark-gluon and four-gluon 
ondensates whi
h expli
it form is given in Ref. [102℄.For the theoreti
al predi
tion of R� (s0) used here, the 
omplete long and short distan
epart is absorbed into the s
ale invariant phenomenologi
al D = 8 operator hO8i whi
hwill be fitted simultaneously with �s.Higher order 
ontributions from D � 10 operators are expe
ted to be small as, equiv-alent to the gluon 
ondensate, 
onstant terms and terms in leading order �s vanish afterintegrating over the 
ontour.2.5.5 Spe
tral MomentsIt was the idea of the authors of Ref. [13℄ to benefit from the information provided bythe expli
it shape of the spe
tral fun
tions in order to obtain additional 
onstraints on�s(s0) and | more importantly | on the non-perturbative 
ondensates to deta
h the�s measurement from additional theoreti
al assumptions. They defined the followingspe
tral moments at M� :Rkl�;V=A � M2�Z0 ds  1� sM2� !k  sM2� !l dR�;V=Ads ; (2.84)48



where the fa
tor (1�s=M2� )k weights the low energy spe
trum and squeezes the integrandat the 
rossing of the positive real axis where the validity of the OPE is questioned [91℄and experimental a

ura
y is statisti
ally limited. Its 
ounterpart (s=M2� )l proje
ts onhigher energies. Note that R00� = R� . The new spe
tral information is used to fit simul-taneously �s(M� ) and the phenomenologi
al operators h(�s=�)GGiD=4, ��sh�qqi2D=6 andhOiD=8, a pro
edure whi
h requires at least 4 | better 5 | input variables 
onsideringthe intrinsi
 strong 
orrelations between the moments whi
h are reinfor
ed by experimen-tal 
orrelations.In 
omplete analogy to the � hadroni
 width one 
an separate the respe
tive 
ontri-butions from perturbative and non-perturbative QCD asRkl�;V=A = 32 jVudj2SEW 0�1 + Æ(0;kl) + Æ0EW + Æ(2�mass;kl)ud;V=A + XD=4;6;:::Æ(D;kl)ud;V=A1A : (2.85)The predi
tion of the perturbative 
ontribution takes the formÆ(0;kl) = 3Xn=1 ~Kn(�)A(n;kl)(�s) ; (2.86)with the 
ontour integralsA(n;kl)(�s) = 12�i Ijsj=M2� dss 241� 2 sM2� + 2 sM2� !3 �  sM2� !435�  1� sM2� !k  sM2� !l  �s(��2s)� !n ; (2.87)whi
h are numeri
ally resolved for the running �s(��2s) obtained from the RGE (2.11)using the numeri
al solution (Runge-Kutta).In the 
hiral limit and negle
ting the small logarithmi
 dependen
e of the Wilson
oeffi
ients on s the dimension D non-perturbative 
ontributions in Expression (2.85)reads [13℄Æ(D;kl)ud;V=A = 8�20BBB� (D = 2) (D = 4) (D = 6) (D = 8) (k; l)1 0 �3 �2 (0; 0)1 1 �3 �5 (1; 0)0 �1 �1 3 (1; 1)0 0 1 1 (1; 2)0 0 0 �1 (1; 3) 1CCCA XdimO=DC(J)(�)hO(�)iMD� ; (2.88)where the matrix is defined by the 
hoi
e of the 
oeffi
ients for the moments k = 1, l =0; 1; 2; 3 and the 
orresponding dimensionD. One notes that with in
reasing weight l 
on-tributions from low dimension operators are 
ut. For example, the only non-perturbative
ontribution to the moment R13�;V=A stems from the dimension D = 8 operator. Hen
e,in a fit using spe
tral moments, D = 8 will strongly be 
onstrained from R13�;V=A. Thisobservation is in some sense a \paradox", as higher moments proje
t higher masses onthe 
ontrary to R� (s0) and the spirit of the OPE, where the higher dimension terms blow49



up at small s0.For pra
ti
al purpose it is more 
onvenient to define moments that are normalised tothe respe
tive value of R�;V=A in order to un
orrelate normalisation and shape of the �spe
tral fun
tions: Dkl�;V=A = Rkl�;V=AR�;V=A : (2.89)For the use of integrals over experimental data one then dire
tly integrates the normalisedinvariant mass-squared spe
trum. The 
orresponding theoreti
al predi
tion 
an easily bemodified. There now exist two sets of experimentally almost un
orrelated observables| hadroni
 widths and spe
tral moments | whi
h provide independent 
onstraints on�s(s0)and important tests of 
onsisten
y. It is therefore ne
essary to obtain from themeasurement a pre
ise normalisation (R� ) as well as an ex
ellent knowledge of the shapeof the spe
tral fun
tions (Dkl� ) .2.6 Measurements of �sThe measurement of the genuinely only free parameter of QCD, the 
oupling 
onstant �sat various energy s
ales represents the key issue for a wide range of questions in mod-ern parti
le physi
s, e.g.. 
onsisten
y tests of QCD at different energy s
ales, importantquantity for 
onstraints on new physi
s (ele
troweak global parameter fit, partial Z de
aywidth into b quarks Rb) and tests of grand unified theories (GUT). The first quantitativemeasurement of �s on the basis of event shape variables has be
ome possible through theobservation of gluon radiation from quarks in three-jet events [61℄. The dis
overy of theenergy dependen
e of three-jet event produ
tion rates [103℄ gave a first eviden
e of therunning of �s [104℄.Table 2.2 and Fig 2.10 
ompile published results of �s measurements whi
h are brieflydes
ribed in the following paragraphs. One 
an see that the diversity of the approa
heswhi
h all lead to 
ompatible results is rather impressive. Already in
luded is the resultfrom � de
ays presented in Se
tion 10.2 of this work.�s from Deep Inelasti
 S
atteringDeep inelasti
 lepton-nu
leon s
attering (DIS) permits the measurement of �s over a broadrange of lepton-parton squared spa
e-like momentum transfers Q2. Both experiments atthe e-p 
ollider HERA at DESY, H1 and ZEUS, determined �s(Q2) from jet rates for3.3 GeV< pQ2 < 63 GeV. The theoreti
al predi
tion in perturbative QCD is known tonext-to-leading order (NLO), i.e., in
luding two-loop QCD 
orre
tions. The 
oeffi
ientsof �s in the e-p jet-rate predi
tion depend, in 
ontrast to e+e� annihilation, themselveson Q2. Thus running of �s is therefore an expli
it input into the theoreti
al predi
tion.The proton stru
ture fun
tion F p2 (x;Q2) for small parton momentum fra
tion x andpQ2 < 10 GeV 
an be 
omputed to NLO perturbative QCD in
luding a summation overleading and subleading logarithms. A double-logarithmi
 s
aling of F p2 (x;Q2) in x andQ2 provided an dire
t eviden
e of running of �s(Q2).50



The authors of Ref. [105, 106℄ used the Bjorken sum rule (BSR) and the Gross-Llewellyn-Smith sum rule (GLSSR) with data on polarised e � p and � � p s
atteringfor a first measurement of �s with this te
hnique. The respe
tive theoreti
al predi
tionsare known to NNLO perturbative QCD, whi
h redu
es 
learly the theoreti
al systemati
error.�s from S
aling ViolationsThe study of s
aling violation in stru
ture fun
tions in DIS played a fundamental role inestablishing QCD as the theory of strong intera
tions. S
aling violations are observed inthe stru
ture fun
tion of the nu
leon in DIS pro
esses and in the parton fragmentationfun
tion in e+e�! hadrons annihilations. For the nu
leon stru
ture fun
tion one observeswith in
reasing momentum Q2 a pro
ess of \softening", des
ribed by perturbative QCD.Softening means here that at higher momentum transfers more partons are resolved fromvirtual va
uum flu
tuations in the nu
leon [107℄. Softening in fragmentation fun
tionsdes
ribes the enhan
ement of the parti
le multipli
ity in the jets. Theoreti
al predi
tionsexist to NLO where perturbative and non-perturbative 
ontributions are 
onsidered inthe framework of the OPE.Measurements of �s using s
aling violations of stru
ture fun
tions were performed inDIS with neutrino or lepton beams on nu
lei targets. Tab. 2.2 
ites the averaged valueevaluated in Ref. [107℄.QCD predi
ts similar s
aling violations in the fragmentation fun
tions of quarks andgluons. In an e+e� 
ollider this translates into the fa
t that the distributions of thes
aled-energy x � 2E=ps of the final state parti
les depend on the 
.m. energy ps. Themeasurement the x distributions at different ps 
ompared to the QCD predi
tion allowsthe determination of �s.�s from e+e� AnnihilationThe topology of hadroni
 events in e+e� annihilation is modified by effe
ts from gluonradiation giving rise to events whi
h differ from the 
ollimated two-jet topology 
omingfrom the fragmentation of pure e+e�! q�q events. Sin
e the amount of gluon radiation isdire
tly proportional to the strong 
oupling 
onstant, studying the topology of hadroni
final states provides a measurement of �s. Su
h topologi
al variables, 
alled event shapevariables, have been used by experiments at energies from 30 GeV to up to 133 GeV(LEP-2). In order to justify the perturbative approa
h to 
onne
t the event shape vari-ables with QCD, one has to make sure that they are insensitive to QCD singularities fromsoft gluon radiation (infrared divergen
e) and 
ollinear hadronization (ultraviolet diver-gen
e). All global event shape variables used by the experiments are known to NLO �2s,where the theoreti
al predi
tions are based on numeri
al integration of the 
ontributingmatrix elements.The definition of multi-jets is arbitrary to some extent so that the absolute number ofre
onstru
ted multi-jets depends on the metri
 (\jet algorithm") used. Commonly usedalgorithms as measures for the distan
e between two jets ij are the Durham-metri
 [108℄yij = 2�min(E2i ; E2j )(1�
os �ij)=2 and the Jade-metri
 [109℄ yij = 2(Ei; Ej)(1�
os �ij)=2 ,51



with the opening angle between the two jets �ij and the total invariant mass of the finalstate s.Theoreti
al predi
tions of event shape variables depend strongly on the underlying phe-nomenology to des
ribe the non-perturbative transition from initial quarks to final statehadrons (hadronization). The systemati
 un
ertainties asso
iated with the hadronizationmodelling limit the pre
ision of �s determinations.�s from the Z Hadroni
 WidthThe theoreti
al predi
tion of the Z hadroni
 width �had, measured at LEP and SLD fromthe sum of the leptoni
 widths Z! `+`�, is known to NNLO perturbative QCD [110℄:�(Z ! q�q) ' GFM3Z6p2 � 3 241 + 1:060�s(MZ)� + 0:90 �s(MZ)� !2 � 15 �s(MZ)� !335 :(2.90)The total QCD 
orre
tion above amounts unfortunately only to about 4% for �s(MZ) '0:12. This limits 
onsiderably the sensitivity of the �s determination. On the otherhand, the measurement is safe from the asymptoti
ness point of view: non-perturbativeeffe
ts are negligible. The theoreti
al systemati
 error in the fit of the Z lineshape getsa non-negligible 
ontribution from the unknown mass of the Higgs boson [111℄. The�s(MZ) value given in Tab. 2.2 is obtained from the 
ombined experimental result forthe hadroni
 width from all four LEP experiments better expressed as the ratio [111℄R`(s) = �Z!had=�Z!e+e� = (�Z��Z!e+e�)=�Z!e+e� = 20:778�0:029, using the top quarkmass Mtop = 180 GeV=
2 and a Higgs mass of MHiggs = 300 GeV=
2. The measurementis still statisti
ally limited.�s from a Combined Ele
troweak FitNot only the hadroni
 width but also the Z produ
tion 
ross se
tion re
eive 
ontributionsfrom QCD loops. One 
an 
ombine this information by means of a global SM ele
troweakfit using all available data from LEP, SLC, p�p 
ollisions (CDF, D� at TEVATRON), b�bprodu
tion (CLEO at CESR) and DIS. The input variables are then obtained from{ ele
troweak data:MZ, �Z, �0had, R`, AF̀B,A� ; Ae ,hQFBi ,ALR , (SLC) ,MW, 1� M2WM2Z ; Mtop ,where AF̀B is the forward-ba
kward asymmetry measured in leptoni
 Z de
ays,A� ; Ae are the polarisation asymmetries, hQFBi is the quark-antiquark 
harge asym-metry (sensitive to sin2�W), MW is measured at p�p 
olliders and 1 � M2W=M2Z ismeasured in deep-inelasti
 neutrino-nu
leon s
attering.52
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troweak �t. The 
ontours denote the respe
tive 
on�den
eregimes.{ heavy flavour data (Z! b�b; Z! 
�
):Rb, R
, AbFB, A
FB , (LEP) ,Rb, Ab, A
 , (SLC) .A 
areful analysis of the theoreti
al and experimental 
orrelations between these inputvariables has to be performed.The above information allows the simultaneous determination of top and Higgs mass,�s(MZ) and the weak mixing angle yielding [112℄�s(MZ) = 0:1202� 0:0033 ;Mtop = 172� 5:8 GeV=
2 ;MHiggs = 149 +148�82 ;sin2�W = 0:2316� 0:0004 :using ��1(M2Z) = 128:90 � 0:090. Fig. 2.8 plots the results for �s(MZ) and MHiggs withtheir 1 � and 2 � 
ontours.�s from Hadron CollisionSimilarly as in DIS, hadron 
olliders simultaneously probe QCD in a wide range of53
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Figure 2.9: Values of �s(ET ) determined from CDF data [113℄ using one-jets of transverseenergies 30 GeV < ET < 500 GeV . The plot is taken from Ref. [114℄.momentum transfers Q2. Theoreti
al predi
tion of in
lusive pro
esses are 
ommonlyknown in NLO QCD. Dire
t photon produ
tion in hard parton-parton s
attering isa Compton-like pro
ess s
aling with � � �s. In the in
lusive 
ross se
tion differen
e�(p�p! 
 +X)� �(pp! 
 +X), sea quark and gluon stru
ture fun
tions of the proton
an
el (no expli
it dependen
e on the sign of the ele
tromagneti
 
harge) so that only thewell known valen
e quark distribution 
ontributes as theoreti
al input for the �s deter-mination.Using the �s dependen
e of the in
lusive transversal energy (ET ) distribution of one-jets, values of �s(E2T ) for energies ET =30 GeV to 500 GeV 
ould be measured [114℄using CDF data re
orded in 1988-89 [113℄. Negle
ting non-perturbative 
ontributions,the in
lusive differential 
ross se
tion d�=dET is then dire
tly related to the perturbativepredi
tion governed by the running 
oupling �s(ET ) at the 
hara
teristi
 s
ale ET . Thelarge a

essible energy range in whi
h the dynami
s of parton-parton s
attering is probed
an be illustrated by expressing ET in terms of the impa
t parameter b, i.e., the \distan
es
ale" given by b = �h
=ET . The above energy range 
orresponds then to extremely smalldistan
es from b = 0:07 fm to 0.0004 fm 
ompared to the proton dimension of about0.8 fm. In order to obtain a value for �s(MZ) the results of different energies have beenaveraged over the statisti
al errors while keeping the systemati
 un
ertainties as being of
ommon origin. Consequently, the final error refle
ts the systemati
 un
ertainty whilestatisti
al errors are negligible. The �s measurements versus ET are shown in Fig. 2.9.Another, however less sensitive, approa
h is the measurement of the in
lusive p�p! b�b
ross se
tion [115℄. In hadron 
ollisions heavy quarks are produ
ed by quark-antiquark54



annihilation or gluon-gluon fusion pro
esses whi
h to leading order are quadrati
 in �s.Experimentally b-quarks are tagged using de
ay 
hara
teristi
s (e.g., lifetime).�s from the � SystemThe b�b quarkonium resonan
es of the � family are used in a new analysis [116℄ in orderto extra
t values for the bottom quark mass Mb and �s(Mb). It is a re
onsideration of aprevious work where the extremely pre
ise value of �s(MZ)= 0.109� 0.001 was 
laimedusing a perturbative expansion in first order �s [117℄. The result turned out to be insharp disagreement with the 
urrent world average �s(MZ)= 0.118� 0.003 [107℄. Thisgave rise to some spe
ulations relating the \differen
e" found between �s evaluationsfrom low and high energy data to the possible appearan
e of new physi
s [118℄. Thenew analysis readjusts this pi
ture: the authors of Ref. [116℄ employed moments of ordern = 1; : : : ; 20 obtained a

ording to Eq. (2.23) from the nth derivative of the heavy quarkva
uum polarisation 
orrelator �b�b(q2) whose imaginary part is proportional to the rateRb(s) = �(e+e�! b�b)=�(e+e�! �+��). High n moments give a weight on low resonan
estates, while the moment n ! 1 proje
ts on the � ground state (see Se
tion 2.3.2).To avoid systemati
 errors due to unmeasured higher resonan
es, only the n = 8; : : : ; 20moments were used. The 
orrelator and its derivatives 
an be predi
ted by NLO �2sperturbative QCD (where some unknown �2s terms were estimated using the te
hniqueof Pad�e approximants4. Although 
orrelated, the simultaneous fit of all moments usedprovides a pre
ise measurement of the bottom quark mass Mb = 4:60 � 0:02 GeV=
2and �s(MZ)= 0.119� 0.008, in now perfe
t agreement with the world average. The errorin
ludes a 
areful analysis of the systemati
 un
ertainties from theoreti
al origin.�s from Latti
e QCDAdditionally shown in Table 2.2 is the average over re
ent �s results from latti
e QCD
al
ulations [119℄, using measurements of level splittings between S and P heavy quarko-nia states in the � system. Latti
e 
al
ulations are based on a dis
retization of a finitespa
e-time volume where the latter is generally 
hosen of order 2 fm in ea
h dimension tobe large enough that hadrons fit 
omfortably into it. The dis
retized volume allows thenthe 
al
ulation of multi-dimensional, quantum field theory path integrals using MonteCarlo methods. The latti
e spa
ing a is 
hosen a

ording to the ma
hine and time re-sour
es available. Currently they are 
hosen between 0.05{0.2 fm [119℄ 
orresponding toan energy s
ale of 1{4 GeV, whi
h is at 4 GeV large enough to es
ape from low energyQCD dynami
s. In prin
iple, the QCD a
tion 
an be 
al
ulated using quark propagatorswith gluon ba
kground. However, su
h 
al
ulations are extremely demanding so that, inpra
ti
e, gluon ba
kground is often set to its average value (\quen
hing") whi
h meansthat internal quark loops are negle
ted. This is 
ompensated by a renormalisation of thelatti
e 
oupling 
onstant whi
h is input.4The Pad�e approximant \[M,N℄" of a fun
tion f is given by the ratio of two polynomials of orderM and N whi
h to order M + N has the same Taylor series as f . This ratio opens a systemati
 wayto guess how a perturbative series resums, by expli
itly rewriting the latter as a ratio of polynomials.Compared to the f , the ratio \[M,N℄"= PM=PN introdu
es poles on the real axis in the s-plane similarto the renormalons when performing a Borel transformed resummation of the perturbative series (seeSe
tion 2.5.3). 55
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0.1 0.11 0.12 0.13 0.14 0.15Figure 2.10: Compilation of �s measurements evolved to MZ. The 
orresponding valuesare found in Table 2.2. The shaded band depi
ts the 
ombined value of h�s(MZ)i =0.1201� 0.0012.
Cal
ulations of �s exist with nf = 0 and nf = 2 dynami
 fermions whi
h give onlymarginally different results and thus allow a safe extrapolation to the physi
al nf = 3flavours. The determination follows a three step pro
edure: (i), the definition and mea-surement of a 
oupling �latt, (ii), determination of the spa
ing a whi
h fixes the en-ergy s
ale at whi
h �latt has its measured value and finally, (iii), 
ompute �s(MS) from�latt . Major sour
es of un
ertainties are the resolution loss from dis
retization andthe 
onversion of the bare latti
e 
oupling 
onstant to �s(MS) of a 
ontinuum s
heme.Two new results are available both using 1S{1P and 1S{2S quarkonium level split-tings in the � system to fix the latti
e spa
ing. Two values of different 
ollaborationswhi
h obtained �s(MZ)= 0.118� 0.003 (NRQCD [131℄) and �s(MZ)= 0.116� 0.003 (Fer-milab/SCRI [131℄) whi
h are dominated by theoreti
al un
ertainties whose largest 
on-tribution stems from the mat
hing �latt|�s(MS) . Tab. 2.2 quotes the average of bothvalues keeping the systemati
 errors un
hanged.56



Q ��s(MZ)Pro
ess [GeV℄ �s(Q) �s(MZ) exp. theo. Theory Ref. FitDIS [�; BSR℄ 1.58 0.375+0:062�0:081 0.122+0:005�0:009 | | NNLO [105℄ yesDIS [�; GLSSR℄ 1.73 0.32� 0.05 0.115� 0.006 0.005 0.003 NNLO [106℄ yes� de
ays 1.777 0.361� 0.046 0.122� 0.005 | | NNLO [8℄ |� de
ays 1.777 0.349� 0.024 0.121� 0.003 0.002 0.002 NNLO [9℄ yesDIS [�; `; s
. viol.℄ 5.4 0.200� 0.016 0.116� 0.005 | | NLO [120℄ yesDIS [�; F2℄ 7.1 0.180� 0.014 0.113� 0.005 0.003 0.004 NLO [121℄ yesDIS [HERA; Jets℄ 10 { 60 | 0.120� 0.009 0.005 0.007 NLO [122℄ yesDIS [HERA; F2℄ 2 { 10 | 0.120� 0.010 0.005 0.009 NLO [104℄ yesq�q states 5.0 0.203� 0.007 0.117� 0.003 0.000 0.003 Latti
e [119℄ yesJ= + � 10.0 0.167+0:015�0:011 0.113+0:007�0:005 0.001 +0:007�0:005 NLO [123℄ |� 4.1 0.233+0:045�0:030 0.119� 0.008 0.002 0.008 NLO [116℄ yese+e� [�had℄ 34.0 0.146+0:031�0:026 0.124+0:021�0:019 +0:021�0:019 | NLO [124℄ |e+e� [ev. shapes℄ 35.0 0.14� 0.02 0.119� 0.014 | | NLO [125℄ yese+e� [ev. shapes℄ 58.0 0.132� 0.008 0.123� 0.007 0.003 0.007 resum. [126℄ yese+e� [s
. viol.℄ 22{91.2 0.126� 0.009 0.126� 0.009 0.007 0.006 resum. [127℄ yesp�p! b�b +X 20.0 0.145+0:018�0:019 0.113� 0.011 +0:007�0:006 +0:008�0:009 NLO [115℄ yesp�p pp! 
 +X 24.2 0.137+0:017�0:014 0.112+0:012�0:008 0.006 +0:010�0:005 NLO [128℄ yes�(p�p! jets) 30 { 500 | 0.121� 0.009 0.001 0.009 NLO [114℄ yese+e�! Z:[�(Z! had.)℄ 91.2 0.124� 0.005 0.124� 0.005 0.004 0.002 NNLO [111℄ |[ev. shapes℄ 91.2 0.119� 0.006 0.119� 0.006 0.001 0.006 NLO [129℄ |[ev. shapes℄ 91.2 0.122� 0.006 0.122� 0.006 0.001 0.006 resum. [129℄ yes[EW fit℄ 91.2 0.1202� 0.0033 0.1202� 0.0033 | | NNLO [112℄ yese+e� [ev. shapes℄ 133.0 0.112� 0.009 0.118� 0.009 0.003 0.009 resum. [130℄ yesAverage 91.2 | 0.1190� 0.0020 0.0001 0.0020 | | |Table 2.2: Summary of �s measurements at various energy s
ales Q evolved to MZ.
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2.6.1 Combined Value for �s(MZ)The mean value of the measurements presented in Table 2.2 is 
al
ulated via �2 mini-mizations over Nmeas measurements �(i)s , i = 1; : : : ; Nmeas as explained below. The mea-surements entering into the average are denoted in the last 
olumn of Tab. 2.2. Theyare 
hosen in order to minimize the 
orrelated experimental input, i.e., only the best (ormost re
ent) measurement for a given data set and method is used.Defining �2 = NmeasXi;j=1 (�(i)s � h�si)C�1ij (�(j)s � h�si) ; (2.91)with the mean value h�si to be determined and the 
ovarian
e matrix Cij defined asCij = ( (�stat�(i)s )2 + (�sys�(i)s )2 for i = j�2�sys�(i)s �sys�(j)s for i 6= j ; i; j = 1; : : : ; Nmeas ; (2.92)where the 
orrelation 
oeffi
ient between the theoreti
al (and in some 
ases experimental)errors of the measurements is estimated from the expe
tation �2=d:o:f: = 1 (this is nottrue if the 
orrelations are too large sin
e then the \real" degree of freedom ia smallerthan the naive one). The vanishing first derivative and the se
ond derivative of Eq. (2.91)lead to h�si = NmeasXi;j=1 C�1ij �(i)s , NmeasXi;j=1 C�1ij ; (2.93)�h�si = 0�NmeasXi;j=1 C�1ij 1A�1=2 ; (2.94)yielding the well known weighted mean formula if 
orrelations are absent.First, in order to estimate the 
orrelations 
onsistently, several subgroups are at-tributed to the measurements. These subgroups are (the averages of the measurements ofea
h subgroup and the estimated 
orrelations, obtained using Eqs. (2.93) and (2.94), aregiven in parentheses): the DIS measurements (�s(MZ) = 0:1154� 0:0038, � = 60%), themeasurements using event shape variables (�s(MZ) = 0:1228� 0:0058, � = 80%) and themeasurements from p�p 
ollisions (�s(MZ) = 0:1173� 0:0083, � = 80%). The results areaveraged with the remaining measurements whi
h are individually more 
hara
teristi
: �sfrom � de
ays taken from Refs. [8, 9℄5 �s from Latti
e 
al
ulations, �s from � quarkoniastates and �s from the 
ombined ele
troweak fit.Averaging the results of the subgroups with the above measurements and assumingthem to be still 30% 
orrelated yields the 
ombined �s value at MZh�s(MZ)i = 0:1190� 0:0020 ; (2.95)5The results given in these referen
es were obtained using massless leptoni
 bran
hing ratios (universal-ity improved) whi
h 
hanged quite a lot sin
e then: B` = 0:1809�0:0064 [8℄ and B` = 0:1817�0:0019 [9℄
ompared to B` = 0:1779� 0:004 from Eq. (1.13). The published values for �s(M� ) are therefore renor-malised to the present B` value using the relation (10.23): ��s ' 0:44�R� .58



with a �2=d:o:f: = 3:3=6. The value of h�s(MZ)i and its error is depi
ted as shaded bandin Fig. 2.10.
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Part IIExperiment and Data Analysis
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Chapter 3The Experimental ConditionsThis analysis is based on data a

umulated during 1991{1994 with the ALEPH dete
tor,installed, as the experiments DELPHI, L3 and OPAL, at one of the four 
ollision pointsof the Large Ele
tron-Positron Collider (LEP) at CERN. The LEP is a storage ring of26.66 km in 
ir
umferen
e and some 100 meters underground whi
h is is situated on theFren
h-Swiss border near Geneva, Switzerland. The s
ientifi
 aim of the first phase ofLEP (LEP I) was the performan
e of high pre
ision tests of the ele
troweak StandardModel with the preferen
e on high statisti
s obtained on the Z peak at 91.2 GeV 
enter-of-mass (
.m.) energy (\Z-fa
tory"). In addition, energy s
ans were 
arried out in theyears 1991, 1993 and parts of 1995 in order to measure the Z lineshape. The se
ondphase (LEP II) started in 1996 with an 
.m. energy of about 133 GeV and terminatedits first year with 172 GeV. It is dedi
ated to a pre
ise measurement of the 
ross se
tionof e+e� ! W+W� events and the W� mass as well as to sear
hes for new parti
les andphenomena (Higgs, supersymmetry, et
.). The integrated luminosity seen by the exper-iments between 1993 and 1996 as a fun
tion of the time is shown in Fig. 3.2. The totalintegrated luminosity used in this analysis (1991{94) amounts to 134.1 pb�1 produ
edwith an average luminosity of the order 1031 
m�2s�1.The CERN a

elerator 
omplex is shown in Fig. 3.1. To a

elerate the ele
tron andpositron beams to Z peak energies of ea
h 45.6 GeV, ele
trons are prea

elerated af-ter being produ
ed to 200 MeV in the LINAC Inje
tor of LEP (LIL). Positrons arethen produ
ed from 
onverting ele
trons passing a tungsten target. In a se
ond partof LIL ele
trons and positrons are a

elerated to 600 MeV, before being inje
ted into theEle
tron-Positron A

umulator (EPA), where they are 
olle
ted separately in bun
hesand 
ooled by syn
hrotron radiation. These bun
hes are sent to the Proton Syn
hrotron(PS) and after being a

elerated to 3.5 GeV they pass to the Super Proton Syn
hrotron(SPS), where they are a

elerated to 20 GeV, before being inje
ted into LEP and rea
hingtheir nominal energy of 45.6 GeV.The energy loss �Esyn
 of an ele
tron per LEP turn (radius �LEP ' 4:2 km) due tosyn
hrotron radiation is given by�Esyn
 = �8:85� 10�5 mGeV�3� E4e�LEP ' 90 MeV ;63
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Figure 3.2: LEP integrated luminosity between 1993 and 1996.with the energy Ee of the ele
tron. This energy loss has to be re
overed every turnaroundin the LEP storage ring by 
ontinuous a

eleration in RF 
avities.3.1 The ALEPH Dete
torALEPH is a parti
le dete
tor 
onsisting of several subdete
tors designed for an optimalre
onstru
tion and identifi
ation of parti
les produ
ed in high energy e+e� 
ollisions. Thefeatures relevant for this analysis are briefly des
ribed here, while a detailed des
ription ofits 
omponents and performan
e 
an be found in Refs. [132, 133, 134℄. Typi
al events are
omplex, having many parti
les distributed in jets over the entire sphere, while typi
alevent rates (of interesting events) at the Z peak are lower than 1 Hz. Thus, as mu
hinformation as possible should be 
olle
ted over a wide ranged solid angle. The largegeometri
al a

eptan
e has been a
hieved by a 
ylindri
al arrangement around the beampipe, with the intera
tion point in the 
entre (see Figs. 3.3 and 3.4). The followingelements represent the main 
omponents of ALEPH:{ A magneti
 field of 1.5 Tesla parallel to the beam axis (z-axis) is 
reated by asuper
ondu
ting 
oil, 6.4 m long and 5.3 m in diameter. The magnet has an axialsymmetry in order to avoid azimuthal field 
omponents. The 
oil 
onsists of a mainsolenoid and two 
ompensating 
oils at both ends of the main solenoid to providethe field uniformity. The helium 
ooled niobium-titanium super
ondu
tor 
ondu
tsa 5000 A 
urrent. In order to perform a pre
ise tra
k momentum 
alibration, radialfield 
omponents (Br=Bz < 0:4%) as well as azimuthal field 
omponents (B�=Bz <0:04%) and field inhomogeneity (�Bz=Bz < 0:2%) are minimized.65



Figure 3.3: Photo of the open ALEPH dete
tor. Shown are from the 
entre to outside:the TPC readout end-plate with se
tors, the 12 ECAL modules, the super
ondu
ting 
oilof the magnet and the 24 HCAL modules with ea
h 23 layers.66



Figure 3.4: The ALEPH dete
tor: (1) VDET, (2) ITC, (3) TPC, (4) ECAL, (5) su-per
ondu
ting 
oil, (6) HCAL, (7) muon 
hambers and (8)luminosity 
alorimeters LCALand SICAL.{ The iron return yoke is instrumented by limited-streamer tubes so that it serves asan a
tive hadron 
alorimeter (HCAL).{ Outside the last iron slab of the 
alorimeter are two double layers (inner and outermuon 
hambers) of limited-streamer 
hambers (wire 
ounters) separated by 50 
m.They serve to re
ord the position and angle of muons that have penetrated the iron.The two sets of 
oordinates of one double-layer are 
ombined to yield a spa
e point.A tra
k is defined to have a hit in the muon 
hambers if at least one of the twodouble-layers yields a spa
e point whose distan
e from the extrapolated tra
k is lessthan four times the estimated standard deviation from multiple s
attering.{ Inside the 
oil is found the ele
tromagneti
 
alorimeter (ECAL) designed forthe highest possible angular resolution (granularity) for the photon re
onstru
tionand ele
tron identifi
ation. It 
onsists of alternating layers of lead and proportionaltubes read out in proje
tive towers, ea
h subdivided into three segments in depth.{ The 
entral dete
tor for 
harged parti
les is a time-proje
tion 
hamber (TPC),4.4 m long and 3.6 m in diameter, providing up to 21 three-dimensional spa
e-points of ea
h tra
k helix and up to 340 ionization measurements (dE=dx) for atra
k, whi
h is useful, in parti
ular, for parti
le identifi
ation in � de
ays.{ The TPC surrounds the inner tra
king 
hamber (ITC), whi
h is a 
onventional67



axial-wire drift 
hamber with inner and outer diameters of 13 
m and 29 
m, re-spe
tively, and a length of 2 m. The ITC has 960 
ells distributed over 8 
on
entri
layers parallel to the beam axis. Ea
h 
ell 
onsists of one sense wire at a positivepotential between 1.8 kV and 2,5 kV surrounded by six field wires at earth poten-tial. It thus provides 8 tra
k 
oordinates with an a

ura
y of 150 �m in r��, whi
his the plane transverse to the beam axis, and a trigger signal for 
harged parti
lesthat 
ome from the intera
tion point. A measurement of the z-
oordinate of 7 
ma

ura
y is provided by the time differen
e for the pulse to rea
h the two end-pointsof the wire.{ Closest to the beam pipe there is a double-sided sili
on mi
rostrip vertex dete
tor(VDET)measuring for ea
h tra
k two pairs of 
oordinates 6.3 
m and 10.7 
m awayfrom the beam axis, with an a

ura
y of typi
ally 12 �m in � and 12 to 22 �m inz. Points are re
onstru
ted through the average position of the extrapolated ITCand TPC tra
ks, weighted by the deposited 
harge in the VDET. The tra
k helixis then refitted taking into a

ount the new 
oordinates. The improvement of themomentum and impa
t parameter resolution by virtue of the additional VDETinformation is shown in Tab. 3.2. For the high energy use at LEP II the VDET hasbeen repla
ed by a larger model to improve the geometri
al a

eptan
e and also theradiation sensitivity was redu
ed to 
ope with the higher radiation level at LEP II.{ The LEP luminosity is measured by means of a sampling luminosity 
alorimeter(LCAL), 
onsisting of lead sheets and wire 
hambers grouped in 3 sta
ks. It pro-vides an energy (angular) resolution of about 15%=qE=GeV (2:5mrad=qE=GeV).In addition, a 
ylindri
al sili
on tungsten luminosity 
alorimeter (SICAL) was in-stalled in 1992 on ea
h side of the intera
tion region en
losing the beam pipe. Thesedevi
es permit the determination of the absolute luminosity to a systemati
 pre
isionof 0.12% (experimental) and 0.16% (theoreti
al) (1994 results) [135℄.The 
entral part of the beam pipe is a 
ylinder with an outer radius of 5.4 
m madeof beryllium in order to redu
e the radiation length1 (0:00312X0 at normal in
iden
e).Then outgoing in the beam dire
tion, after some 
onne
ting parts, the material be
omesaluminium with 0:29X0.The geometri
al 
hara
teristi
s and the thi
kness of the ALEPH subdete
tors are givenin Tab 3.1:3.1.1 The TriggerUnderstanding the effi
ien
y of the trigger is 
ru
ial in many analyses at LEP whi
hdemand pre
ise measurements of the 
ross se
tions. The ALEPH trigger is a three-levelsystem whi
h is sensitive to single parti
les or single jets. At first and se
ond level the1In dealing with ele
trons and photons at high energies, it is 
onvenient to measure the thi
kness ofthe material in units of the radiation length X0. This is the average distan
e over whi
h a high-energyele
tron loses on average all but 1=e of its energy by bremsstrahlung, and is the appropriate s
ale lengthfor des
ribing high energy ele
tromagneti
 
as
ades.68



VDET ITC TPC ECAL Magnet HCALLength of 
ylinder (
m) 21 200 470 477 700 700Inner radius (
m) 6.3 12.8 31 185 248 300Outer radius (
m) 10.8 28.8 180 225 292 468X0 for j
os �j = 0 0.041 0.014 0.071 21.5 1.6 {A

eptan
e (j
os �j) 0.85 0.97 0.95 0.97 { 0.92 .Table 3.1: Geometri
al dimension and a

eptan
e of the subdete
tors.trigger 
onsists of spe
ially built hardware to look for signals in 
oarse segments of thesubdete
tors.The Level-one trigger de
ides within 5 �s (
ompared to about 11�s between twobeam 
rossings). It requires a minimal ECAL energy of 6 GeV in the barrel, 3 GeV in oneend-
ap or 1.5 GeV in both end-
aps. To trigger for ele
trons, an ITC tra
k is roughlyextrapolated to an ECAL module with a deposited energy larger than 200 MeV. Muontra
ks are triggered by the extrapolation of an ITC tra
k to the HCAL. Furthermore, anevent is triggered when two tra
ks are ba
k-to-ba
k in the ITC or if energy is depositedin the two luminosity 
alorimeters.The Level-two trigger has a deadtime of 50 �s (the time needed for the ele
trondrift in the TPC). It refines the Level-one trigger in sear
hing for tra
ks pointing to theintera
tion zone. If the Level-one de
ision 
annot be 
onfirmed, the readout is stoppedand 
leared.The Level-three trigger is applied only after readout. All dete
tor 
omponents areused and software analysis 
an be performed in order to separate genuine e+e� intera
tionsfrom ba
kground. The maximum allowed rate out of the Level-three trigger is 1 Hz.The trigger effi
ien
y for hadroni
 and leptoni
 Z de
ays is better than 99.99%, withan un
ertainty of less than 0.01%. Bhabha events are triggered with an effi
ien
y of(99:7� 0:2)%.3.1.2 The Time-Proje
tion ChamberThe TPC is the heart pie
e of the ALEPH tra
king system. It 
onsists of a 
ylindri-
al drift volume with a 
entral ele
trode and planar wire 
hambers at the two ends ass
hemati
ally depi
ted in Fig. 3.5. The axis of the TPC is parallel to the magneti
 field.The ele
tri
 field extends from ea
h end-plate towards the 
entral membrane that dividesthe 
hamber into two halves. The ele
trons produ
ed by ionization of the argon (91%)and methane (9%) gas mixture (at atmospheri
 pressure) by traversing 
harged parti
lesdrift towards one end-plate, where they are 
olle
ted. Their arrival position and time aremeasured by a system of proportional wire 
hambers (se
tors) whi
h are 
apa
itively 
ou-pled to 
athode readout pads. There are 6 inner and 12 outer se
tors on ea
h end-plate.The se
tors have 
on
entri
al rows of pads in order to provide a 3-dimensional 
oordinate69



Figure 3.5: A s
hemati
 view on the TPC devi
es (left �gure) and on the pad distributionon an end-plate (right �gure).measurement. The angular a

eptan
e is limited to j
os �j < 0:96. It is important toassure a good relative alignment of both end-plates sin
e misalignment would give rise towrongly physi
ally interpreted effe
ts, e.g., a violation of CP symmetry in � de
ays dueto a non-vanishing average value h�� � �+i of positive and negative tra
ks [136℄. Thealignment is tested with Z! �+�� events (see Se
tion 3.1.3).The quality of the tra
k re
onstru
tion depends 
riti
ally on the pre
ise knowledgeof systemati
 distortions of the tra
ks during the drift of the ionization showers towardsthe end-plates. Distortions due to inhomogeneities of the magneti
 and ele
tri
 fields aredetermined from a magneti
 field map and from laser-indu
ed tra
ks. The z-
oordinate isobtained from the drift time the ele
trons need to arrive at the end-plate and the knowndrift velo
ity2, The r � �-
oordinates are obtained from the interpolation of the signalsindu
ed on 
athode pads whi
h are lo
ated pre
isely on the se
tors. The TPC measures21 tridimensional spa
e points on ea
h tra
k traversing the inner and the outer field 
ageyielding a best r � � spatial resolution of 180 �m and about 1 mm in z.The pro
edure for the 
harged tra
k re
onstru
tion 
onsists of several stages. Duringthe first stage, the 
oordinates of hits and their errors (obtained from preliminary tra
kparameters) are determined for ea
h tra
king devi
e VDET, ITC and TPC. Then, these
oordinates are fitted to a helix, using a filtering pro
edure whi
h takes into a

ount mul-tiple s
attering between the measurements, starting from the TPC, where the maximumspa
e information is provided, to the ITC and then to the VDET. The TPC tra
k re
on-stru
tion ineffi
ien
y due to tra
k overlap and 
ra
ks has been measured from hadroni
 Zde
ays to be 1.4%, whi
h is well reprodu
ed by the ALEPH dete
tor simulation. Tab. 3.22The drift velo
ity is measured using a laser 
alibration system and a 
omparison of the tra
k polarangle re
onstru
ted in the TPC to the one observed in the vertex dete
tor.70



Transverse Momentum Impa
t parameterTra
king devi
e used �pT=p2T ( GeV=
)�1 r � � (�m) z (�m)TPC 1:2� 10�3 310 808TPC + ITC 0:8� 10�3 107 808TPC + ITC + VDET 0:6� 10�3 23 28Table 3.2: Tra
k momentum and impa
t parameter resolution using the TPC only, usingthe TPC and the inner tra
king 
hamber and using all available tra
king information.shows the momentum and impa
t parameter resolution of the ALEPH tra
king system.The measurement resolution is studied with low radiating Z ! �+�� events, where thenominal muon momentum is the beam energy. Low energy information on the impa
tparameter resolution is obtained from hadroni
 Z de
ays.The TPC is supplied with sense wires a
ross the se
tors on ea
h end-plate whi
h serveto measure the spe
ifi
 energy loss by ionization (dE=dx) of a parti
le travelling throughthe TPC. The ionization of ea
h 
harged parti
le is sampled with a sense-wire spa
ing of4 mm, giving a total of 340 possible measurements for one tra
k. The dE=dxmeasurementis an important tool for the identifi
ation of 
harged parti
les originating from � de
ays.The value of dE=dx versus the parti
le momentum and the separation power using dE=dxin units of 1� between ele
trons, pions, kaons and protons are shown in Fig. 3.6.An important point in the hadroni
 � spe
tral fun
tion analysis is a good knowledgeof the re
onstru
tion effi
ien
y of multi-prong � de
ays whi
h are in general highly 
ol-limated due to the large M2Z=4M2� and thus the strong boost of the produ
ed � 's. Thepattern re
ognition in the ��! 2���+ �� events has been studied in Ref. [137℄, whereit was found that in about 10% of � three-prong de
ays, only two good tra
ks are re-
onstru
ted. These details are well reprodu
ed by the dete
tor simulation as shown inSe
tion 7.2.
3.1.3 Alignment of the Tra
king Devi
esThe alignment of the ALEPH tra
king devi
es uses kinemati
ally well measured tra
kswith maximal 
ompatibility between the re
onstru
ted hits and the helix of a traje
toryin the axial magneti
 field. The pro
edure is, first, to align the three dete
tors in a globalmanner, then the TPC se
tors are aligned with respe
t to ea
h other and the VDETsili
on wafers are aligned among them. In an iterative pro
edure global and subdete
toralignments are repeated until an overall 
onvergen
e is found. The tra
ks used for thealignment originate from: 
osmi
 rays, � pairs and hadroni
 Z de
ays.71



Figure 3.6: Performan
e of dE=dx in the ALEPH TPC. The left hand plot is the measuredionization loss as a fun
tion of momentum, showing the dE=dx for di�erent parti
les. Theright hand plot depi
ts the dE=dx separation for pairs of parti
le types in units of 1�.3.1.4 The Ele
tromagneti
 CalorimeterThe ALEPH ele
tromagneti
 
alorimeter is a lead/wire-
hamber sampling devi
e with anominal thi
kness of 22X0. It is arranged as a barrel surrounding the TPC inside themagneti
 
oil, 
losed at both ends with end-
aps as shown in Fig. 3.7. The two types ofsubdete
tor elements | barrel and end-
aps | are divided into modules, ea
h 
overing30Æ in azimuthal angle, the end
ap modules having a 15Æ rotation with respe
t to thebarrel modules. The ina
tive zones (\
ra
ks") between the ECAL modules represent 2%of the total solid angle in the barrel and 6% in the end
aps. Fig. 3.8 shows the numberof re
onstru
ted photons in the barrel versus �. The minima indi
ate the position of theECAL 
ra
ks.An ele
tromagneti
 shower develops, for an in
ident of a parti
le, in the lead sheets(see Fig. 3.7); the pro
esses that govern the shower development are the energy loss ofele
trons emitting bremsstrahlung and photon 
onversion into an e+e� pair. The showerdeposits in the a
tive volume only a fra
tion of its energy by ionizing the gas, whi
h is amixture of 80% xenon and 20% 
arbon dioxyde, in the proportional wire 
hambers. Theionization is then amplified in avalan
hes around the wires and the energy is measuredvia 
apa
itive 
oupling to 
athode pads with dimensions of 30�30 mm2. Signals obtainedwith 
athode pads are also used to measure the position of the ele
tromagneti
 shower,while signals from the wire planes provide a 
omplementary measurement of depositedenergy, a low-noise trigger timing and the energy 
alibration. More details 
on
erning theECAL energy 
alibration is found in Se
tion 7.1.2.The 
athode pads are 
onne
ted internally to form \towers" pointing to the intera
tion72



Figure 3.7: The ECAL: s
hemati
 overall view (upper �gure) and ele
tromagneti
 sta
klayer (lower �gure). 73
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onstru
ted photons with E
 > 5 GeV in the barrel as a fun
tionof the azimuthal angle � for data (points with error bars) and Monte Carlo simulation.The minima indi
ate the position of the 12 ECAL 
ra
ks.zone. Ea
h tower is read out in three sta
ks in depth (\storeys") of 10, 23 and 12 layers,
orresponding to 4, 9 and 9 radiation lengths, respe
tively. There are 74 000 su
h towers,ea
h 
overing a solid angle of 0:92Æ � 0:92Æ. This high granularity is 
ru
ial for theidentifi
ation of ele
trons, photons and �0's whi
h are highly 
ollimated in � de
ays. Theenergy and angular resolution of the ECAL, measured with ele
trons from Bhabha events,two photon events and from � de
ays, read�EE = 1%� 18%qE=GeV�� = ��sin � = 0:32� 2:7qE=GeV mrad :The effi
ient photon finder and good angular resolution of the ECAL due to the finegranularity 
ompensate the middling energy resolution. For example, the energy resolu-tion of low energy photons originating from a �0 de
ay 
an be improved by a fa
tor oftwo by means of a 
onstrained fit to the known �0 mass. Many details about the photonand �0 re
onstru
tion are found in the following Chapter 4.3.1.5 The Hadron CalorimeterThe large iron stru
ture that 
onstitutes the main support of ALEPH and 
olle
ts thereturn flux of the magneti
 field also a
ts as the absorber for hadrons produ
ed in the74



final states. The iron is split into self-supporting slabs spa
ed by air gaps in whi
h layersof plasti
 streamer tubes are inserted. The main stru
ture is subdivided into a 
entralbarrel and two end-
aps.The hadron 
alorimeter serves two purposes: it is used, together with the ECAL, tomeasure hadroni
 energy deposits, and it is part of the muon identifi
ation system sin
estrong intera
ting hadrons are filtered from minimal-ionizing muons that are afterwardsdete
ted by the streamer tubes of the muon 
hambers. It 
onsists of 23 layers of streamertubes separated by the iron slabs. The total iron thi
kness is 120 
m at � = 90Æ with anintera
tion length3 of 7:16�int at � = 90Æ. The 
alorimeter is 
onstru
ted from 36 modules,24 in the barrel and 6 in ea
h end-
ap, and is read out 
apa
itatively in 4788 proje
tivetowers ea
h 
overing a solid angle of typi
ally 3:7Æ�3:7Æ, whi
h is 16 times larger than theECAL towers. When hadrons intera
t with matter, they produ
e either �0's whi
h 
reateele
tromagneti
 showers, 
harged hadrons (mainly ��'s) intera
ting with surroundingnu
lei but also neutrons whi
h are undete
ted and give rise to an energy leakage.A digital (yes or no) signal is re
orded for ea
h of the 1 
m wide tubes, providing atwo-dimensional proje
tion of the energy deposition. This is used for the identifi
ation ofmuons, and, together with the towers, in the energy-flow algorithm for the re
onstru
tionof the total energy and multipli
ity of an event (Se
tion 4.1). In addition, trigger signalsare derived from the wires of the tubes.The energy 
alibration is done using Z ! �+�� events, to fix the overall energys
ale, and hadroni
 Z de
ays to inter
alibrate the 
alorimeter modules. The 
alibrationmust 
orre
t for dead zones (
ra
ks) and the angular dependen
e of the signal. The towerinformation is 
lusterized similarly to the ECAL yielding a mean of 9 
lusters per hadroni
event. The HCAL energy resolution measured with pions is�EE = 85%qE=GeV :3.2 Analysis ToolsA huge pa
kage of analysis tools is provided by the ALEPH Collaboration to translate theraw dete
tor response into proper analysis variables and to simulate the physi
al pro
essesand the measurement pro
edure.3.2.1 Event Re
onstru
tionThe event re
onstru
tion builds friendly obje
ts and variables out of the raw data a
qui-sition, e.g., tra
ks, impa
t parameters, se
ondary verti
es and 
alorimeter 
lusters. The3One intera
tion length �int, defined as�int = 35 g 
m�2A�1=3 ;where A is the atomi
 weight of the penetrated medium, is the mean distan
e between two nu
learintera
tions. In a given medium, one has �int > X0.75



re
onstru
tion is performed by the program JULIA:{ Tra
ks are re
onstru
ted by fitting traje
tories of 
harged parti
les to the measure-ment points provided by TPC, ITC and VDET. The TPC wires are analysed inorder to extra
t the dE=dx information. The 
ombined fit of the measurements inthe tra
king devi
es provides also the tra
k's impa
t parameters d0 and z0, definedas the minimal distan
e in the r � � plane between the primary vertex and thetra
k helix (point of 
losest approa
h (p.
.a.)) and the z 
oordinate of the p.
.a.,respe
tively.{ Se
ondary verti
es are formed for parti
les with opposite 
harges.{ Energeti
 storeys of the ECAL are 
ombined to 
lusters and 
orre
ted for 
alibrationand geometri
al effe
ts. In addition, effe
ts from the minimum energy threshold andleakage (lost energy) are taken into a

ount. The ele
tromagneti
 
alorimeter suffersfrom a non-linear response signal due to saturation of the 
harge 
olle
tion in anavalan
he. The effe
t in
reases with the 
luster energy and 
an be parameterizedby the approximative formulaEtrue ' Emeas(1 + aEmeas) ;with the saturation 
onstant a = (8:0� 0:6)� 10�5 [138℄ measured using the ratioof energy over momentum for ele
trons in data to the Monte Carlo simulation.{ In a similar way to ele
tromagneti
 
lusters, HCAL 
lusters are formed by 
ombiningenergeti
 tubes. In addition, near ECAL and HCAL 
lusters are asso
iated and bothare asso
iated to near extrapolated tra
ks.{ For an easy a

ess to the dete
tor information, JULIA 
onverts the raw dete
torresponse into \physi
al variables" like energies, momenta or geometri
al distan
esand provides error matri
es for the fitted tra
ks. These variables are retrievablevia the routine ALPHA. The visualization of the dete
tor response and re
onstru
ted(data and Monte Carlo) events is performed by the program pa
kage DALI.3.2.2 Monte Carlo SimulationImportant for the analysis, in order to extra
t physi
al phenomena, distributions and 
on-stants from the measurement, is the possibility to 
ompare measured data to a simulationwhi
h 
ontains both physi
al input of known pro
esses and the dete
tor response. Usingsu
h a simulation it is even possible to dire
tly extra
t physi
al distributions from mea-sured ones by means of unfolding (Chapter 5). It is 
lear that the quality of the analysisthen 
ru
ially depends on the exa
tness of the simulation. The stages of the simulation ofe+e� ! Z! �+�� pro
esses are the physi
al event generation using the program KORALZfollowed by the simulation of the measurement pro
edure realized by GALEPH whi
h isbased on GEANT [139℄. 76



The Event Generation | KORALZThe physi
al event generator KORALZ [140, 141, 142℄ provides the simulation of all stagesof the � pair produ
tion at 
.m. energies around the Z peak and of the su

essive �de
ays based on phenomenologi
al models obeying the known dynami
s. In
luded in the� pair produ
tion are initial and final state radiation as well as the 
�Z interferen
e andele
troweak theory whi
h produ
es, e.g., a � polarization of about 15% due to the parityviolation in weak intera
tions.The generation of � de
ays uses the program library TAUOLA. It takes into a

ountradiative 
orre
tions (bremsstrahlung) of the final state leptons, pions and kaons. In ad-dition it 
ontains known de
ay dynami
s, e.g., the ���0 de
ay via a ��(770) intermediateresonan
e, 2���+, ��2�0 final states via the a�1 (1260) or the 2���+�0 de
ay produ
t
oming partly from a ! �� intermediate state. TAUOLA simulates expli
itly the following� de
ays (not all dynami
al details are given): ��! �� + : : :e���e ����� �� �� ! ���0a�1 ! 2���+ a�1 ! ��2�0 K K�2���+�0 (in
l. ! ��) ��3�0 3��2�+ ! ���0 ! 2���+2�03��2�+�0 2���+3�0 K�K0 K�K�K��� K0���0 ����0 ! �� ! ���0
The Dete
tor Simulation | GALEPHThe simulation of the dete
tor response, i.e., the measurement pro
edure, is performed bythe program GALEPH whi
h is based on the library GEANT. After being fed with the spe
ifi
geometry of ALEPH, it simulates the 
reation of new parti
les and showers during thepenetration of matter of an in
ident 
harged or neutral parti
le. For pra
ti
al reasons(
al
ulation time), the shower simulation in the ECAL is performed using an energy andangular dependent parametrization.The dete
tor simulation provides in prin
iple all event variables used for an analysis,generates se
ondary intera
tions as well as fake photons, et
., and keeps the true, i.e.,physi
al information retrievable so that the distortion due to the finite dete
tor resolutionand a

eptan
e 
an be expli
itly drawn after.
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Chapter 4Analysis of � Pair EventsThe topology of � pairs produ
ed at the Z mass s
ale is 
hara
terised by ba
k-to-ba
k,narrow jets with an average multipli
ity mu
h lower than for hadroni
 Z de
ays. Thus,
andidates are sele
ted by retaining low multipli
ity events 
oming mainly from leptonpair de
ays of the Z. A detailed des
ription of the � pair presele
tion 
an be found inRef. [143℄. Additional 
uts are applied in order to suppress Bhabha (e+e�) and dimuon(�+��) ba
kground as well as ba
kground 
oming from two-photon pro
esses and 
osmi
ray events [23℄. Details about the 
uts to remove hadroni
 Z de
ays from the � pair sampleare given in Ref. [24℄. The analysis presented here is based on a sample of data re
ordedby the ALEPH dete
tor at LEP during the years 1991 to 1994. In total 124 358 � pairsare sele
ted with an overall dete
tion effi
ien
y of (78.8� 0.1)%. This 
orresponds to anintegrated luminosity of 158 pb�1. The following se
tion gives a survey of the sele
tion
uts and algorithms used.4.1 Sele
tion of � PairsThe sele
tion of � pairs is based on the routine TSLT version 02. An event is subdividedinto two hemispheres given by the plane perpendi
ular to the thrust axis whi
h definesthe dire
tion of maximum longitudinal momentum in both jets. The re
onstru
tion ofneutral and 
harged obje
ts in a jet, needed in to 
al
ulate the thrust axis, is providedby the energy-flow algorithm (EFLW). The EFLW permits to 
al
ulate the visible energyre
orded in the tra
k devi
es and 
alorimeters by 
orre
ting for redundant information.Tra
ks for example deposit 
harged and neutral energy, while neutral obje
ts are onlyre
onstru
ted in the 
alorimeters. ECAL obje
ts, de
lared as independent neutral obje
ts,are therefore energeti
 
lusters without asso
iated tra
k. To be finally assigned as neutralobje
t, their energy is required to be larger than 1 GeV (ECAL) and 1.5 GeV (HCAL) inorder to redu
e the dependen
e on shower flu
tuations whi
h are diffi
ult to simulate andgive rise to systemati
 un
ertainties. The number of re
onstru
ted 
harged and neutralobje
ts represents an important 
onstraint to eliminate Z! q�q events owing to the highmultipli
ity of their final states. Fig. 4.1 (taken from Ref. [144℄) shows the average 
hargedmultipli
ity as a fun
tion of the 
.m. energy. Low energy experiments, e.g., a �/
harmfa
tory, are limited in pre
ision due to irredu
ible q�q ba
kground from 
harm de
ays.The distribution of the total re
onstru
ted final state invariant mass versus the parti
le79



Figure 4.1: Average 
harged multipli
ity of e+e�! q�q events. The average multipli
ity ofe+e� ! �+�� de
ays is hn
hi�+�� ' 2B21�prong + 4� 2B1�prongB3�prong + 6B23�prong ' 2:6.multipli
ity is shown in Fig. 4.2.Both re
onstru
ted hemispheres are required to have at least one good 
harged tra
k,where a good tra
k fulfills the following quality 
riteria:{ at least 4 
oordinates (measurement points) in the TPC,{ jd0j � 2 
m,{ jz0j � 10 
m,{ a polar angle j
os �j � 0:95 .In addition, the polar angle j
os ��j of the � pair, 
al
ulated from the polar angles of thepositive and negative hemispheres
os�� = sin 12(�+ � ��)12(�+ + ��) ;must obey the 
ondition 80



Figure 4.2: Invariant mass versus the number of parti
les for all events with at least twotra
ks, from part of the 1992 data. The two low multipli
ity peaks have been trun
ated.{ j
os ��j < 0:9 ,in order to guarantee that the event is re
onstru
ted inside the geometri
al a

eptan
e ofthe dete
tor.The sour
es of ba
kground after the above presele
tion are e and � pairs, Z! q�q ande+e�! 

 events as well as triggered showers from 
osmi
 radiation. Several 
uts appliedto suppress a ba
kground signal from one spe
ifi
 mode aid nevertheless in some 
asesalso for the reje
tion of other modes with similar signals.Reje
tion of Z! q�q EventsHadroni
 Z de
ays are 
hara
terised by a high 
harged and neutral multipli
ity of theirfinal states (on the average 20.91� 0.22 [127℄ tra
ks per event) and a larger opening angleof the tra
ks 
ompared to �+�� events due to the smaller average boost energy 
arriedby ea
h tra
k.The most effi
ient 
ut 
on
erns the number of re
onstru
ted 
harged and neutralobje
ts. To pass the sele
tion, an event is required to have81



{ 2 � Ntra
ks � 8 ,where �+�� events with more than 8 tra
ks o

ur only in less than 0.01% of the 
ases.In order to maintain a high effi
ient � pair sele
tion, the following 
uts are ex
lusivelyapplied if an event is flagged as being non-� -like, i.e., both hemispheres have at least twogood tra
ks or the invariant mass of the one-tra
k hemisphere ex
eeds 0.8 GeV=
2:{ The produ
t of neutral and 
harged EFLW obje
ts of both hemispheres must notbe larger than 40.{ The 
harged tra
ks of both events are required to form narrow jet 
ones. The sumof the maximum angle �iop between two tra
ks of a hemisphere i is required to be�1op + �2op < 14:3Æ.Reje
tion of e+e�! 

 EventsTwo-photon events stem from the 
ollision of photons radiated by the initial ele
tron-positron pair whi
h itself es
apes dete
tion due to the small s
attering angles j
os �|.The re
onstru
ted 

 event 
onsists therefore of a large a
ollinearity angle � between thethrust axes of both hemispheres, 
aused by the, in general, unequal photon energies andthe asso
iated boost along the beam axis, and of an amount of missing visible energy. Inaddition, the transversal momenta pT of both hemispheres are balan
ed. The reje
tion
uts are:{ Maximum a
ollinearity of � < 40Æ.{ The total visible energy in ea
h hemisphere must ex
eed 35% of the beam energy.{ The transversal momenta are required to be unbalan
ed (due to the re
oil of thetwo invisible � neutrinos): jp1T � p2T j > 3 GeV=
 .Z De
ays into e and � PairsAs this analysis is 
on
erned with hadroni
 � de
ays only, the non-� ba
kground fromele
troni
 or muoni
 Z de
ays is of minor importan
e as it is to a large amount re
on-stru
ted in the 
orresponding � de
ay 
hannels. Z de
ays into an e or � pair have noenergy loss from de
ays into neutrinos. There EFLW energy shows therefore a sharp peakat 45 GeV as 
an already be seen for the tra
k momenta in Fig. 4.3.Z! e+e� events are produ
ed via the interfering s-
hannel annihilation and t-
hannels
attering. s-
hannel events have an angular distribution whi
h is essentially given by� (1 + 
os2�) whereas a t-
hannel ele
tron is sharply peaked in forward, i.e., initialele
tron dire
tion. Photons originating from radiative t-
hannel events vanish thereforefrequently in the beam pipe. To 
onsider this, the total energy of an hemisphere is 
al
u-lated by adding the re
onstru
ted energy Ere
 to the energy of eventually radiated photonsErad, 
al
ulated via the deviation of both thrust axes from 
ollinearity. For � pairs, thistotal energy is then required to be{ Etot = Ere
 + Erad < 1:6� Ebeam . 82
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k momenta distributions of sele
ted e, � and � pairs (tra
k with highestmomentum in 
ase of multi-prong � �nal states). The ele
tron peak is asymmetri
 dueto the more frequent energy loss by bremsstrahlung. In addition, one observes a worseTPC resolution for ele
trons 
ompared to muons whi
h is due to the t-
hannel ele
tronss
attered at small angles where less TPC 
oordinates are measured.The above 
ut is reinfor
ed to Etot < 1:4�Ebeam if the distan
e between extrapolated tra
kand ECAL 
ra
k is smaller than 6 
m, i.e., the ECAL energy measurement is in
omplete.Z! �+�� events have a mu
h lower radiation probability in the final state (see Fig 4.3.They are reje
ted by requiring{ Etra
k;1 + Etra
k;2 < 1:6� Ebeam .The following 
uts are only applied if the event has a dimuon 
hara
ter (muon-like),namely, either if the most energeti
 tra
k in ea
h hemisphere is identified as muon, or ifin one hemisphere the most energeti
 tra
k is identified as muon and the tra
k momentumon the re
oil side ex
eeds 0:9� Ebeam . In order to reje
t these events, one requires{ Etra
k;1 + Etra
k;2 < 1:8� Ebeam .Additional 
uts to redu
e persisting ba
kground from e and � 
uts have been appliedin order to optimize the sele
tion purity of 
ru
ial importan
e for a measurement of the� leptoni
 bran
hing fra
tions. This is 
omprehensively presented in Ref. [145℄.83



Pro
ess Ba
kground (%)Z! e+e� 0.15� 0.03Z! �+�� 0.07� 0.02

 ! e+e� 0.07� 0.02

 ! �+�� 0.08� 0.02four fermion 0.14� 0.02Z! q�q 0.31� 0.09Cosmi
s 0.02� 0.01Total 0.84� 0.10Table 4.1: Non-� ba
kground 
ontamination of the sele
ted � pair sample on the Z peak.The values are essentially obtained from data studies.Reje
tion of Cosmi
sEvents originating from 
osmi
 showers in the atmosphere (to a large amount muons) areeffi
iently reje
ted by the requirement to pass near to the intera
tion point:{ jd0j � 1 
m ,{ jz0j � 5 
m .Sele
tion ResultsThe pre
ise knowledge of the sele
tion effi
ien
y has been of extreme importan
e forthe re
ent ALEPH bran
hing ratio measurements [23, 24℄: in order to obtain the absolutebran
hing ratio of a given ex
lusive � de
ay mode, the number of sele
ted events is dividedby the effi
ien
y of the respe
tive 
hannel. Asso
iated errors s
ale therefore linearily. Toredu
e possible biases from the Monte Carlo simulation, the effi
ien
y has been tested |as far as possible | using tagged � -like hemispheres both in data and simulated eventsand 
al
ulating the effi
ien
y of the re
oil side. A tagged hemisphere is distinguishedthanks to a parti
ularly 
hara
teristi
 � signal. It is 
lear that su
h a method dependsstrongly on the 
orrelations between both hemispheres. In order to study the effe
t ofthese 
orrelations, the re
oil hemispheres of the tagged � -like sample are randomly pairedto reform a \
omplete" � event. In this way 
orrelations between the two hemispheres aresuppressed. This break-mix pro
edure is applied simultaneously to data and Monte Carloevents and the distributions of the 
ut variables are 
ompared afterwords. The effi
ien
yof 
ut variables where the 
orrelation between the � hemispheres is not expli
itly used
an now dire
tly be measured using the break-mixed data sample. Strongly 
orrelatedvariables are 
he
ked by 
omparison to the simulation and 
orre
tions of the Monte Carloeffi
ien
ies 
an be dedu
ed.The final overall � pair sele
tion effi
ien
y is found to be��+�� = (78:83 � 0:13)% ;with a non-� ba
kground of (0.84� 0.10)%, while the non-� ba
kground in the purely84
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hadroni
 � de
ay modes is measured to be (0.6� 0.2)%. Table 4.1 shows the ba
kground
ontamination from the respe
tive non-� sour
es [27℄. Fig. 4.4 depi
ts the effi
ien
y ofthe � pair sele
tion as a fun
tion of the generated invariant mass-squared taken from theMonte Carlo simulation.4.2 Charged Parti
le Identif i
ationTo identify 
harged parti
les 
oming from � de
ays, a maximum likelihood method isemployed, 
ombining different and essentially un
orrelated information measured for ea
hindividual tra
k. This pro
edure is originally des
ribed in Ref. [146℄ and additionallyimproved in Ref. [23℄. The implementation as a FORTRAN program, 
alled TAUPIDX,was performed by Z. Zhang, H.J. Park and M. Davier at Orsay.The global identifi
ation fa
ility used is based on a maximum likelihood method whi
h
ombines the probability densities f ji (xi) of a set of dis
riminating variables xi and aparti
le type j = e; �; hadron to a normalised global estimator PjPj = Qi f ji (xi)Pj Qi f ji (xi) :The normalised referen
e distributions f ji (xi) are obtained from the Monte Carlo simula-tion. The questioned � hemisphere (i.e., tra
k) is then assigned to the parti
le type withthe largest global estimator Pj .Nevertheless: CutsIn general one 
an state that sele
tions based on a likelihood pro
edure (fuzzy-logi
) are
learly superior in 
ases where the dis
riminating variables have large overlaps betweenthe 
hannels to be sele
ted. Cuts are here very ineffi
ient. However, quality 
uts shouldbe applied first in order to purify the sample from ill-re
onstru
ted de
ays:{ Charged parti
les are not a

epted (re
onstru
ted) when their momenta are below150 MeV=
.{ A minimummomentum of 2 GeV=
 is required for muon and hadron 
andidates sin
elower energy muons 
annot reliably be identified in the HCAL. The 
orrespondingeffi
ien
y loss amounts to 5.7%. No minimum momentum is imposed on ele
tronswhi
h, below 2 GeV=
, are well distinguished from muons/hadrons by using thedE=dx information.{ Cuts are applied for ele
trons and hadrons in the vi
inity of ECAL 
ra
ks. This
auses an effi
ien
y loss of 4.7%.Dis
riminating VariablesA number of eight dis
riminating variables xi; i = 1; : : : ; 8 is used in the likelihood:86



{ The ionization loss dE=dx provided by the TPC where at least 40 samplings arerequired. dE=dx dis
riminates ele
trons from muons/hadrons, while in the 
ase ofmuons and hadrons the information is almost degenerated.{ Two ECAL shower profile variables for the transverse shape and energy deposition,and the longitudinal shape. Both profiles of a 
luster use the four storeys in ea
hsta
k that are 
losest to the extrapolated tra
k. The ECAL variables are used toseparate ele
trons from hadrons.{ Three HCAL variables: the average shower width measured on the HCAL tubesin the fired planes, the number of fired planes among the last ten, the HCAL padenergy asso
iated to the tra
k (only used if more than 8 HCAL planes have fired).All HCAL and muon 
hamber variables serve to separating muons from hadrons.The average shower width is obtained defining a road of 60 
m around theextrapolated tra
k. In ea
h fired HCAL plane one now determines the maximumseparation between the responding tubes. The average separation of all fired planesdetermines the shower width. Contrary to ECAL 
ra
ks, dead zones in the HCAL(empty spa
es between the modules in the 
entral dete
tor and the edges) are takeninto a

ount by the use of three individual referen
e distributions depending on thegeometri
 position of the response in the dete
tor.{ Two variables provided by the muon 
hambers: the number of hits within a roadof �4� around the extrapolated tra
k, where � is the standard deviation expe
tedfrom multiple s
attering. Finally, the average distan
e in units of � of the hits fromthe extrapolated tra
k position is used.The 
orrelation between the variables are expe
ted to be very small. Correlations existbetween the average HCAL shower width and the HCAL energy measured on the pads.Nevertheless the use of the HCAL energy improves slightly the muon{hadron separationas observed in the simulation.Identifi
ation Pro
edureThe global likelihood method is applied on one-prong hemispheres. Three prong hemi-spheres with a possible 
onverted ele
tron-positron pair from photon radiation or �0de
ays go in for a preidentifi
ation in order to re
onstru
t ele
trons. Only dE=dx and theECAL shower profile variables are used.The referen
e distributions are obtained from simulated events. Che
ks are performedusing tagging routines both for data and Monte Carlo simulation and 
omparing the vari-able distributions. Fig 4.5 depi
ts the probability distributions Pj of identified ele
trons,muons and hadrons for data and Monte Carlo simulation. Reasonable agreement is ob-served. Additionally depi
ted is the expe
ted � ba
kground taken from the simulation.Identifi
ation Effi
ien
ies and ResultsThe performan
e of this identifi
ation is studied in detail using samples from ele
tron87
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Figure 4.5: Distributions of the ele
tron, muon and hadron estimators in data (points)and Monte Carlo simulation (histograms). Wrong identif ied tra
ks are indi
ated by thehat
hed areas.pairs, muon pairs and two-photon de
ays into lepton pairs [23℄. Z! e+e� events pro-vide a high energy ele
tron sample (> 8 GeV) and, 
omplementarily, 

 ! e+e� eventsprovide low energy ele
trons. Similarly, a wide-ranged muon sample is obtained fromthe 
orresponding pro
esses Z! �+�� and 

 ! �+��. In pra
ti
e, lepton samples areobtained by tagging in every event the opposite parti
le with severe identifi
ation andmomentum 
uts. In all 
ases a small 
ontamination from � pairs has to be subtra
ted out(using the Monte Carlo simulation) in order to get the 
orre
t misidentifi
ation rates ofleptons into hadrons.In addition, two 
omplementary data samples from � de
ays are used in order to testthe hadron misidentifi
ation probability distribution. The first sample is obtained usingdE=dx dis
rimination for an ele
tron vetoing against hadrons while muons are reje
tedusing HCAL and muon 
hamber estimators. The se
ond sample is tagged by requiringthe presen
e of at least one re
onstru
ted �0 whi
h vetos hadrons originating dominantlyfrom ��! ���0 �� and ��! ��2�0 ��de
ays. Both samples indi
ate a higher probabilityfor the misidentifi
ation of hadrons as ele
trons in data (0.79� 0.06)% with respe
t to theexpe
tation from Monte Carlo simulation (0.59� 0.02)% [24℄. Corre
tions a

ording to88



Id.: # True:! e � hadrone 94.79 � 0.10 � 0.01 0.79 � 0.06� � 0.01 93.62 � 0.10 0.90 � 0.06hadron 0.51 � 0.10 0.68 � 0.10 87.91 � 0.10Table 4.2: Parti
le identi�
ation eÆ
ien
ies and misidenti�
ation probabilities (in per-
ent) as measured from data in one-prong � de
ays. The eÆ
ien
ies given in
lude thepre
uts of the likelihood identi�
ation.these values are applied. Table 4.2 shows the effi
ien
y (in
luding pre
uts) and misiden-tifi
ation matrix for one-prong � de
ays.The ele
tron identifi
ation is independently tested using three-prong � hemisphereswith two tra
ks being identified as 
 ! e+e� 
onversion.The momentum dependen
e of the ele
tron and muon effi
ien
y is very weak whilethe hadron effi
ien
y in
reases by 1% (over the full momentum range) with in
reasingmomentum due to the parallel in
rease of hadron-to-ele
tron and de
rease of hadron-to-muon misidentifi
ation. The angular dependen
e of the effi
ien
ies is small. A 1% loss isobserved in the overlap region between barrel and end-
aps. A similar effi
ien
y loss isseen in the azimuthal distribution of muons due to dead HCAL zones.4.3 Photons and Neutral Pion Re
onstru
tionThis is a de
isive point of the analysis: about 44% of the � de
ays and 67% of the hadroni
� de
ays are a

ompanied by at least one neutral pion (�0). These are re
onstru
ted inthe ele
tromagneti
 
alorimeter through their de
ays �0 ! 

 (bran
hing fra
tion 98.8%)whi
h 
hallenges the energy and angular resolution of the ECAL as well as the separationpower between adja
ent 
lusters from high 
ollimated � de
ays. By virtue of the highECAL granularity it has been shown [24℄ that even � de
ays with 4�0's 
an in prin
iplebe resolved. In the 
ase of two re
onstru
ted photons originating from a �0, the known �0mass helps to improve the middling energy resolution of the ALEPH ECAL via the, at nottoo high energies, well measured photon dire
tions. In order to maintain a good effi
ien
yof the �0 re
onstru
tion, the minimum photon energy is set to 300 MeV. This low 
hoi
eis vulnerable to low energy fake photons produ
ed by flu
tuations from hadroni
 andele
tromagneti
 showers.The following se
tions give a detailed des
ription of the ALEPH photon finder andthe �0 re
onstru
tion algorithms used.4.3.1 Converted PhotonsA spe
ial 
ase of photons are those whi
h have 
onverted inside the tra
king volume intoan e+e� pair and are therefore re
onstru
ted as TPC tra
ks and not in the 
alorimeter.89



Photon 
onversion diagrams need the presen
e of an external field as provided by matterso that it be
omes possible to visualize the elements of the ALEPH tra
king devi
es bythe measurement of the 
onversion radius (distan
e vertex { point-of-
onversion) as seenin Fig. 4.6.Conversion 
andidates are required to have an invariant mass smaller than 30 MeV=
2and the minimal distan
e between the two heli
es in the x-y plane must be at least 0.5 
m.Remaining 
harged tra
ks whi
h are identified as ele
trons in a multi-prong environmentoriginating from a hadroni
 � de
ay are thought to be single tra
k 
onversions assumingthat due to too low momentum (P � 150 MeV=
) or se
ondary s
attering effe
ts theother tra
k got lost. Fig. 4.6 shows that the 
onversion rate when passing material su
has ITC and TPC walls is fairly well modelled in the simulation. Additionally plotted isthe invariant mass distribution of 
onverted photons for data and Monte Carlo simulation.The respe
tive fra
tions of 
onverted photons among a sample of \genuine" photons ismeasured to be [24℄ (9.8� 0.2)% in data and (9.4� 0.1)% in the simulation with a smallex
ess in data with respe
t to the simulation. The fra
tion of single tra
k 
onversions isfound to be well reprodu
ed by the simulation.4.3.2 Photon Re
onstru
tionTo understand the photon re
onstru
tion algorithm one should re
all the basi
 
onstru
-tion elements of the ALEPH ECAL: it 
onsists of 45 layers of a total thi
kness of 22radiation lengths. The energy and position of a shower is read out using 
athode padswith dimensions 3�3 
m2, arranged to form towers pointing to the intera
tion zone; ea
htower is read out in three segments in depth, so-
alled storeys, 
orresponding to 4, 9, and9 radiation lengths, respe
tively. The 
hara
teristi
 longitudinal segmentation and thefine granularity (whi
h 
ompares to the average width of an ele
tromagneti
 shower) ofthe 
alorimeter play an important role in the photon and neutral pion re
onstru
tion, andin the identifi
ation of fake photons.GAMPEX AlgorithmThe pra
ti
al work of photon re
onstru
tion is performed using the program pa
kageGAMPEX [147, 148℄ that first dete
ts energy maxima in the lowest storeys sin
e ele
tro-magneti
 showering starts almost immediately (� one radiation length) after the photon'sentran
e into matter. Adja
ent energeti
 storeys (those whi
h share a fa
e) are then as-so
iated to the maximum energeti
 storey in order to form a 
luster. The same 
lusteringis afterwards applied to the storeys of the se
ond and third level of depth and the 
lustersfound are asso
iated to the primary one. This pro
edure is applied to all isolated ECALenergy maxima. An important sour
e of ba
kground are hadroni
 intera
tions with the
alorimetri
 matter produ
ing as well photons and �0's. In order to distinguish them fromgenuine � final state photons one uses the 
hara
teristi
 form of the shower in 
ombinationwith a 
ut requiring a minimal distan
e between the bary
entre of the energy deposition(photon) and the extrapolated tra
k of 2 
m. In addition, re
onstru
ted photons arerequired to ex
eed a minimal energy of 300 MeV. After the 
lustering, the number offake photons in data rea
hes about 26% in the photon sample of hadroni
 � de
ay modes.90



ALEPH

ALEPH

Figure 4.6: The upper plot depi
ts the radial distan
e of a photon 
onversion vertex (ma-terialization point) to the beam spot for data (points with error bars) and Monte Carlosimulation. A

umulations o

ur when photons penetrate matter: the beam pipe at 5:4 
m,the sili
on strip vertex dete
tor (VDET) at 6{11 
m, the outer walls of the ITC 13 
mand 29 
m, and the inner TPC wall at 31 
m. The lower plot shows the invariant massdistribution for observed and simulated 
onverted photons. The e+e� enhan
ement at theprimary vertex is due to so-
alled \Dalitz de
ays" �0 ! e+e�
 o

urring with a bran
hingratio of 1:2% [17℄.The fra
tions of fake photons originating from hadroni
 intera
tions and ele
tromagneti
showers are approximately 60% and 40%, respe
tively.The photon energy is 
al
ulated taking the deposited energy in the four 
entral towersin order to redu
e the sensitivity of the energy measurement to hadroni
 ba
kground and
lusterization effe
ts. Several 
orre
tions are applied 
on
erning energy loss in the 
ase oftransversally or longitudinally outbreaking showers or amplifi
ation saturation effe
ts. Anew ECAL energy 
alibration with respe
t to the Monte Carlo simulation is performed inthe framework of this analysis. It is des
ribed in Se
tion 7.1.2. In 
ases where the mea-sured energy is not 
ompatible with the one photon expe
tation, the energy is 
al
ulatedon the basis of all asso
iated energeti
 towers. Finally, the polar and azimuthal angles,i.e., the photon dire
tion are measured from the bary
entre of the 
luster in assuming thephotons to be produ
ed in the primary vertex (e+e� intera
tion point).91



PEGASUS AlgorithmPhotons that are re
onstru
ted by the above 
lusterization algorithm have to be subje
tedto a 
ertain number of tests in order to be able to 
lassify them a

ording to their origin:genuine photons (also 
alled photons) from �0 de
ays, photons from bremsstrahlung orradiation and fake photons issuing from hadroni
 or ele
tromagneti
 shower flu
tuations.The routine PEGASUS [24℄ uses a maximum likelihood method whi
h 
ombines the in-formation from different variables in order to dis
riminating between the above mentionedphoton origin: 
onsider a dis
riminating variable yi with its probability density pgenuinei (yi)(pfakei (yi)) to be a genuine (fake) photon. The (genuine) photon estimator is then givenby P
 = Qi pgenuinei (yi)Qi pgenuinei (yi) +Qi pfakei (yi) : (4.1)The following dis
riminating ECAL variables are used:{ fra
tions of energy in the first and the se
ond ECAL sta
k (E1:=2: sta
k),{ fra
tion of energy outside the four 
entral ECAL towers,{ transverse size of the photon shower,{ angular distan
e of the photon's bary
entre to a nearest se
ond photon shower (d

),{ distan
e from the photon's bary
entre to an extrapolated tra
k. A sign is 
omputeddepending on the position of the photon shower with respe
t to the 
urvature of thetra
k in the r-� proje
tion, and{ the photon energy (Etotal).Referen
e distributions of the above variables are produ
ed from the Monte Carlo simu-lation where the origin of the photons 
an be inquired (whi
h is not always 
lear). Thedistributions additionally distinguish the number of tra
ks measured in the given hemi-sphere. They have been 
onfronted with data in order to 
he
k their reliability. Forthis purpose, a tagged sample enri
hed with photons and fake photons, respe
tively, isestablished for data as well as for the simulation on the basis of the estimator P
 and thefa
t whether or not they belong to a re
onstru
ted �0 (see next se
tion). Fig. 4.7 showssome of the variables used for the respe
tive genuine (
alled \good") and fake photonsample for data and Monte Carlo simulation. They agree fairly well. Disagreements leadto systemati
 errors whi
h are dis
ussed in Chapter 7. In general one 
an say that, notsurprisingly, genuine photons (from physi
s origin) are mu
h better modelled than fakephotons whose origins are diverse and diffi
ult to simulate. An iterative pro
edure isperformed to derive from the data the 
orre
tions to be applied to the simulated refer-en
e distributions [24℄. One thus obtains individual referen
es for the use on data andMonte Carlo simulation. Additional studies 
on
erning 
orre
tions of the hadroni
 invari-ant mass spe
tra due to biases from fake photons are presented in the following se
tion.Until this point, the energy of the photons is not used as dis
rimination variable in thelikelihood to avoid biases on the invariant mass re
onstru
tion. The energy is in
luded92
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into the pro
edure after the pairing of photons to �0's has been performed in order toobtain stronger 
onstraints on residual photons (remaining photons without a partner).Note, that up to this moment no 
ut has been applied, i.e., all GAMPEX photons are stillpresent equipped with their individual genuine photon estimators.4.3.3 Re
onstru
tion of �0'sThe �0 re
onstru
tion pro
edures is primarily designed with the aim of a
hieving thehighest possible re
onstru
tion effi
ien
y. Three types of �0's are distinguished:{ resolved �0's are paired from two photons,{ unresolved �0's are re
onstru
ted from a high-energeti
 
luster where two photonsare merged together, and{ residual photons are remaining photons supposed to originate from a �0 while these
ond photon has been lost.The pro
edure leads to an overall �0 re
onstru
tion effi
ien
y of about 84%.Resolved �0'sIn order to produ
e �0 
andidates, all photons re
onstru
ted inside a 45Æ 
one around thethrust axis are paired to �0's. Then for ea
h photon pair one 
al
ulates a �0 estimatorDij defined as Dij = P
i � P�0;ij � P
j ; (4.2)where the P
i are the genuine photon estimators from Eq. (4.1) and P�0;ij represents theprobability obtained from a 
ompatibility test between the measured two-photon massand the expe
ted one in units of one standard deviation of the apparent mass usingGaussian probability density. It turns out that the apparent mass depends sensitivelyon the two-photon energy (i.e., �0 energy), as observed in Fig. 4.8. This effe
t issuesfrom overlapping high energeti
 photon showers for whi
h the re
onstru
tion algorithmtends to overestimate the two-photon opening angle and thus the �0 mass. As also seenin Fig. 4.8, the fun
tional form of this behavior depends on the geometri
al region of theALEPH dete
tor. It is obviously not well reprodu
ed by the simulation. At low and highenergies, the simulated average �0 mass lies systemati
ally above the data. This effe
tensues from an overestimation of the two photon opening angle 
aused by 
lusterizationeffe
ts, whi
h are not suffi
iently well modelled in the simulation. Another 
ontributionoriginates from 
alibration shifts whi
h are mainly lo
ated at low energies. In order to
ome up to the above deviations, the apparent �0 mass is individually obtained for dataand Monte Carlo simulation from an energy-dependent referen
e distribution (a

ordingto Fig. 4.8) whi
h distinguishes barrel and end-
aps as well as the years 1991{93 and 1994of data taking, respe
tively. In the 
ase where one of the paired photons has 
onverted toe+e�, 
orresponding parametrisations for the �0 mass and its resolution are derived fromdata to obtain the P�0;ij probability.Fig. 4.9 depi
ts the estimator Dij for hadroni
 � de
ays (
orre
ted for an ex
ess of94
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!e+e� � �1 .The Monte Carlo is 
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ted for fake photons.95
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orre
t for the deviation observed in Fig. 4.8. Theshaded region are resolved �0's with at least one fake photon a

ording to the simulation.The simulated distribution is 
orre
ted for fake photons.fake photons in data see Se
tion 4.3.4). A pair ij of photons is a

epted as �0 
andidateif Dij > 0:0009 ;whi
h 
orresponds for given average values hP
i; P
j i of genuine photons to a P�0;ij thresh-old probability for an invariant mass three standard deviations away from the expe
tedvalue [24℄.In a � hemisphere with more than two photons the following 
riterion defines thehierar
hy of �0 pairing within all 
andidate pairs ij: Among all possible 
ombinations theone is 
hosen whi
h maximizes the produ
t Qi 6=jDij . The 
omparison of the invariantmass distribution for resolved �0's, after 
orre
ting the mass shift established in Fig. 4.8and an ex
ess of fake photons in data, is depi
ted in Fig. 4.10. Reasonable agreementbetween the shapes is observed.On
e the resolved �0's are re
onstru
ted, a kinemati
 fit is performed in order to
onstrain the measured �0 mass to the nominal mass m�0 = 0:13498 GeV=
2 [17℄. Theexpe
ted energy and angular resolutions are used to adjust both values a

ording to therelationm�0 = (2E
1E
2(1�
os �
1
2))2 . The 
onstraint imposes primarily on the photonenergies E
i at low �0 energies, where due to the wide two-photon opening angle 
os �
1
2the photon dire
tions are well measured. At higher �0 energies the 
riti
al resolution
omes from the opening angle whose re
onstru
tion be
omes more diffi
ult owing to theoverlapping photon showers. Fig. 4.11 shows the gain on energy resolution a

ording tothe Monte Carlo simulation whi
h, as expe
ted, is situated at lower �0 energies.Unresolved �0's 96
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tion of the �0 energy before and after the �0 mass 
onstrained �t in the barrel(j
os �j � 0:774) and end-
aps (0:774 < j
os �j � 0:95), respe
tively.On
e the �0 energy in
reases the two photon showers tend to overlap and to be re
on-stru
ted as one energeti
 
luster. However, assuming the presen
e of two photons withidenti
al shower shapes in the 
luster, one 
an 
al
ulate energy weighted moments fromthe measured two-dimensional energy distribution in the plane transverse to the showerdire
tion. After a rotation of the ALEPH 
oordinate system in the two-dimensional sys-tem (X; Y ) where the bary
entres of the two photon showers lie on the same axis (X1; 0)and (X2; 0), the moments obey the relationshXni = E1Xn1 + E2Xn2E ;hY ni = 0 ; (4.3)with the total measured 
luster energy E = E1 + E2 . By definition hX1i = 0 holdsin the new system. Eq. (4.3) is 
al
ulated up to the se
ond moment n = 2 in orderto get suffi
ient information (four equations: hX1i; hY 1i; hX2i; hY 2i) to solve the system(four unknowns: X1; X2; E1; E2). The 
onsideration of an error on the 
ommon axis forthe se
ond moments, whi
h then reads hX2i = (E1X21 + E2X22 )=E + �2 and hY ni = �2,requires as additional information the third moment hX3i defined a

ording to Eq (4.3).Having redu
ed the five equations, the 
oordinates of the two bary
entres are reexpressedby ALEPH 
oordinates and the invariant mass of the two-photon system is 
al
ulated.All two-photon systems with an invariant mass larger than 0.1 GeV=
2 are thoughtand a

epted to be unresolved �0's. Fig. 4.12 depi
ts the re
onstru
ted mass for data andMonte Carlo simulation. Fake photons in high energy unresolved �0's stem from showersplit-offs, i.e., ele
tromagneti
 shower flu
tuations. This �0 re
onstru
tion pro
edure doesintrinsi
ally not distinguish between high energeti
 radiative photons and overlapping two-photon 
onfigurations originating from �0's. However, high energeti
 photon radiation isextremely rare in hadroni
 � de
ays.Residual PhotonsPhotons inside a 30Æ degree 
one around the thrust axis whi
h are neither paired to97
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epted unresolved �0's (m�0 > 0:1 GeV=
2). The datadistribution is 
orre
ted for an ex
ess of fake photons.resolved �0's nor found to have suffi
ient unresolved invariant mass may issue from{ �0 de
ays where the partner photon got lost in an ECAL 
ra
k, or did not passthe minimal energy or tra
k distan
e requirements, or was overlapped by anotherphoton shower,{ final state (or initial state) radiation and bremsstrahlung,{ from ! ! �0
 and � ! 2
 � final states,{ shower flu
tuations (i.e., fake photons).The most important sour
es of residual photons are �0's and low energy shower flu
tuations.The fra
tion of fake photons in the total sample of residual photons in hadroni
 � hemi-spheres is (50� 1.4)% in data 
ompared to (41� 0.1)% in the Monte Carlo simulation.In order to remove this large quantity of fake photons the dis
rimination power of thegenuine photon estimator P
 obtained from the likelihood (4.1) is reinfor
ed by in
ludingthe photon energy E
 (plotted in Fig. 4.7) as additional variable. It is a strong 
onstraintdisfavouring low energy photons. Residual photon with an estimator P
�res < 0:5 arede
lared to be fake and are reje
ted. Fig. 4.13 shows the estimator P
�res for the rea
tion��! h� �� .To distinguish among the different physi
al sour
es feeding the sample of remainingresidual photons (thought to be genuine), new estimators Pbrems, Prad and P\�0!
00 are
al
ulated [24℄. As additional dis
riminating variable, the angle between photon andnearest tra
k is introdu
ed in the likelihood (4.1). The referen
e distributions for the newestimators are obtained from Monte Carlo simulation tested with tagged data samples.The overall agreement is found to be satisfa
tory [24℄.98
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�res for data, Monte Carlo simulation and fakephotons taken from simulated events. Genuine photons de
lared fake, i.e., P
�res < 0:5issue mainly from ��! ���0 �� ba
kground. The simulation is 
orre
ted for fake photons.Fig. 4.14 show the respe
tive fra
tion of resolved, unresolved and single (residual)photon �0's as a fun
tion of the �0 energy. The fra
tions are not 
orre
ted for the ex
essof fake photons in data (see following se
tion). The data ex
ess of resolved �0's at highenergy is 
aused by ele
tromagneti
 split-offs from shower flu
tuations faking an addi-tional low energy photon nearby the main 
luster whi
h is then re
onstru
ted as resolved,i.e., two-photon �0. A

ordingly one re
ognizes the la
k of unresolved �0's in data at
orresponding energies.Cru
ial points 
on
erning the simulation of �0's in the dete
tor are the origin andamount of low energy fake photons as well as high energy shower split-offs, energy andangular resolution of the re
onstru
ted photons and the energy 
alibration. These de-tails, apart from fake photons whi
h are treated in the following se
tion, are part of thesystemati
 studies whi
h are dis
ussed in Chapter 7.4.3.4 Fake PhotonsThe data suffer from an ex
ess of fake photons 
ompared to the simulation. The amountof this ex
ess is derived by fitting the simulated distributions of the �0 probabilities Dijfor resolved �0's and the single photon probabilities P
�res for residual photons originatingfrom fake and genuine photons to the 
orresponding data distributions. The ex
ess of fakephotons, e.g., in the residual �0 sample of the h��0 �� final state is thereby determined infitting the probability distributions of residual photons in the h� �� 
hannel as the mainba
kground sour
e due to fake photons (see Figs. 4.9 and 4.13).In the 
ase of resolved �0's the fit is very sensitive to the shape of the distributionat low probabilities, i.e., to �0 re
onstru
tion problems and non-Gaussian tails. The99



obtained fit results are therefore independently tested by fitting simulated distributions
ALEPH

Figure 4.14: Fra
tion of resolved, unresolved and single (residual) photon �0's as a fun
-tion of the �0 energy (Not 
orre
ted for fake photons). The points are data and the opensquares represent the simulation. Additionally shown is the fra
tion of 
onverted photonsin the resolved �0 sample.of the asymmetry in the photon energies xasym = (E
1 � E
2)=(E
1 + E
2) at �0 energieslower than �15 GeV to data (see upper right plot of Fig 7.2). In addition, the variableP
1�res � P
2�res whi
h is the produ
t of the residual probabilities (i.e., using the photonenergies) of both photons forming the resolved �0 is fitted. The disagreements in theex
ess of fake photons between these fits is 
onsidered as systemati
 un
ertainty (seeChapter 7). Fig. 4.15 depi
ts the fitted fra
tions of fake photons in the total hadroni
sample of resolved �0's (upper plot) and single photon �0's (lower plot) as a fun
tion of the�0 energy for 1991{93 and 1994 data respe
tively. Unresolved �0's o

ur predominantly athigh energy. They have a negligible 
ontamination of fake photons. The enhan
ement ofthe fra
tion of fake photons in this energy region in the resolved �0 sample (see Fig. 4.14)100
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tion of fake photons in resolved �0's (upper plots) and single photon �0's(lower plots) in the whole sample of hadroni
 � de
ay 
hannels as a fun
tion of the �0energy.stems from split-off effe
ts of two photons, merged together, where energy flu
tuationsprodu
ed a low energy deposition misidentified as a photon near by the unresolved 
luster.The measured invariant mass-squared distributions have to be 
orre
ted due to theirex
ess of fake photons. As already mentioned, ex
esses of residual fake photons in
rease,e.g., the pion ba
kground in the ���0 de
ay 
hannel as well as the � 2�0 
ontaminationin the ��3�0 
hannel et
. This ba
kground enhan
es the 
orresponding invariant massdistributions at the low energy side as observed in Fig. 4.16. Generally one 
an say thatan ex
ess of fake photons in the sample of resolved �0's does not indu
e an alterationto the event topology. An ex
ess means that more �0's have been re
onstru
ted by twophotons instead of being a single photon �0 formed by a single photon. As an example,the 
orre
tion distributions for the ve
tor � de
ay 
hannels are shown in Fig. 4.16. Theinvariant mass-squared 
orre
tion distributions showed are taken from the simulation101
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 shower flu
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orre
tion distributions of the ex
esses of fake photons in samples with single photon �0's.The distributions of samples with hadrons and ele
trons in the final states enri
hed withgenuine photons (right hand plots of Figure 4.17) show a fairly good agreement betweendata and the simulation.
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Chapter 5The Unfolding MethodThe spe
tral fun
tions defined in Eq. (1.22) use the invariant mass-squared distributionsdN=ds as dire
t experimental input. Unfortunately, the measured \raw" mass distribu-tions are distorted by various dete
tor effe
ts, su
h as the finite energy, momentum andangular resolution as well as kinemati
al and geometri
al a

eptan
e. The unfolding fromthese dete
tor effe
ts requires good knowledge of all sour
es biasing the measurement. Inparti
ular, one has to make sure that 
alibration and resolution of the dete
tor are welldes
ribed by the dete
tor simulation. Unfolding means the de
onvolution of measurementartifa
ts modelled by the Monte Carlo simulation. The resulting distribution then ide-ally 
ontains pure physi
s information. Again ideally, the result of the unfolding pro
essdoes not depend on the physi
al dynami
s put in the Monte Carlo. The generally knownpra
ti
al problems of unfolding 
ome from the numeri
al singularity of the problem: thematrix whi
h des
ribes the dete
tor response, i.e., the 
onvolution of a physi
al distri-bution with non-diagonal dete
tor effe
ts (measurement distortion) has not full \rank"whi
h means in this 
ase that it is numeri
ally singular, i.e., unstable against small vari-ations in the initial system. The inversion of the dete
tor response matrix (unfolding) ishen
e restri
ted. The problem appears even worse: be
ause of inevitable statisti
al errorsin the measured distribution, the exa
t solution (even if it exists) is in most 
ases wildlyos
illating and therefore useless (see Ref. [149℄).The method introdu
ed in the following regularizes the problem of insignifi
an
e inredu
ing the dete
tor response matrix to its informative part whi
h then 
an be invertedusing standard te
hniques. It is based upon an idea of V. Kartvelishvili; pra
ti
al prob-lems and implementation have been solved in 
ollaboration. The des
ription given herefollows in main parts the original work published in Ref. [150℄. An unfolding pro
edurebased on 
onsiderations whi
h are similar to those presented here has been des
ribed morethan a de
ade ago in [149℄, and is still widely used in experimental analyses. While thereare no signifi
ant differen
es between the foundations of the two pro
edures, the authorsbelieve that the formulation presented here allows one to obtain more reliable and pre
iseresults, being at the same time mu
h simpler and easier to implement.The approa
h is based on the extensive use of the Singular Value De
omposition (SVD)of the dete
tor response matrix, and results in a linear unfolding algorithm whi
h is ap-pli
able to a wide range of problems. Also derived is a number of re
ommendations about105



the proper normalisation of the response matrix and 
hoi
e of the variables. Completeerror propagation is implemented, and a reliable pro
edure for determining the optimalvalue of the regularisation parameter is proposed.The problem of unfolding has been studied in various forms, giving rise to a numberof independent methods des
ribed in the literature. For instan
e, a method based onBayes' theorem was proposed in [8, 151℄. The authors manage to avoid partly the inver-sion diffi
ulties by using a non-linear iterative pro
edure, leading asymptoti
ally to theunfolded distribution.5.1 NotationThe following notation 
onventions are used throughout this 
hapter:{ All one-dimensional histograms/ve
tors are denoted by small letters (e.g. b; z et
.).{ All two-dimensional histograms/matri
es are denoted by 
apital letters (e.g. A;Xet
.).{ The 
ovarian
e matrix asso
iated with a one-dimensional variable is denoted by thesame letter in 
apital (i.e. the matrix Wij denotes the 
ovarian
e matrix of theve
tor wj).{ No impli
it summation is assumed over repeated indi
es; i.e. no repeated index issummed unless the summation is expli
itly shown.{ Upper index T stands for the transposed matrix, ATik = Aki, so that the eu
lideannorm of a ve
tor z equals pzT z.{ Upper index �1 denotes the inverse matrix, A�1A = AA�1 = I, where I stands forthe unit matrix, Iik = Æik.{ All s
alar variables are denoted by small greek letters (e.g. �; � et
.).5.2 The ProblemLet the distribution of ameasured observable be stored in a ve
tor b of dimension nb, wherethe ith 
oordinate of the ve
tor 
ontains the number of entries in the 
orresponding bin ofthe histogram. The measurement is affe
ted by the finite experimental resolution and/orthe limited a

eptan
e of the dete
tor, so that ea
h event from the true distribution mayfind itself in a range of (not ne
essarily) adja
ent bins, or nowhere at all. Using MonteCarlo simulation, the distribution xini of dimension nx is generated, a

ording to someidea of the underlying physi
al pro
ess, and the dete
tor simulation is performed. Atthis stage, every entry in a measured bin (i.e., every event) 
an be dire
tly tra
ed to itsorigin. This gives a well defined system of linear relations between the simulated true andmeasured distributions: Â xini = bini : (5.1)106



The nb � nx matrix Â is a probability matrix, whi
h a
tually performs the simulatedfolding pro
edure. Now, with Â and xini given, for any ve
tor b obtained by a realmeasurement using the dete
tor des
ribed by its response matrix Â, one 
an attempt tofind a 
orresponding unfolded true distribution x. Trying to solve the linear system ofequations Â x = b (5.2)against x dire
tly, using the exa
t inversion of the matrix, usually leads to 
ompletelyuna

eptable rapidly os
illating solutions.To be more general one 
an express the dis
rete distributions x; b and the responsematrix Â in terms of the underlying 
ontinuous probability density fun
tions: let ytruebe the 
ontinuous true variable under 
onsideration, whose variation range fytrue0 � ytruenx gis divided into nx bins with boundaries ytruej ; j = 1; : : : ; nx � 1 . Ea
h 
omponent of theve
tor x is then 
al
ulated as an integral over the true distribution fun
tion X (ytrue) inthe appropriate range:xj = Z ytruejytruej�1 dytrueX (ytrue) ; j = 1; : : : ; nx : (5.3)Analogously, let fy0 � ynbg be the variation range of the measured variable y, with binboundaries yi; i = 1; : : : ; nb � 1: Then the 
omponents of the ve
tor b are appropriateintegrals over the 
ontinuous distribution fun
tion B(y) :bi = Z yiyi�1 dyB(y) ; i = 1; : : : ; nb : (5.4)Let Â(y; ytrue) be the dete
tor response fun
tion, whi
h maps the true distribution to theobserved one, a

ording to the 
onvolution integral:B(y) = Z ytruenxytrue0 dytrue Â(y; ytrue)X (ytrue) : (5.5)After this, the response matrix Â 
an be defined as the ratio of two integrals:Âij = R yiyi�1 dyR ytruejytruej�1 dytrue Â(y; ytrue)X (ytrue)R ytruejytruej�1 dytrueX (ytrue) : (5.6)Ea
h element Âij is equal to the probability for an event generated in the true bin j tobe found in measured bin i.5.3 Singular Value De
omposition5.3.1 DefinitionsA singular value de
omposition (SVD) of a real m�n matrix A is its fa
torization of theform A = U S V T ; (5.7)107



where U is an m�m orthogonal matrix, V is an n� n orthogonal matrix, while S is anm� n diagonal matrix with non-negative diagonal elements:U UT = UTU = I; V V T = V TV = I ; (5.8)Sij = 0 for i 6= j; Sii � si � 0 : (5.9)The quantities si are 
alled singular values of the matrix A, and 
olumns of U and Vare 
alled the left and right singular ve
tors. The singular values 
ontain very valuableinformation about the properties of the matrix. If, for example, A is itself orthogonal,all its singular values are equal to 1. On the 
ontrary, a degenerate matrix will have atleast one zero among its singular values. In fa
t, the rank of a matrix is the number ofits non-zero singular values. If the matrix and/or the r.h.s. of a linear system is knownwith some level of un
ertainty, and some singular values of the matrix are signifi
antlysmaller than others, the system may be diffi
ult to solve even if formally the matrix hasfull rank. In many aspe
ts su
h matri
es behave like degenerate ones, and SVD suggestsa method of treating su
h problems, whi
h is 
ommon for small and exa
tly zero singularvalues. It will be assumed that the singular values si form a de
reasing sequen
e, i.e.,s1 � s2 � : : : � sn. This is easily a
hieved by swapping pairs of singular values, swappingsimultaneously 
orresponding 
olumns of U and V . It will further be assumed also thatm � n, whi
h means that the number of bins in the measured histogram b should not besmaller than the number of bins in the unfolded histogram x. If ne
essary, one 
an justadd rows of zeroes to the initial matrix.Comprehensive des
riptions of SVD with many te
hni
al details and examples 
anbe found in the literature (see, e.g., [152, 153℄). In pra
ti
e, SVD is performed by theFORTRAN routine SVD whi
h is present in the CERN program library CERNLIB. Someearlier implementations 
an be found in refs. [152, 153℄ as well.On
e the matrix is de
omposed into the form (5.7), its properties 
an be readilyanalyzed and it be
omes easy to manipulate, as illustrated in following subse
tions. Thiskind of analysis is useful for ill-defined linear systems with almost (or even exa
tly)degenerate matri
es, as it not only lo
ates the diffi
ulty, but 
an also suggest ways ofover
oming it.5.3.2 A Simple ExampleLet the response matrix Â have the formÂ = 12  1 + � 1� �1� � 1 + � ! ; (5.10)with 0 � � � 1 determining the "quality" of the dete
tor: � = 1 means an ideal dete
torwith the response matrix equal to unity, while small �� 1 
orresponds to a poor dete
tor,almost unable to distinguish the two bins. Note however, that the overall effi
ien
y is100%, so that no event es
apes dete
tion (sum of elements in ea
h 
olumn equals 1).The measurement pro
ess now is simulated by multiplying the matrix Â over the true108



distribution x, resulting in the measured histogram b:Â x = b : (5.11)With ve
tor b measured and the response matrix (5.10) given, one 
an try to unfold thetrue distribution. Singular value de
omposition of 2 � 2 matri
es is simple, involving asingle rotation from left and another from right. As the matrix (5.10) is symmetri
, theorthogonal matri
es U and V should 
oin
ide. One obtains:Â = U S V T ; (5.12)with U = V = 1p2  1 11 �1 ! ; S =  1 00 � ! : (5.13)The two singular values of the matrix (5.10) are s1 = 1; s2 = �.Suppose now that the apparatus des
ribed by the matrix (5.10) has been used tomeasure numbers of events in a two-bin histogramb =  b1b2 ! : (5.14)Let B be the 
orresponding 
ovarian
e matrix, whi
h is diagonal with entries b1, b2 in the
ase of purely statisti
al errors. In order to solve the system, one uses U; S and V from(5.13) to rotate both the unknown ve
tor x and the r.h.s. of the system b,z = V T x = 1p2  x1 + x2x1 � x2 ! ; d = UT b = 1p2  b1 + b2b1 � b2 ! ; (5.15)in order to form a diagonal system of equationsS z = d; z = S�1d; (5.16)where S�1 =  1 00 1� ! : (5.17)The unknown ve
tor x 
an now be easily obtained by rotating z ba
k:x = V z = V S�1d = V S�1UT b = Â�1b = b1 � b22�  1�1 !+ b1 + b22  11 ! : (5.18)Expression (5.18) gives the exa
t solution of the system (5.11) for whatever small butfinite �.Formally, SVD of the matrix Â means a de
omposition of the r.h.s. b into a seriesof orthogonal and normalized fun
tions of the dis
rete variable i = 1; : : : ; nb. The basisis given by the 
olumns of the matrix U , and the 
omponents of the ve
tor d form the
oeffi
ients of this de
omposition. Similarly, the ve
tor of unknowns x is also de
omposed109



into a series of ortho-normalized fun
tions of the dis
rete variable j = 1; : : : ; nx, givenby the 
olumns of the matrix V , while the 
oeffi
ients stored in the ve
tor z are newunknowns. After performing these transformations, the initial system of equations (5.11)is redu
ed to the diagonal system (5.16) whi
h 
an be readily solved: the matrix S inEq. (5.13) is diagonal and 
an be inverted by just inverting the singular values.The inverse matrix Â�1 exists for any � 6= 0:Â�1 = V S�1UT = 12�  1 + � �1 + ��1 + � 1 + � ! = 12  1 11 1 !+ 12�  1 �1�1 1 ! : (5.19)Note that the expressions (5.18) and (5.19) are exa
t, so that SVD and the subsequentanalysis 
an be 
onsidered as just another method of solving well determined full ranklinear systems, maybe a bit too 
ompli
ated but quite 
apable. If all 
omponents of therotated r.h.s. d are statisti
ally signifi
ant and if neither of the singular values si of thematrix Â is too small, the system (5.11) 
an be solved without any problem using any othermethod like Gaussian elimination. But if � is small the problem be
omes ill-determined,and when in addition the r.h.s. is affe
ted by measurement errors, the exa
t solutionusually does not make any sense. In this 
ase it is not the exa
t solution one is interestedin, and 
onventional methods of solving linear systems do not work. Usually they 
annoteven dete
t the problem. To illustrate this, one may assume that the measured eventnumbers b1 and b2 satisfy the following relation:b1 � b2 � �(b1 � b2)) (b1 � b2)2 � b1 + b2: (5.20)This means that the differen
e b1 � b2 is not statisti
ally signifi
ant, so that the firstterm in the exa
t solution (5.18) is in fa
t a random number. But if � is small enough (inthis 
ase - smaller than 1=pb1 + b2), this first term in both x1 and x2 dominates over thewell-behaved and statisti
ally signifi
ant se
ond term, leading to almost arbitrary results.This phenomenon 
an be understood by re
alling the dete
tor response matrix (5.10) ofthe example: for very small � the apparatus is almost "blind", and one 
an hardly expe
tto determine x1 and x2 separately, unless the errors in b are suffi
iently small.5.4 Res
aling Equations and Normalizing UnknownsGoing ba
k to the full-s
ale problem defined in Se
tion 5.2 one 
an look at the initiallinear system (5.2) from another viewpoint. It represents the solution of the followingleast square problem: nbXi=1 ( nxXj=1 Âijxj � bi)2 = min ; (5.21)and is adequate if the equations are exa
t, or if the errors in bi are identi
al. This is notgenerally the 
ase, as measurement errors in the ve
tor b vary from bin to bin, and hen
e,different equations have different signifi
an
e. In fa
t, one should 
onsider a weighted110



least squares problem, where the following expression is being minimized:nbXi=1 (Pnxj=1 Âijxj � bi�bi )2 = min ; (5.22)where �bi is the error in bi. The general 
ase of (5.22) reads(Âx� b)TB�1(Âx� b) = min ; (5.23)where B is the 
ovarian
e matrix of the measured ve
tor b.5.4.1 Normalisation of the UnknownsThe exa
t solution of a well-determined linear system remains un
hanged, if either theequations, or the unknowns, or both are res
aled. However, in the 
ases under 
onsider-ation (where nx � nb and some singular values are small) the minimization of Eq. (5.23)leads to an overdetermined system whi
h should be solved in the least-squares sense. Inthis 
ase any res
aling of equations and/or unknowns 
hanges the singular values of thesystem and hen
e the solution as well. One 
an suggest various ways of res
aling, andsome of them may lead to a serious improvement in the system behavior. The task is thento optimize the system by res
aling it so that signifi
ant information is not suppressedwhile the non-signifi
ant one is at least not enhan
ed.One 
an, for instan
e, divide an unknown xk everywhere in the system by a number �,multiplying simultaneously all 
orresponding 
oeffi
ients Aik; i = 1; : : : ; nb by �. Choos-ing various �'s for different k's, one 
an obtain substantially different matri
es. Thus onemay argue that one parti
ular 
hoi
e of res
aling 
oeffi
ients is the most suitable for ourpurposes, provided the probability matrix Â is obtained using a Monte Carlo simulationpro
edure (see Se
tion 5.2).Consider a new unknown ve
tor wj = xj=xinij , whi
h measures the deviation of x fromthe initial Monte Carlo input ve
tor xini. If one now multiplies ea
h 
olumn of the prob-ability matrix Âij by the 
orresponding number of events generated in this bin xinij , thesystem be
omes nxXj=1Aijwj = bi ; (5.24)where Aij is no longer the probability, but rather the a
tual number of events, whi
h weregenerated in bin j and ended up in bin i1. Now, x = xini 
orresponds to all 
omponentsof the ve
tor w being equal to 1, so that binii = Pnxj=1Aij: At the end of the unfoldingpro
edure, in order to obtain the 
orre
tly normalized unfolded solution xj, one has tomultiply the unfolded ve
tor w by xini:xj = wjxinij ; j = 1; : : : ; nx : (5.25)1If defined through 
ontinuous probability distributions, this new matrix is equal to the numerator ofEq. (5.6). 111



Of 
ourse, if the number of generated events is the same for ea
h bin, xini = 
onst, thenthe probability matrix Â and the number-of-events matrix A 
oin
ide up to an overall
onstant fa
tor whi
h is irrelevant for the analysis.The systems (5.2) and (5.24) are equivalent for any shape of xini, if the exa
t solutionis required, but there are two reasons why, for the 
lass of problems 
onsidered here, thesystem (5.24) is mu
h better suited.If the initial Monte Carlo distribution xini is physi
ally motivated and is reasonably
lose to the one being unfolded, the unknown ve
tor w should be smooth and should havesmall bin-to-bin variation, thus requiring less terms in the de
omposition into orthogonalfun
tions. This in turn means that more a

urate unfolding should be possible, as fewerunknowns are required in order to obtain the unfolded solution.The se
ond reason is more te
hni
al and is 
onne
ted to the singular value analysis.Whatever high statisti
s is generated in order to obtain the matrix A, some of its 
olumnsand/or rows may 
ontain very few events, and some elements Aij may have just a singleentry. In the probability matrix, these elements will 
ontain the probability one, unjus-tifiably giving a high weight to that parti
ular equation and unknown, and the fa
t thatthis element has a 100 % error is 
ompletely ignored. At the same time, highly populated
olumns with statisti
ally well-determined elements usually 
ontain values signifi
antlysmaller than 1, due to finite resolution and limited a

eptan
e. This makes the probabil-ity matrix Â a bad 
hoi
e. On the 
ontrary, the elements of the number-of-event matrixA are large if the generated statisti
s is large, and vi
e versa, thus giving a larger weightto better determined equations and unknowns.5.4.2 Res
aling EquationsThe very form of Eq. (5.22) suggests the way of res
aling the equations: after dividingea
h equation by the 
orresponding error �bi one obtains a balan
ed system, where allthe equations have equal weights. If B is not diagonal, the equation res
aling be
omesslightly more 
ompli
ated but still straightforward. Being a 
ovarian
e matrix, B shouldbe symmetri
 and positive-definite. Its SVD yields:B = QRQT ; Rii � r2i 6= 0; Rij = 0 for i 6= j; B�1 = QR�1QT : (5.26)Substituting B�1 into Eq. (5.23) one sees that after the rotation and res
aling of both ther.h.s. b and the matrix A,~Aij = 1riXm QimAmj; ~bi = 1riXm Qimbm ; (5.27)the expression being minimized looks very simple again,( ~Aw � ~b)T ( ~Aw � ~b) = min ; (5.28)and the minimization leads to the systemXj ~Aijwj = ~bi : (5.29)112



The 
ovarian
e matrix of the res
aled r.h.s., ~B, is now expli
itly made equal to the unitmatrix I, and all the equations have equal importan
e.5.5 Regularisation and UnfoldingThe transition from Eq. (5.21) to (5.28) 
hanges the appearan
e of the system from (5.2)to (5.29). The singular values of the matrix are also 
hanged, but the main problemwith small singular values still remains. The exa
t solution of Eq. (5.29) will again most
ertainly lead to a rapidly os
illating distribution, whi
h may have a smaller amplitudebut is still useless. This spurious os
illatory 
omponent should be suppressed, using somea priori knowledge about the solution. Te
hni
ally this 
an be a
hieved by adding aregularisation or stabilization term to the expression to be minimized (see Refs. [153, 149,154℄ and referen
es therein):( ~Aw � ~b)T ( ~Aw � ~b) + � � (C w)TC w = min : (5.30)Here C is a matrix whi
h defines the a priori 
ondition on the solution, while the valueof the regularisation parameter � determines the relative weight of this 
ondition. Forexample, the 
hoi
e Cik = Æik would minimize the eu
lidean norm of the ve
tor w, andif � is set to be infinitely large, this would result in a ve
tor wj = 0 for any ~A and ~b.While the optimal value of � is very mu
h problem-dependent and its determination isan important part of our pro
edure, the expli
it form of the matrix C should be 
hosenfrom general 
onsiderations. The 
ommon belief is that the solution histogram w shouldbe smooth, with small bin-to-bin variation.One appropriately defines the "
urvature" of the dis
rete distribution wj as the sumof the squares of its se
ond derivatives [149℄:Xi [(wi+1 � wi)� (wi � wi�1)℄2 : (5.31)Then the 
hoi
e C = 0BBBBBBBB� �1 1 0 0 : : :1 �2 1 0 : : :0 1 �2 1 : : :: : : : : :: : : 1 �2 1: : : 1 �1
1CCCCCCCCA (5.32)will suppress solutions w having large 
urvatures. Minimization of Eq. (5.30) leads to anew linear system, whi
h has nx additional equations:" ~Ap� � C #w = " ~b0 # : (5.33)This system is over-determined and one 
an apply SVD to the (nb+nx)�nx matrix in thel.h.s. in order to solve it. This is possible, but would require 
alling SVD for ea
h valueof �. Fortunately, a more effi
ient method (
alled sometimes damped least squares [153℄)113




an be suggested, whi
h allows to express the solution of Eq. (5.33) for any � through thesolution of the initial non-regularized problem 
orresponding to � = 0. The first step isto make the regularisation term proportional to the unit matrix I:" ~AC�1p� � I #C w = " ~b0 # : (5.34)For � = 0 the system (5.34) is equivalent to (5.29) if the inverse C�1 exists and 
an besafely 
al
ulated. The \se
ond derivative" matrix (5.32), however, is apparently degener-ate (every 
olumn and every row sums up to zero) so some measures should be taken tomake the exa
t inversion possible. The most simple thing to do is to add a small diagonal
omponent, Cik ) Cik + � � Æik, with � large enough to make the inversion possible, butsmall enough not to 
hange signifi
antly the 
ondition of minimum 
urvature. In most
ases, � = 10�3 or 10�4 is a good 
hoi
e. C now is a symmetri
 non-singular matrix,C = 0BBBBBBBB� �1 + � 1 0 0 : : :1 �2 + � 1 0 : : :0 1 �2 + � 1 : : :: : : : : :: : : 1 �2 + � 1: : : 1 �1 + �
1CCCCCCCCA (5.35)

whi
h 
an be inverted using standard te
hniques2.In order to solve the system (5.34) with � = 0. first, one needs SVD to de
omposethe produ
t of matri
es ~AC�1: ~AC�1 = U S V T : (5.36)Here, on
e again, U and V are orthogonal and S is diagonal, with non-in
reasing positivediagonal elements si. Rotating both ~b and Cw one obtains the diagonal system:d � UT~b ; z � V TC w : (5.37)The system now looks (and a
tually is) very simple:si � zi = di ; i = 1; : : : ; nx : (5.38)Note that be
ause the 
ovarian
e matrix of the r.h.s. ~b was made equal to the unit matrix,the orthogonality of U guarantees that the new rotated r.h.s. d also has a unit 
ovarian
ematrix, i.e., the equations (5.38) are 
ompletely independent and have identi
al unit errorsin their r.h.s.Solving (5.38) yields the exa
t solution of the non-regularized system:z(0)i = disi ; w(0) = C�1V z(0) ; (5.39)2One has, however, to be 
areful, as the matrix is very 
lose to a singular one, and some of the standardroutines may not work for small � (even in double numeri
al pre
ision). For example RFIN, RSINV andRSFINV fail for � = 10�4, while RINV is su

essful. It is 
onvenient to use SVD on
e again for thispurpose: de
ompose C = UCSCV TC and then 
al
ulate C�1 = VCS�1C UTC .114



and the true distribution x 
an be obtained by multiplying ea
h wi by the 
orrespondingxinii . With � = 0 there is no regularisation, so this solution is as useless as it used to be.But the solution of the system (5.33) with non-zero � 
an now be found easily using thepro
edure explained in detail in Ref. [153℄ (Chapter 25, Se
t.4). In short, introdu
ing anon-zero � is effe
tively equivalent to 
hanging di by a regularized distribution:d(�)i = di s2is2i + � ; (5.40)so that the solution of the rotated system be
omesz(�)i = di sis2i + � ; w(�) = C�1V z(�) : (5.41)One 
an now see how a non-zero � regularizes the singularities due to small si's, effe
tivelyworking as a low-pass filter in the language of Fourier-transform. By definition, si is smallwhen the index i is large, whi
h in general 
orresponds to qui
kly os
illating singularve
tors (i.e., 
olumns of U and V ) defining the new basis in the rotated spa
e. Continuingthe analogy with Fourier analysis, one 
an mention that the 
utoff provided by the aboveregularisation pro
edure happens to be quite smooth, thus avoiding spe
ifi
 quasi-periodi

u
tuations of the solution known as the Gibbs phenomenon.The 
ovarian
e matri
es Z and W of the solutions (5.41) now read:Z(�)ik = s2i(s2i + �)2 � Æik ;W (�) = C�1V Z(�)V T CT�1 : (5.42)In order to obtain the true unfolded distribution x and its 
ovarian
e matrix X onemultiplies w and W by the initial Monte Carlo distribution xini:x(�)i = xinii w(�)i ; (5.43)X(�)ik = xinii W (�)ik xinik : (5.44)It is important to note that while Eqs. (5.43) and (5.44) are regularized and as su
hdepend on the value of �, the inverse of the 
ovarian
e matrix X�1 (whi
h should be usedfor any �2 
al
ulation involving the unfolded distribution (5.43)), is regular and readily
al
ulable: X�1jk = 1xinij xinik Xi ~Aij ~Aik : (5.45)In fa
t, X(�) defined by Eq. (5.44) is the e�e
tive pseudoinverse of the matrix (5.45). Thismeans that while the equation X(�)X�1X(�) = X(�) (5.46)is valid as if X(�) were the true inverse of X�1, for a different ordering one has (see [152,153℄): k X�1X(�)X�1 �X�1 k< � : (5.47)115



5.6 Error Analysis and Choi
e of �Important and interesting information about the whole problem 
an be dis
losed by plot-ting di, or, better, logjdij versus i. The i-th 
omponent of the ve
tor d is the 
oeffi
ient inthe de
omposition of the measured (and res
aled) histogram ~b in front of a basis fun
tiondefined by the i-th 
olumn of the rotation matrix U . For reasonably smooth measureddistributions, only the first few (say, k) terms of the de
omposition are expe
ted to besignifi
ant, while the 
ontribution of qui
kly os
illating basis ve
tors 
orresponding tolarge values of i > k should be 
ompatible with zero, well within the statisti
al errors indi (whi
h are equal to 1 for all i). So, on the plot one should see two separate patterns(see Se
tion 5.8 for a few illustrations): for small i, di should be statisti
ally signifi
ant,jdij � 1, falling gradually (usually exponentially) towards a gaussian-distributed randomvalue for large i with the standard deviation equal to 1 and the mean 
lose to zero (theabsolute values of non-signifi
ant 
omponents jdij; i > k should have the average 
lose toq2=� � 0:8). The 
riti
al value i = k, after whi
h di's are non-signifi
ant, determines theeffe
tive rank of the obtained system of equations. Usually it is 
learly seen on the plotof logjdij versus i, as the value of i where the behavior of di 
hanges from exponentiallyfalling to a 
onstant.The standard statisti
al tests 
an be used to 
he
k whether the last nx � k 
ompo-nents of di are 
ompatible with the expe
ted normal distribution with zero mean andunit varian
e. If this is not the 
ase, then the errors in the measured data (or maybethe response matrix itself) seem not to be estimated 
orre
tly. If, for example,the a
tualmeasurement errors in b are under(over)estimated, then the varian
e of di for i > k will besmaller (larger) than 1. Moreover, if some additional 
orrelations exist in the measureddata whi
h are not a

ounted for in the 
ovarian
e matrix B, then logjdij may steadilyde
rease for all i, though probably for i > k the slope will be different. All this shows thatthe analysis of the plot of logjdij versus i is of great interest by itself, being able to revealthe a
tual level of understanding the measurement errors in the experiment des
ribed bythe simulated matrix A.If the number of statisti
ally signifi
ant equations is determined to be equal to k, theregularisation parameter � is appropriately put equal to the square of the kth singularvalue sk � Skk of the matrix ~AC�1, determined in Eq. (5.36):� = s2k : (5.48)With � given by (5.48), the unfolded ve
tor x, its 
ovarian
e matrix X and the inverse ofthe latter X�1 are 
ompletely defined by the 
orresponding Eqs. (5.43), (5.44) and (5.45),forming the solution of the unfolding problem.Yet another (and maybe more 
onvin
ing) way of determining � is to generate a testdistribution whi
h is 
lose to the expe
ted true one, but still signifi
antly different fromthe initial Monte Carlo distribution xini. Then one should simulate the measurementpro
ess by applying the response matrix to it, and add 
orresponding random statisti
alerrors to the thus obtained "measured" distribution. The des
ribed unfolding pro
edureshould be applied to the latter, and the best 
hoi
e for � is the one giving the smallest116



�2 between the test and the unfolded distributions (see our se
ond example in Se
t. 5.8).This approa
h is followed in the � spe
tral fun
tions analysis analysis.5.7 The AlgorithmIn this se
tion the 
on
ise des
ription of the 
omplete unfolding algorithm is presented.The algorithm is linear (i.e., 
ontains no loops) and 
an be divided into three distin
tparts: initialization, res
aling/rotation and a
tual unfolding. Ea
h step in
ludes refer-en
es to relevant subse
tions and equations.{ Initialization:1. Define the number of bins nb and bin boundaries of the measured histogram b.2. Define the number of bins nx and bin boundaries, 
ommon for the initial MonteCarlo xini and the unfolded distribution x.3. Build the \se
ond derivative" matrix C, a

ording to Eq. (5.35).4. Cal
ulate the inverse C�1 (see Se
tion 5.5).5. Generate the initial Monte Carlo histogram xini, and simulate the dete
torresponse in terms of the two-dimensional nb � nx histogram A. The elementsof A should 
ontain a
tual numbers of events rather than probabilities.6. Read and fill the measured distribution b and its 
ovarian
e matrix B.{ Res
aling and rotation:1. Perform SVD of the 
ovarian
e matrix B, a

ording to Eq. (5.26).2. Rotate and res
ale both the r.h.s. b and the matrix A, in order to makethe 
ovarian
e matrix of the r.h.s. equal to the unit matrix, a

ording toEqs. (5.27).3. Cal
ulate the inverse of the 
ovarian
e matrix, X�1, of the unfolded ve
tor x,a

ording to Eq. (5.45).4. Multiply matri
es ~A and C�1 and perform SVD of the produ
t, a

ording toEq. (5.36).5. Cal
ulate the rotated r.h.s. d, a

ording to Eq. (5.37).{ Unfolding:1. Plot logjdij vs i and determine the effe
tive rank k of the system (see Se
-tion 5.6).2. Put � = s2k.3. Alternatively, put � = s2k and determine the the appropriate k by means of asimulated test distribution where the true distribution is known.4. Cal
ulate z(�); w(�); Z(�);W (�), a

ording to Eqs. (5.41-5.42).117



5. Cal
ulate the unfolded distribution x(�) and its 
ovarian
e matrix X(�), a

ord-ing to Eqs. (5.43-5.44).The ve
tor x(�) and matri
es X(�) and X�1 form the 
omplete solution of the unfoldingproblem defined by the matrix A, simulated initial distribution xini, the measured ve
torb and its 
ovarian
e matrix B.5.8 ExamplesThe use of the unfolding pro
edure des
ribed above is now illustrated with two examples.The first one is rather a
ademi
, and it is in
luded be
ause it was already used inRefs. [149℄ and [154℄. The response fun
tion Â(y; ytrue) is given byÂ(y; ytrue) = h1� 0:5(1� ytrue 2)i n4exp[�50(y � ytrue + 0:05ytrue 2)2℄o : (5.49)Then the probability response matrix was built a

ording to Eq. (5.6) for 40 equidistantbins in the interval (0,2) for both ytrue and y. The matrix is presented in Fig. 5.1a. Thetrue 
ontinuous distribution is taken to beX (ytrue) = 44 + (ytrue � 0:4)2 + 0:40:04 + (ytrue � 0:8)2 + 0:20:04 + (ytrue � 1:5)2 : (5.50)After the 
onvolution (5.5), the distribution B(y) is dis
retized a

ording to Eq. (5.4).Simulating a 
ounting experiment, a random normally distributed error is then addedto ea
h entry, assuming the overall initial statisti
s of 5000 events. The resulting \mea-sured" distribution b is plotted in Fig. 5.1b by a dotted line. The distortions 
aused by themeasurement pro
ess 
an be seen by 
omparing the latter to the true distribution (5.50),shown by the solid 
urve in Fig. 5.1b.The unfolding algorithm des
ribed above is then applied to the distribution b. Fig. 5.1
shows the plot of the res
aled and rotated r.h.s. ve
tor d. The solid line 
orresponds tothe a
tual measured histogram, and the horizontal dashed line shows the one standarddeviation statisti
al error in di, whi
h is equal to one for ea
h i. One 
an see that afteri = 10 the 
omponents di are 
learly non-signifi
ant. The 
atness of this distribution fori > 10 and its apparent 
ompatibility with the expe
ted gaussian distribution with zeromean and unit varian
e, is in fa
t a test of the gaussian random number generator usedto generate the errors in the measured histogram b. Restri
ting oneself to less than 10equations, one loses signifi
ant information. Namely, the 
hoi
e k = 1 leaves effe
tivelyonly one equation, and the obtained \unfolded" distribution x(1) will be nothing else buta 
onstant. On the 
ontrary, by taking more than 10 equations one in
ludes rapidly os-
illating 
omponents with non-signifi
ant (and large) 
oeffi
ients di=si. In this parti
ularexample taking k = 40 would result in a distribution x wildly os
illating with the ampli-tude of about 5000 (see Fig. 5.2 for � = s26 and � = s215).The shape of the distribution d suggests that the effe
tive rank k should be put equalto 10. The dashed line on Fig. 5.1
 shows the regularized distribution d(�) 
al
ulated using118
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u
tuations and thus the statisti
al errors.(5.40), with � = s210. It is interesting to 
ompare this distribution with the similar one
al
ulated for the exa
t true distribution (5.50) by the same pro
edure of res
aling androtation, but without adding the random error (the dotted histogram in Fig. 5.1
). One
an see that the regularized distribution is quite 
lose to the true exa
t one.The obtained distribution d(�) is then used to 
al
ulate the unfolded histogram x(�),plotted in Fig. 5.1b (data points). It should be 
ompared to the true distribution (5.50),shown by the smooth solid 
urve. Note that the error bars in x(�) a

ount only for thediagonal elements of the 
ovarian
e matrix X, and thus underestimate the a
tual errors.The 
orrelations between adja
ent bins x(�)j are quite signifi
ant, so one should use theexa
t inverse of the 
ovarian
e matrix X�1 for any kind of �2 
al
ulation involving theunfolded ve
tor, and the regularized 
ovarian
e matrix X(�) for the further error propa-gation.Fig. 5.1d presents the differen
e between the exa
t distribution and the unfolded one,together with the bands showing one and two standard deviation statisti
al 
u
tuationsin the true exa
t distribution. At this s
ale, one still observes some os
illations of the un-folded solution, but they are well balan
ed, distributed almost uniformly, and are 
onfinedinside the two standard deviation band of the true solution, thus indi
ating that the gen-uine error is about twi
e as large as the true statisti
al one would be, if the measurementswere exa
t. The average �2 over the 40 bins is equal to 0.9, meaning that the unfoldeddistribution is quite satisfa
tory. 120



In the se
ond example a simulated spe
trum of the invariant mass of two pions isunfolded, 
orresponding to the �(770)-meson mass region. An artifi
ial two-dimensionalhistogram re
e
ting a possible dete
tor behavior is generated as the dete
tor responsematrix A, and is shown in Fig. 5.3a. This time it is a number-of-event matrix resultingfrom Monte Carlo simulation, as opposed to the probability matrix obtained by the in-tegration of some analyti
al response fun
tion used in the previous example. The matrixis far from being diagonal, and the initial simulated distribution xini, shown by a dottedline in Fig. 5.3b, varies by about four orders of magnitude.The "measured" distribution b was obtained in a way similar to the first example: adistribution xtest was generated (solid line in Fig. 5.3b), whi
h has a behavior distin
tlydifferent from xini. The measurement pro
ess was then simulated by the matrix multipli-
ation: Xj Aij xtestjxinij = bi ; (5.51)and finally a random gaussian error was added to ea
h entry bi, simulating statisti
al
u
tuations.Res
aling and rotation results in a distribution di plotted in Fig. 5.3
. One sees thatthe effe
tive rank of the system k is 
lose to 9, so the parameter � should be set to thesquare of the 9th singular value of the matrix AC�1. The 
omponents di with i > 9 are
learly 
ompatible with zero and have standard deviation 
lose to one, thus 
onfirmingthat the errors in the measured data are estimated 
orre
tly.As in the first example, the 
hoi
e k = 1 would leave us effe
tively with only oneequation, and the obtained \unfolded" distribution x(1) will be nothing else but the ini-tial Monte Carlo distribution xini, shown by the dotted line in Fig. 5.3b. As for thesolution of the non-regularized system with � = 0, it would in
lude all non-signifi
ant
omponents and would os
illate rapidly within the range �(2 � 3) � 104. This solutiondepends on the ma
hine a

ura
y and obviously does not make sense.The regularized distribution d(�)i is shown by a dashed line in Fig. 5.3
. It is to be
ompared with the exa
t distribution dtest 
orresponding to the ve
tor (5.51) after thesame pro
edure of res
aling and rotation, but without the random error added. One 
ansee that the regularized ve
tor is mu
h 
loser to the true exa
t one for large i > 9. Theresulting unfolded histogram x(�)i is shown by the data points in Fig. 5.3b. The differen
eof the unfolded and the exa
t test distributions is presented in Fig. 5.3d, together with oneand two standard deviation bands des
ribing the statisti
al errors in the test ve
tor. Here,too, the error bars show just the diagonal elements of the error matrix, whi
h in fa
t 
on-tains quite strong bin-to-bin 
orrelations. The agreement is very good indeed, espe
iallyif one 
onsiders the four orders of magnitude variation range of the test distribution.5.9 Con
lusionThe data unfolding method developed above 
an be used in a wide range of appli
ations,but is espe
ially well-suited for high energy physi
s, where the response matrix is usually121



M ρ  
measured

Mρ
dN

/d
M

ρ

i Mρ

0.5
1

1.5

0.5

1

1.5

10

10 2

10 3

1

10

10 2

10 3

10 4

10 5

0.5 1 1.5

10
-10

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

1

10

10 2
10 3
10 4
10 5
10 6

10 20 30
-200

-150

-100

-50

0

50

100

150

200

250

0.5 1 1.5Figure 5.3: a). The simulated number-of-events response matrix A. b). The true testdistribution xtest (solid line) 
ompared to the unfolded one (data points). The dashedhistogram 
orresponds to the initial distribution xini a

ording to whi
h the response matrixwas generated. 
). The absolute values of di (solid line) 
ompared to the regularizedr.h.s. (dashed line) and the one una�e
ted by the statisti
al 
u
tuations (dotted line).The horizontal line shows statisti
al errors in di, while the arrow indi
ates the boundarybetween the signi�
ant and non-signi�
ant equations. d). The deviation of the unfoldeddistribution from the true exa
t one (see text for details).
122



estimated by a Monte Carlo simulation of the measurement pro
ess, using some physi
allymotivated initial distribution of the quantity under 
onsideration.The use of a very versatile and 
exible tool | the Singular Value De
omposition of amatrix | allowed to derive a 
on
ise loop-free algorithm for data unfolding.Obviously, 
urvature minimization as regularisation 
riterion introdu
es some system-ati
 bias into the unfolded distribution. Thus, if the probability response matrix is used,the method will lead to a

eptable results only if the true solution is indeed smooth.However, when one uses the number-of-events response matrix, the 
ondition of mini-mum 
urvature means that the deviation of the expe
ted distribution from the initialMonte Carlo one should be smooth enough. This allows one to use the pro
edure in
ases when the measured distribution has some stru
ture and/or a wide variation range,provided the initial Monte Carlo has a similar behaviour. If this is the 
ase, then evenfor the small effe
tive rank of the system, when the unfolded distribution happens to bequite 
lose to the initial Monte Carlo, the former (in 
onjun
tion with the error matrixand its inverse) is still expe
ted to give a useful solution of the problem.For the measurement of ex
lusive spe
tral fun
tions, individual unfolding pro
edureswith spe
ifi
 dete
tor response matri
es AX and 
ut parameters �X are applied for ea
h� de
ay 
hannel X 
onsidered.
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Chapter 6Spe
tral Fun
tions for Ex
lusive �De
ay ModesThe spe
tral fun
tion analysis distinguishes between ve
tor and axial-ve
tor modes. Thedominant ve
tor 
ontributions are supplied by the de
ay 
hannels ��! ���0 �� (domi-nated by �� ! ���0) and ��! 2���+�0 �� . The axial-ve
tor spe
tral fun
tion is mainlyobtained from the ��! (3�)� �� (dominated by a�1 ! (3�)�) de
ay.6.1 Ve
tor Spe
tral Fun
tionsThe following ve
tor � de
ay modes are ex
lusively re
onstru
ted: ���0 �� , ��3�0 �� ,2���+�0 �� , 2���+3�0 ��and 3��2�+�0 �� . The measured mass-squared spe
tra 
orre-sponding to these 
hannels are shown in Fig. 6.1 and 6.2. Before unfolding them, the� and non-� ba
kground and the strange 
ontributions are subtra
ted out using theMonte Carlo simulation1 whi
h is based on models of resonan
e produ
tion implementedin KORALZ3.8 with TAUOLA1.5 as � de
ay library [140, 141, 142℄. Remaining hadrons arethought to be pions only.The spe
tral fun
tions of the dominant two- and four-pion modes are shown in Fig. 6.3.The errors shown are the diagonal elements of the 
ovarian
e matrix. They in
lude bothstatisti
al and systemati
 un
ertainties. The 2���+�0 �� de
ay mode is 
ompared to dataof the ARGUS Collaboration [3℄.The In
lusive � Ve
tor Spe
tral Fun
tionThe total in
lusive ve
tor 
urrent spe
tral fun
tion is obtained by summing up the ex
lu-sive spe
tral fun
tions with the addition of small 
ontributions from unmeasured modes,as dis
ussed below. Table 6.1 gives a survey of the ex
lusive de
ay modes 
onsidered,their 
lassifi
ation and the 
orresponding bran
hing ratios. If not otherwise spe
ified,the latter were taken from ALEPH publi
ations [24, 5℄ 
omplemented by CLEO measure-ments [155, 156, 157, 158℄ and new results about bran
hing fra
tions of � de
ay modes1No strange 
ontribution is assumed in the 2h�h+3�0 �� 
hannel.125
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les.involving kaons presented in Refs. [159, 47℄. The individual fra
tions have been refitted sothat the sum of all bran
hing ratios adds up to 100%. The bran
hing ratios of the subse-quent meson de
ays are taken from [17℄. The small 
ontributions labeled \MC" are takenfrom the Monte Carlo simulation. The two-, four- and six-pion modes are ex
lusivelyre
onstru
ted as explained in Se
tion 6.1. Spe
ial 
are is taken with isospin-violating !and � de
ays, and with final state Kaon produ
tion, as explained in the following:{ The de
ay 
hannel ��!! �� �� is partly re
onstru
ted in the 2���+�0 �� 
lass(! ! �+���0), in the h� 2�0 �� 
lass (! ! �0
) and in the 2���+ �� 
lass (! !�+��). Corre
tions to the in
lusive � ve
tor spe
tral fun
tion are applied for thelatter two 
ases using invariant mass-squared distributions predi
ted by the MonteCarlo simulation. The systemati
 error due to the un
ertainties in the Monte Carlopredi
tions is estimated to be 20% in every simulated mass bin. For all the following
hannels where the Monte Carlo simulation is used to 
omplete the in
lusive � ve
tor
urrent spe
tral fun
tion, the un
ertainty is assumed to be 50% in every simulatedmass bin in order to take into a

ount the poorer knowledge of the spe
trum.{ The de
ay 
hannel K�K0 �� 
onsists of 50% K0L and 50% K0S. The long-lived K0L126
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does not de
ay within the rea
h of the ALEPH tra
king system. Its 
hara
teristi
signature in the dete
tor is a large energy deposition in the HCAL, ex
eeding theexpe
ted amount from the 
harged kaon alone. The de
ay rate for ��!K�K0L ��was measured by ALEPH [162, 145℄. The K�K0L �� de
ay is in
luded in the in-
lusive ��! h� �� sele
tion sample. The K�K0S �� de
ay is re
onstru
ted in the2���+ �� and ��2�0 �� samples whi
h are dominated by axial-ve
tor de
ays. Thusboth K�K0 �� 
ontributions are taken from the simulation and added to the ve
torspe
tral fun
tions.{ The � de
ay 
hannel � ���0 �� is re
onstru
ted in the in
lusive 
hannels ��3�0 �� ,��4�0 �� and 2���+2�0 �� . The last two 
ontributions to the � ve
tor spe
tralfun
tions are taken from the simulation, whereas in the ��3�0 �� 
hannel, the mea-surement in
ludes the 
ontribution from the � ���0 �� mode.{ By virtue of isospin 
onstraints it was dedu
ed in Ref. [90℄ that the � de
ay modesK�K0�0 �� , K�K+�� �� and K0 �K0�� �� are originating to (78+22�28)% from ve
tor
urrents. Their 
ontributions to the � ve
tor spe
tral fun
tions are taken from thesimulation. Negle
ting so-
alled se
ond 
lass 
urrents, the bran
hing ratios of bothK�K�� states are equal using isospin symmetry ([54℄ and referen
es therein).{ The � de
ay into K�K�� is poorly known. A

ording to their respe
tive final states,about 40% of the K�K�� de
ays are re
onstru
ted in ve
tor 
hannels while about30% (30%) are sele
ted in the axial-ve
tor (strange) 
hannels. The ve
tor part ofthe total K�K�� bran
hing ratio is estimated to be (0.08� 0.08)%.{ For the six-pion final states, one 
an dedu
e most restri
tive upper bounds for un-known or unpre
isely measured 
hannels utilizing isospin invarian
e in 
onjun
tionwith the method developed by Pais [52℄ (see Se
tion 1.4) in whi
h the � partial widthis de
omposed into a set of orthogonal 
lasses fijkg. As values for the 
orrespondingbran
hing ratios one may take half the bounds with 100% un
ertainty. Using advan-tageously only the 3��2�+�0 �� data [24, 17, 155℄ and subtra
ting from it the 
ontri-bution from the isospin violating, axial-ve
tor � 2���+ final state [163℄, one obtainsa total ve
tor six-pion bran
hing ratio of B(��! (6�)�V �� ) = (0:037�0:022)% froman upper (lower) limit when 
hoosing the 
lass f330g (f411g) to be dominant.The 
omplete in
lusive � ve
tor spe
tral fun
tion is shown in the lower right hand plotof Fig. 6.4. The dashed line depi
ts the naive parton model predi
tion2, while the QCD2The low energy I = 1+ 0 in
lusive naive parton model predi
tion for R(1+0)(s) is obtained from thesum over the quark 
harges squaredR(1+0)(s) = NC �Xq=u;d;sQ2q = 2 ;with three 
olours NC = 3. Only the isove
tor part R(1)(s) is CVC related to the � ve
tor spe
tralfun
tions. The quark model yields for the isove
tor triplet j1; 1i = �u �d , j1; 0i = (u�u � d �d)=p2 ,j1;�1i = d�u , and for the isos
alar singlets j0; 0i = (u�u + d �d)=p2 and j0; 0i = s�s. Only the j1; 0i andj0; 0i states are allowed. Thus, the total 
ross se
tions read R(1)(s) = 3 � (2=3 + 1=3)2=2 = 3=2 andR(0)(s) = 3 � ((2=3 � 1=3)2=2 + 1=9) = 1=2, respe
tively. The CVC parton model predi
tion for the129
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tor spe
tral fun
tion. The 
olors indi
ate the respe
tive 
ontributionsfrom the � ve
tor 
hannels.predi
tion lies roughly 14% higher. One observes that at s � M2� the in
lusive � ve
torspe
tral fun
tion is larger than the QCD predi
tion, i.e., the asymptoti
 region is still notrea
hed. Fig. 6.5 depi
ts the 
orresponding 
orrelation matrix.6.2 Axial-Ve
tor Spe
tral Fun
tionsEx
lusively measured axial-ve
tor 
hannels are the three-pion spe
tral fun
tions, o

ur-ring in both final states 2���+ �� and ��2�0 �� , and the five-pion modes 3��2�+ �� and2���+2�0 �� . The 
orresponding invariant mass-squared spe
tra before unfolding are de-pi
ted for data and Monte Carlo simulation in Figs. 6.6 and 6.7. The small shoulder seenin the measured 2���+ �� spe
trum at low mass-squared (upper plot in Fig. 6.6) stemsfrom de
ays where only two tra
ks are re
onstru
ted and the invariant mass as a resulttotal I = 1 ve
tor spe
tral fun
tion is then v1(s) = 1=2. Perturbative QCD does not distinguish betweenve
tor and axial-ve
tor 
urrents so that one 
orrespondingly has a1(s) = 1=2.
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lusive � ve
tor spe
tralfun
tion shown in Figure 6.4. The shaded (empty) boxes are proportional to the positive(negative) 
orrelation in the interval [0; 1℄ ([0; j � 1j℄). The 
ontour lines illustrate the75% (solid line), 50% (dashed line) and 25% (dotted line) 
orrelations, respe
tively, forpositive and negative 
orrelations.is underestimated. Due to in
omplete ECAL energy 
olle
tion, the measured ��2�0 ��distribution is slightly shifted to lower masses. These details are well reprodu
ed by thedete
tor simulation.The � de
ay library TAUOLA1.5 employs for both three-pion de
ay modes the iden-ti
al K�uhn-Santamaria parametrisation (KS) [164℄ based on a dominant large a�1 (1260)resonan
e, �a1(1260) = 0:4 GeV=
2, whi
h de
ays into ��(770)�0 ! ��2�0 or �0(770)�� !2���+ where in the Dalitz plane of one given final state the two possible two �� 
om-binations interfere. S
alar 
ontributions to the three pion de
ay, e.g., �(1300) ! ��,suppressed by the PCAC theorem and by heli
ity 
onsiderations, are negle
ted in themodel. Re
ently, the DELPHI Collaboration 
laimed some eviden
e for an additional a01resonan
e 
ontribution at high invariant masses [42℄ yielding a slight ex
ess at the phasespa
e suppressed end of the measured mass spe
trum 
ompared to the pure KS a1(1260)model. The questioned mass region is zoomed in Fig. 6.6. No ex
ess, neither in the three131
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harged pion nor in the ��2�0 mass-squared spe
tra is observed in ALEPH data withrespe
t to the Monte Carlo simulation.Fig. 6.8 shows the unfolded 2���+ �� and ��2�0 �� mass spe
tra with reasonableagreement in form and normalization (�2 = 41:4 per 59 (
orrelated) degrees of freedom).In the following both 
hannels are assumed to have identi
al spe
tra so that it is appropri-ate to use the weighted average of the distributions for the in
lusive axial-ve
tor spe
tral132
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ays �� ! 3��2�+ �� and��! 2���+2�0 �� . The points are the ALEPH data, the histograms represent the simu-lation and the hat
hed areas are the expe
ted � ba
kground distributions a

ording to thesimulation.fun
tion3.The In
lusive � Axial-Ve
tor Spe
tral Fun
tionIn 
omplete analogy to the ve
tor spe
tral fun
tion the in
lusive axial-ve
tor spe
tralfun
tion is obtained by summing up the ex
lusive axial-ve
tor spe
tral fun
tions with theaddition of small unmeasured modes taken from the Monte Carlo simulation. Table 6.2gives a 
ompilation of the ex
lusive axial-ve
tor bran
hing ratios used.{ The five-pion spe
tral fun
tions are ex
lusively measured in the 2���+2�0 �� and3��2�+ �� final states. Using Pais' isospin 
lasses [52℄ (see Tab. 1.1 in Se
tion 1.4),the bran
hing fra
tion of ��4�0 �� 
an be bounded entirely using the 3��2�+�0 ��bran
hing fra
tion. It is found to be smaller than 0.055%. Half of this upper limitis taken with an error of 100%.3Note that the weighted average is 
al
ulated between two intrinsi
ally 
orrelated distributions. Theaveraged distribution k with bin entries ki; i = 1; : : : ; Nbin is defined to minimize the �2�2 = (x(��+) � k)C�1(��+)(x(��+) � k) + (x(�00) � k)C�1(�00)(x(�00) � k) ;where the indi
es denote the 
harges of the respe
tive � final states, x are the mass-squared distributionsand C�1 the 
orresponding inverted 
ovarian
e matri
es. The weighted average is then the solution ofthe system of linear equations x(��+)C�1(��+) + x(�00)C�1(�00) = k(C�1(��+) + C�1(�00)) , and the 
ovarian
ematrix of the average be
omes C�1k = C�1(��+) + C�1(�00) . See also Se
tion 9.2 in Chapter 9.133
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Figure 6.10: Invariant massM3�� measured by the CLEO Collaboration [163℄. The shadedarea des
ribes e+e�! q�q ba
kground.{ Corresponding to the ve
tor 
ase, the small fra
tion of the ! ���0 �� de
ay 
hannelthat is not a

umulated in the 2���+2�0 �� final state is added from the simulation.{ Also 
onsidered are the axial-ve
tor � (3�)� �� final states [163℄. CLEO observedthat the dominant part of it issues from the ��! f1(1285)�� intermediate state(B(��! f1�� �� ) = 0:068 � 0:030%, measured from the f1 ! � �+�� and f1 !� �0�0 de
ay modes [163℄, see Fig. 6.10), whi
h means that owing to the isos
alarnessof the f1 meson the respe
tive bran
hing ratios relate as B(�� ! � 2���+ �� ) =2� B(��! � ��2�0 �� ) . The distributions are taken from ordinary six-pion phasespa
e simulation a

ompanied by large systemati
 errors.{ The K�K� and K�K�� final states 
ontribute with (22�22+28)% and (50� 50)%, respe
-tively, to the in
lusive axial-ve
tor spe
tral fun
tion, with full anti
orrelation to thein
lusive ve
tor spe
tral fun
tion. Both spe
tral fun
tions are taken from the simu-lation a

ompanied by 
omfortable systemati
 errors due to the un
ertainty of therespe
tive invariant mass distributions.The total in
lusive axial-ve
tor spe
tral fun
tion is plotted in Fig. 6.9 together withthe naive parton model predi
tion, One observes that the asymptoti
 region is apparentlynot rea
hed at the � mass s
ale. One may expe
t additional os
illations to lift the spe
tralfun
tion to roughly 1.14 times the naive parton model predi
tion, where 14% is expe
tedasymptoti
ally for low energy e+e� annihilation 
ross se
tions to be the QCD perturbative
orre
tion. 135
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naive parton model prediction
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lusively measured ve
tor plus axial-ve
tor (v1 + a1) spe
tral fun
tion(without the pion pole). Again, the dashed line represents the naive parton model pre-di
tion.6.3 (v1 + a1) Spe
tral Fun
tionIn the favourable 
ase of the ve
tor plus axial-ve
tor spe
tral fun
tion one does not have todistinguish the 
urrent properties of the respe
tive non-strange hadroni
 � de
ay 
hannels.Hen
e the mixture of all 
ontributing non-strange final states is measured as in
lusivelyas possible. The dominating two- and three-pion final states are still measured ex
lu-sively, while the remaining 
ontributing topologies are treated in
lusively, i.e., withoutany subtra
tion of � -ba
kground originating from one of the 
ontributing de
ay modes.This improves statisti
s. Another even more important advantage is, that one does nothave to worry about the 
urrent properties of the K�K� and K�K�� modes or about pos-sible missing, i.e., unmeasured � de
ay modes as they are ne
essarily 
ontained in thein
lusive sample.The (v1+ a1) spe
tral fun
tion is depi
ted in Fig. 6.11. The improvement in pre
ision136



in 
omparison to an ex
lusive sum of Fig. 6.4 and Fig. 6.9 be
omes obvious at highermass-squared. One 
learly sees the os
illating behaviour of the spe
tral fun
tion whi
hseems, on the 
ontrary to the ex
lusive ve
tor/axial-ve
tor spe
tral fun
tions, to approxi-mately rea
h the asymptoti
 limit at s!M2� , whi
h is predi
ted from perturbative QCDto lie about 14% higher than the naive parton model predi
tion.
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original �� � bran
hingve
tor mode final state input data ratio (in%)���0 �� 25.35 � 0.19��3�0 �� 1.17 � 0.142���+�0 �� 2.54 � 0.092���+3�0 �� 2���+3�03��2�+�0 �� 3��2�+�0 ) 0.037 � 0.022(1)��5�0 �� {2���+�0 �� 2���+�0 1.63 � 0.08! �� �� ���0
 �� MC 0.155 � 0.0102�� �+ �� MC 0.038 � 0.005���0 2
 �� ��3�0 0.068 � 0.011�� 4�0 �� MC 0.055 � 0.009� ���0 �� 2���+ 2�0 �� MC 0.039 � 0.0072���+�0
 �� MC 0.008 � 0.001K�K0 �� MC 0.194 � 0.042K�K0�0 �� (V) MC 0.078 � 0.036 � 0.025K�K+ �� �� [160, 161℄ (V) MC 0.131 � 0.023 � 0.042K0 �K0�� �� (V) MC 0.131 � 0.023 � 0.042(1)K�K�� (V) MC 0.08 � 0.08Total Ve
tor 31.71 � 0.311The bran
hing ratio is obtained using isospin invarian
e as explained in the text.Table 6.1: Tau de
ays 
ontributing to the total in
lusive ve
tor 
urrent spe
tral fun
tion.The �rst and se
ond 
olumns 
ontain the physi
al de
ay modes and the 
orresponding �nalstates. The third 
olumn shows the topology as re
onstru
ted in the dete
tor. Contributionsfrom the \MC" labeled modes, are taken from the Monte Carlo simulation. The right-hand
olumn gives the 
orresponding �nal state bran
hing ratios. The ve
tor part (V) of theK�K� �� modes is estimated to be (78+22�28)% [90℄. The last line gives the total bran
hingfra
tion of ve
tor hadroni
 � de
ays.
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original �� � bran
hingve
tor mode final state input data ratio (in%)�� �� 11.23 � 0.16��2�0 �� 9.23 � 0.172���+ �� 9.13 � 0.15��4�0 �� 0.03 � 0.032���+2�0 �� 0.09 � 0.023��2�+ �� 0.066 � 0.0082���+2�0 �� 2���+2�0 0.34 � 0.10! ���0 �� ��2�0
 �� MC 0.032 � 0.0092�� �+�0 �� MC 0.009 � 0.002� 2���+ �� MC 0.04 � 0.01� ��2�0 �� MC 0.02 � 0.01K�K0�0 �� (A) MC 0.022 � 0.010 � 0.022K�K+ �� �� [160, 161℄ (A) MC 0.037 � 0.007 � 0.037K0 �K0�� �� (A) MC 0.037 � 0.007 � 0.037(1)K�K�� Axial-Ve
tor MC 0.08 � 0.08Total Axial-Ve
tor 30.41 � 0.321The bran
hing ratio is obtained using isospin invarian
e as explained in the text.Table 6.2: Tau de
ays 
ontributing to the in
lusive axial-ve
tor 
urrent spe
tral fun
tion.The �rst and se
ond 
olumns 
ontain the physi
al de
ay modes and the 
orresponding �nalstates. The third 
olumn shows the topology as re
onstru
ted in the dete
tor. Contributionsfrom the \MC" labeled modes, are taken from the Monte Carlo simulation. The right-hand
olumn gives the 
orresponding �nal state bran
hing ratios. The axial-ve
tor part (A) ofthe K�K� �� modes is estimated to be (22�22+28)% [90℄. The last line gives the total bran
hingfra
tion of axial-ve
tor hadroni
 � de
ays.
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Chapter 7Studies of Systemati
 Un
ertaintiesThe study of systemati
 errors affe
ting the measurement is subdivided into several 
lassesa

ording to their origin, i.e., the photon and �0 re
onstru
tion, the 
harged tra
k mea-surement, the unfolding pro
edure and additional sour
es. All systemati
 un
ertainties
on
erning the 
lassifi
ation are 
ontained in the errors of the bran
hing ratios measuredunder equivalent 
onditions using essentially the same analysis te
hniques [24℄. Only thesystemati
 effe
ts affe
ting the mass-squared distributions need to be examined here. Allsystemati
 effe
ts are studied with respe
t to the Monte Carlo simulation sin
e the latteris used to unfold dete
tor effe
ts from the measured distributions. For example, 
on
ern-ing the ECAL enrgy 
alibration it is not ne
essary to perform an absolute 
alibration inorder to a
hieve, e.g., an exa
t reprodu
tion of the beam energy for non-radiating Bhabhaevents. The point is that any shift from physi
al to measured energy must be perfe
tlymodelled (within systemati
 un
ertainties) by the simulation.7.1 Photon and �0 Re
onstru
tionThe following effe
ts are studied:7.1.1 Fake PhotonsThe data suffer from an ex
ess of fake photons 
ompared to the simulation. As des
ribedin Se
tion 4.3.4, the measured spe
trum of invariant mass of ea
h 
onsidered hadroni
 �de
ay 
hannel is 
orre
ted a

ording to its energy-dependent ex
ess of fake photons. Thestatisti
al errors of the probability fits together with the systemati
 un
ertainty 
omingfrom genuine differen
es in the probability distributions (extra
ted by swit
hing off the
orre
tions to the respe
tive likelihood variable distributions) are used to estimate the
orresponding systemati
 un
ertainties.7.1.2 ECAL Energy 
alibrationThe photon energy is 
alibrated by 
omparing the ratio of the ECAL 
luster energy ofele
trons, re
onstru
ted as if they were photons, to the momentum of the tra
k in dataand simulation. The ele
trons are taken from:140



Eγ
 ∈{ 0,3 GeV } Eγ

 ∈{ 3,10 GeV }

barrel endcaps barrel endcaps

1991-93
1994

〈E
M

C
〉 / 〈E

D
A

T
A
〉

1991-93
1994

Eγ
 ∈{ 10,20 GeV }

| cosΘ |
〈E

M
C
〉 / 〈E

D
A

T
A
〉

1991-93
1994

Eγ
 ∈{ 20,42 GeV }

| cosΘ |

〈E
M

C
〉 / 〈E

D
A

T
A
〉

1991-93

Eγ
 ∈{ 42,49 GeV }

| cosΘ |

〈E
M

C
〉 / 〈E

D
A

T
A
〉

0.98

1

1.02

1.04

1.06

1.08

1.1

1.12

0.94

0.96

0.98

1

1.02

1.04

1.06

0 0.2 0.4 0.6 0.8

0.94

0.96

0.98

1

1.02

1.04

1.06

0 0.2 0.4 0.6 0.8

0.94

0.96

0.98

1

1.02

1.04

1.06

0 0.2 0.4 0.6 0.8

0.94

0.96

0.98

1

1.02

1.04

1.06

0 0.2 0.4 0.6 0.8

0.94

0.96

0.98

1

1.02

1.04

1.06

0 0.2 0.4 0.6 0.8Figure 7.1: ECAL energy 
alibration using resolved �0's at low and ele
trons at interme-diate and high energies as a fun
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t the distributions of the 
alibration ratios in both low energy ranges.� two-photon pro
esses at intermediate energies,� � ! e ��e�� de
ays at intermediate and high energies,� Bhabha events at beam energy.In total three energy- and fourteen different regions in the polar angle are distinguished.The 
orresponding plots for the 
alibration 
orre
tion of energies between 10 and 49 GeVare shown in Figure 7.1. For low energies (0� 10 GeV) it is not appropriate to use ele
tronshowers be
ause of the large 
urvature of their traje
tories. To 
ir
umvent this, neutralpions with wide opening angles are used for the energy 
alibration at low energies (0{3and 3{10 GeV).Spe
ial 
are was ne
essary to 
orre
t the 
alibration for energy 
hanging effe
ts, i.e.,142
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tively,in data and Monte Carlo.differen
es in the distribution of the photon opening angle between data and the simula-tion due to the ex
ess of fake photons in the data. Individually, for both 
onsidered energyranges and geometries (barrel: j
os�j �0.774 and end-
aps: 0.774< j
os�j �0.95) thefra
tions of fake photons in data and the simulation were determined as in the invariantmass 
orre
tion by fitting the distributions of the overall �0 probability, the produ
t ofthe 
orresponding single photon probabilities and the energy asymmetry. For the higherenergy range, an additional systemati
 error due to un
ertainties in the two photon open-ing angle was in
luded. The 
orresponding plots are shown in Figure 7.2 together with thedistributions of the 
alibration variable, 
orre
ted for the ex
ess of fake photons, definedas DRMC;DATAE � *q(E
1E
2)MC;DATAq(E
1E
2)TRUE + = * q(E
1E
2)MC;DATAmTRUE�0 =q2(1� 
os�MC;DATA
1
2 )+ ;where the MC ratio is 
orre
ted a

ording tohRMC
orr:i = xDATAfake hRMCfakei + (1� xDATAfake )(1� xMCfake) �hRMCi � xDATAfake hRMCfakei� :and xMC;DATAfake denote the fra
tions of fake photons in the simulation and data, respe
tively.The ratios hRMC
orr:i=hRDATAi, i.e., the 
alibration values are shown in Fig 7.1. In thismeasurement a total energy 
alibration for all years was used, whi
h is found by weightingthe 
alibration ratios of Fig. 7.1 by the respe
tive number of events in 1991-1993 and 1994.As systemati
 errors, always the largest ones in a given energy and polar angle bin aretaken.7.1.3 ECAL Energy resolutionThe energy resolution in data and Monte Carlo simulation is studied using Bhabha eventswith low radiation at high energies (EECAL=ETPC ' 1, at beam energy). It is found to be143
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e distribution for data and Monte Carlo simulation. The dataare 
orre
ted for the ex
ess of fake photons.overestimated in the simulation by about 14% (see Fig. 7.3. At low energies, the resolutionof photon energies is dire
tly tested, using the experimental width of the re
onstru
ted�0 mass. All dete
ted deviations in the energy resolution are 
orre
ted in the simulation,while its un
ertainties are taken as systemati
 errors.7.1.4 Photon Referen
e DistributionsThe referen
e distributions used for the likelihood pro
edure to evaluate the photon prob-abilities P
 and P
�res are obtained from the Monte Carlo simulation. These distributionsare slightly 
orre
ted after detailed 
omparisons between data and Monte Carlo simula-tion. By swit
hing off this 
orre
tion, a 
onservative systemati
 error is determined [24℄.7.1.5 Photon Energy ThresholdThe threshold for ECAL photon dete
tion is set to 300 MeV. The 
omparison of lowenergy photons belonging to resolved �0's in data and Monte Carlo simulation shows thatthe ineffi
ien
y in data is larger by (4.4 � 3.4)% with respe
t to the simulation [24℄.This ex
ess is 
orre
ted in the simulation. A variation of the threshold by �20 MeV
orresponds to a 
hange of the photon re
onstru
tion effi
ien
y near threshold of 3.4%.A variation of the photon energy threshold by �30 MeV is used to extra
t a 
onservativesystemati
 error due to the quoted un
ertainty in the determination of the effi
ien
y.7.1.6 Minimal Distan
e Photon-Tra
kA 
ut on the minimal distan
e between the bary
entre of an ele
tromagneti
 
lusterand the 
losest tra
k is applied in order to veto fake photon 
andidates from hadroni
intera
tions in the ECAL. Thus, a 
luster deposited in the ECAL is 
onsidered as a144
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tra of �0 energy for (a) single photon �0's and (b) re
onstru
ted �0's in��! h��0 �� de
ays for data (points) and the Monte Carlo simulation (histogram). Theshaded areas illustrate the fake photon 
ontamination. The unresolved 
omponent of the�0 sample in (b) is shown by the hat
hed area. The lower plots show the 
orrespondingMonte Carlo/data ratios.photon 
andidate if its minimal distan
e to the nearest 
harged tra
k ex
eeds 2 
m.The 
omparison of the distribution of this distan
e between data and simulation below8 
m shows good agreement. Similar to the minimal photon energy threshold, a possibledis
repan
y 
an be 
overed by a variation of the minimal distan
e 
ut value by �0.1 
m,whi
h is used to extra
t the 
orresponding systemati
 error [24℄. Fig. 7.4 shows theminimal distan
e distribution for data (
orre
ted for fake photon ex
ess) and Monte Carlosimulation. The shaded area depi
ts the fitted part of fake photons a

ording to thesimulation.7.1.7 �0 MassThe apparent �0 mass and its resolution depend on the the �0 energy (see Fig. 4.8). Thefun
tional dependen
e is used as a referen
e in order to 
al
ulate the probability for twophotons to belong to a �0. Varying these dependen
es within their un
ertainties yieldsthe 
orresponding systemati
 errors. The measured photon energies and their openingangle are readjusted in a resolved �0 in order to 
onstrain the apparent energy dependentmasses to the nominal �0 mass.Fig. 7.5 shows the energy spe
trum of residual and re
onstru
ted �0's after applyingthe 
orre
tions mentioned above. The 
ontamination of the residual sample with fake145
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esses of Monte Carlo simulation and data as a fun
tion of the polar angle.photons is illustrated by the shaded area (upper left plot).7.2 Tra
king Systemati
sThe following systemati
 effe
ts are studied:7.2.1 Momentum CalibrationThe tra
k momentum 
alibration is performed using the te
hniques developed in [38℄whi
h exploit the known masses of narrow resonan
es at low energies and muon pairs forthe final, polar angle dependent 
alibration at beam energy. The resulting ratios of themeasured mean values hE�=Ebeami of the Monte Carlo simulation over data for the years1992, 1993 and 1994 of LEP running are shown in Figure 7.6 (where for the 
omparisonto the 1994 data muon pairs of the 1993 Monte Carlo have been used). These ratios havebeen used to 
orre
t the data momentum 
alibration.The 
alibration in
ludes an angular dependent sagitta 
orre
tion (done before theabove final momentum 
alibration), s
aling with the squared parti
le momentum, whi
hgives an asymmetry for positive and negative tra
ks [165℄. The effe
t is expe
ted to bepolar (�) and azimuthal (�) angle dependent where only the polar angle dependen
e is
onsidered here. Again, the effe
t is studied with Z! �+�� events with a known energy(beam energy). With the 
entral dete
tor (barrel) length of 2.2 m and the end-
ap heightof 1.8 m, where barrel and end-
ap overlap at the polar angle j
os �j = 0:774, the sagitta146
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Figure 7.7: Sagitta asymmetry of positive and negative muons from the de
ay Z! �+��.The verti
al dotted line depi
ts the overlap at j
os �j > 0:774 between 
entral dete
tor(barrel) and end-
aps.
orre
tion (in meters) of a bended traje
tory is given byBarrel : �f = 0:3B8 1:82sin ��  1p� � pbeam! ;End�
aps : �f = 0:3B8 2:22sin ��
os ��  1p� � pbeam! : (7.1)The momentum pbeam is the nominal muon momentum and B = 1:5 Tesla is the ALEPHmagneti
 field strength. Fig. 7.7 shows �f for 1992 and 1993 data separately for positiveand negative muons. One 
learly sees that the shapes for the two muon 
harges are almostsymmetri
al around a non-zero 
entral value. The fa
t that the average muon momentumis not 
entered at beam energy is mainly due to energy loss from bremsstrahlung whi
hprodu
es an asymmetry in the muon momentum distribution. The lower plot in Fig. 7.7147



depi
ts the average over both 
harges. The sagitta asymmetry almost 
an
els. Theremaining dis
repan
ies are 
orre
ted in a year, polar and azimuthal angle dependentsagitta 
alibration.The systemati
 errors 
orresponding to tra
k 
alibration un
ertainties are evaluated byvarying the partly 
orrelated errors of the polar angle dependent final 
alibration (Fig.7.6).These flu
tuations are assumed to be sagitta errors and therefore s
ale with the squaredparti
le momentum (�f � �(1=p) = �p=p2). They amount up to an un
ertainty of0.1%. The relative un
ertainty on the magneti
 field s
aling linearily with the momentumis estimated to be lower than 0.03% [132℄.7.2.2 Momentum ResolutionThe tra
k momentum resolution is studied with � pair events at beam energy. A 
orre
tionof about 20% has to be applied to the simulation (see Fig.7.3). The un
ertainty on this
orre
tion yields a systemati
 error.7.2.3 Re
onstru
tion Effi
ien
yThe re
onstru
tion effi
ien
y of highly 
ollimated tra
ks as they o

ur in multi-prongevents 
an be tested by 
omparing the angular distribution between like-sign tra
ks inthe data and the simulation in ��! 2h�h+ �� events. They are found to be in goodagreement (see Fig. 7.8b). The 
orresponding systemati
 un
ertainty is negligible.7.2.4 Nu
lear Intera
tionsThe effe
t of se
ondary nu
lear intera
tions is studied by 
omparing the invariant mass-squared distributions of enri
hed data samples to the Monte Carlo simulation. An enri
h-ment of about 48% of events 
ontaining nu
lear intera
tions is found in the simulationwhen requiring a minimal distan
e d0 between tra
k(s) and intera
tion point of at least1 
m [133℄. The resulting hadroni
 invariant mass spe
tra are found to be in good agree-ment between data and the simulation. Again, the systemati
 effe
t on the shape of themeasured distributions is negligible. The 
onsequen
es of topology-
hanging effe
ts, i.e.,a feed through of events between different � de
ay modes, are 
ontained in the bran
hingratio un
ertainty and are des
ribed in Ref. [24℄.Fig. 7.8a shows the momentum spe
trum of the 
harged hadron in ��! h��0 �� de
aysfor data and the Monte Carlo simulation. Good agreement is found.7.3 Systemati
 Errors from the Unfolding Pro
edureAs seen in Chapter 5, unfolding needs a regularisation pro
edure for whi
h (in addition tothe original least square problem of Eq. (5.23)) the minimisation of the total 
urvature isfound to be suitable. The parameter � 
ontrols the relative importan
e of the two termsin Eq. (5.30): if � is 
hosen too small, the solution x 
ontains meaningless flu
tuations;148
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trum of the 
harged hadron in ��! h��0 �� de
ays (a) anddistribution of the angle between equal 
harged tra
ks in three-prong � de
ays (b) fordata (points) and the Monte Carlo simulation (histogram). The lower plots show the
orresponding Monte Carlo/data ratios.on the other hand, if � is too big, signifi
ant physi
al information gets lost. The solutionof the unfolding problem is now transformed into the optimal 
hoi
e of �. In pra
ti
e, thebest � is found by means of the parallel unfolding of a simulated test distribution btest,for whi
h the solution xtest is known (see Fig. 7.10). The best 
hoi
e of � yields then thesmallest �2 between the unfolded test distribution and the original true one. In order tomake sure that this pro
edure applied to a simulated distribution leads to the optimal � fordata use, a test distribution has to be found, whi
h reprodu
es the data as well as possible.For example, in the parti
ular 
ase of the ��! 2���+�0 �� 
hannel (see Fig. 6.2), theMonte Carlo simulation disagrees with the data in the peak region. As an appropriatetest fun
tion, the unfolded data distribution is taken, found by an iterative adjustment of� for the data. In this pro
ess it is important to distinguish signifi
ant information in theraw data distribution from insigni�
ant statisti
al flu
tuations, taking into a

ount themass resolution. Lo
al statisti
al flu
tuations in the measured distribution are washedout after unfolding.The following tests are performed in order to evaluate potential systemati
 biasesintrodu
ed by the unfolding pro
edure:{ The 
ut parameter � is varied in the region �2=dof � 2 around the minimum,obtained when unfolding the 
orresponding test distribution under same 
onditionsas the data, i.e. using the same dete
tor response matrix. The appropriate test149
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0 1 2 3Figure 7.9: Invariant mass-squared distribution of samples with enri
hed 
ases of se
-ondary nu
lear intera
tion. ALEPH data are depi
ted by the points with error bars, thehistogram is the Monte Carlo simulation and the shaded area are those events where,a

ording to the simulation, nu
lear intera
tion o

urred.distribution is designed to reprodu
e well the data (as explained in Chapter 5). Thetest distribution must not introdu
e additional statisti
al 
u
tuations and shouldtherefore be smoothed as if it were built with in�nite statisti
s. Nevertheless, the
orresponding �2 is 
omputed within the a

ura
y of given data statisti
s.{ The total bin-to-bin differen
es between the unfolded test and its true distributionis 
onsidered as an additional systemati
 un
ertainty of the unfolding pro
edure inorder to be more 
onservative. It is taken as a diagonal, i.e., un
orrelated, systemati
error in the unfolded data distribution (see Fig. 7.10).7.4 Other Sour
es of Systemati
 ErrorsIn addition, the following sour
es are examined:{ The limited statisti
s in the simulation 
auses a systemati
 error whi
h is de-termined by making the two-dimensional entries in the dete
tor response matri
esflu
tuate independently. Although the average ratio of Monte Carlo to data statis-ti
s ex
eeds a fa
tor of five, low populated bins of the response matrix 
an generatesignifi
ant un
ertainties in the output distribution.{ The un
ertainties in the hadroni
 bran
hing ratios introdu
e the dominantsystemati
 errors in the subtra
tion of the � ba
kground and kaon 
hannels fromdata and in the respe
tive normalisation of the spe
tral fun
tions. They are foundby varying the bran
hing ratios, taking into a

ount the 
orrelation matrix given inRef. [24℄. 150
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tor response matrix used for the unfolding of the mass-squared (s) spe
trum of the de
ay ��! 2���+�0 �� . The true, re
onstru
ted (\measured")and unfolded distributions of the 
orresponding Monte Carlo test spe
trum are plotted in(b). The shaded region illustrates the un
ertainty after unfolding, taking into a

ount thestatisti
al errors.{ The non-� ba
kground is varied by �50%.All mentioned sour
es of systemati
 errors other than those originating from un
er-tainties in the bran
hing ratios, i.e., the absolute normalisation of the respe
tive mass-squared distributions are only 
onsidered when they 
on
ern the shape of the measureddistribution. Their effe
t on the normalisation is already in
luded in the error of the
orresponding bran
hing ratio.In order to illustrate the respe
tive importan
e of the mentioned systemati
 un-
ertainties, one may perform an integration over the spe
tral fun
tion with some givenkernel whi
h depends on the physi
al problem to be studied. The integration error is thenobtained by Gaussian error propagation, taking into a

ount the 
orrelations; using mod-erate, s-dependent integration kernels, the integration error will 
learly be dominated bynormalisation un
ertainties, i.e., the errors on the respe
tive � bran
hing ratios. However,the error of an integration with strongly s-dependent weighting kernels enhan
ing the lowenergy part of the spe
tral fun
tions will be dominated by systemati
s (mainly due to thefake photon reje
tion and the photon effi
ien
y 
orre
tion at threshold), while the 
entralenergy region (0.6 { 1.4 GeV=
22) is statisti
ally limited. When enhan
ing the higher partof the spe
trum, the integration error will be equally dominated by un
ertainties due tothe unfolding pro
ess, and by limited data and Monte Carlo statisti
s. Numeri
al resultsfor the respe
tive 
ontributions to the total error obtained from an integration are givenin Se
tion 10.2.1 for the 
ase of the spe
tral moments. Tab. 7.1 gives the relative 
ontri-butions to the diagonal errors of the total ve
tor spe
tral fun
tion in four 
hara
teristi
energy bins. One should keep in mind that 
orrelations may 
onsiderably 
hange the151
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Rel. errors (%) at s = : : : ( GeV2=
4)Error sour
e 0.2 0.6 2.0 2.6Statisti
s error 6.1 0.63 1.8 7.3ECAL energy 
alibration 1.1 0.23 1.3 3.7ECAL energy resolution 3.2 0.16 1.3 1.9Photon likelihood: ref. distributions 3.7 0.10 1.5 1.8Photon likelihood: 
ut on estimator 1.5 0.03 0.5 1.9Photon min. energy threshold 0.4 0.01 1.3 3.7Cut on distan
e: photon{tra
k 1.4 0.06 0.7 1.6Fake photons 5.1 0.17 1.1 1.8Energy dependen
e of re
onstr. m�0 0.9 0.09 0.3 1.2Momentum 
alibration 0.1 0.02 0.2 0.2Momentum resolution 0.1 0.01 0.1 0.2Unfolding: variation of � 1.2 0.10 2.5 4.7Unfolding: differen
e test{true 0.5 0.28 2.5 7.0MC statisti
s 2.7 0.44 2.7 3.6Bran
hing ratios 0.8 0.76 3.7 3.8Non-� ba
kground 0.2 0.05 1.2 4.5Separation V {A { { 2.1 1.8MC distributions { { 2.7 2.2Total error 10.2 1.18 7.7 15.0Table 7.1: Relative 
ontributions (in %) to the errors of the total ve
tor spe
tral fun
tionin four 
hara
teristi
 mass-squared bins. The line labeled \MC distributions" gives theun
ertainty due to use of the Monte Carlo simulation for some unmeasured � de
ay modesas explained in Se
tion 6.1.



Part IIIAppli
ations

155





Introdu
tionAs indi
ated in the theoreti
al des
ription of Part I, � spe
tral fun
tions open a widerange of phenomenologi
al studies of low energy behaviour of QCD and 
hiral symmetry.Interesting tests on the basis of the CVC hypothesis 
an be performed and QCD loop
ontributions are obtained via dispersion relations from low energy e+e� 
ross se
tionsimproved by � data. The separation of ve
tor and axial-ve
tor spe
tral fun
tions providethe unique possiblility to study dire
tly the influen
e of non-perturbative strong effe
tson in
lusive physi
al observables. This knowledge improves the understanding and quan-tifi
ation of the diverse 
ontributions to the total hadroni
 width R� and elu
idates fortesas well as foibles of the OPE theoreti
al predi
tion used at low energy s
ales. The mainresult of these tests 
on
erns a stable, reliable and very pre
ise measurement of the strong
oupling 
onstant �s at the � mass s
ale.The measurement pro
edure des
ribed in the pre
eeding Part II provides after 
om-pleting the � pair sele
tion, de
ay identifi
ation and 
lassifi
ation, photon and �0 re
on-stru
tion, invariant mass measurement, unfolding and systemati
 
he
ks, ex
lusive andin
lusive binned spe
tral fun
tions with, in general, strong bin-to-bin 
orrelations ensue-ing from the unavoidable unfolding of the measured spe
tra. Thus, every spe
tral fun
tionis a

ompanied by an individual 
ovarian
e matrix of the same bin size 
ontaining all rel-evant errors and 
orrelations. In pra
ti
e, it is then straightforward to 
al
ulate errors ofphysi
al observables whi
h use the spe
tral fun
tions as input by means of simple errorpropagation.
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Chapter 8Comparison to e+e� ResultsTwo appli
ations of ve
tor spe
tral fun
tions to e+e� data are des
ribed in this 
hapter.In the first one the measured spe
tral fun
tions of the two- and four-pion final states are
ompared via isospin rotation to 
ross se
tions from e+e� annihilation experiments. These
ond appli
ation deals with a fit of the ���0 spe
tral fun
tion and a 
ombined fit of �and e+e� data in terms of ve
tor resonan
es. The results presented here are published bythe ALEPH Collaboration in Ref. [166℄.8.1 Comparison to e+e� ResultsIn this se
tion, the most pre
ise spe
tral fun
tion measurements of the � ve
tor 
urrentfinal states ���0, ��3�0 and 2���+�0 are 
ompared to the 
ross se
tions of the 
or-responding e+e� annihilation isove
tor states �+��, �+���+�� and �+���0�0. UsingEq. (1.22) and isospin rotation [167, 168℄ (see Se
tion 1.4) the following relations hold:�I=1;0e+e�!�+�� � �I�! = 4��2s v1; ���0 �� ; (8.1)�I=1e+e�!�+���+�� = 2 � 4��2s v1; �� 3�0 �� ; (8.2)�I=1e+e�!�+���0�0 = 4��2s [v1; 2���+�0 �� � v1; �� 3�0 �� ℄ : (8.3)In Eq. (8.1) the small isospin-violating ele
tromagneti
 
ontribution !(782) ! �+�� istaken into a

ount through its interferen
e with the main isove
tor 
ontribution yieldingthe (s-dependent) 
orre
tion �I�! obtained from a fit of the total e+e�!�+�� 
rossse
tion [164℄. The mass and the width of the !(782) are taken from Ref. [17℄.The e+e�! �+�� measurements are taken from OLYA [169, 170℄, TOF [171℄, NA7 [172℄,CMD [169℄, DM1 [173℄, DM2 [174℄, MEA [175℄ and BCF [176, 177℄. The 
omparison to �data a

ording to Eq. (8.1) is shown in Fig. 8.1. The two sets of measurements are verypre
ise and in good agreement. Fig. 8.1b shows the square of the isove
tor pion form fa
-tor F I=1� in the threshold region of the two-pion produ
tion for � and e+e� data. A se
ond159



order expansion 
an be used as a des
ription of F I=1� at very low energies [178, 179℄:FChPT� ' 1 + 16hr2i� s+ 
� s2 +O(s3) : (8.4)Exploiting pre
ise results from spa
e-like data [180℄, the pion 
harge radius-squaredhr2i� = (0:431 � 0:026) fm2 and the 
oeffi
ient 
� = (3:2 � 1:0) GeV�4 from Eq. (8.4)have re
ently been determined by means of a simultaneous fit [53℄. An expanded view ofthe �(770) peak region is given in Fig. 8.1
.The e+e�! �+���+�� data are taken from OLYA [181℄, ND [182℄, MEA [183℄,CMD [184℄, DM1 [185, 186℄, DM2 [187, 188, 189℄ and M3N [190℄. The 
omparison tothe de
ay 
hannel ��! ��3�0 �� using Eq. (8.2) is shown in Fig. 8.2a. It is found to bein rather good agreement.The e+e�! �+���0�0 data are taken fromOLYA [181℄, ND [182℄, M2N [191℄, DM2 [187,188, 189℄ and M3N [190℄. The measurements originating from different e+e� experimentsshow some in
onsisten
ies (see Fig. 8.2b). On the low mass side, the 
ross se
tion is dom-inated by ND and OLYA data from the VEPP-2M storage ring at Novosibirsk. The NDmeasurement points are signifi
antly higher than the OLYA data. At higher mass, dataare dominated by the Orsay experiments DM2 and M3N: the DM2 
ross se
tion pointsare signifi
antly lower than the M3N measurements. Tau data slightly favor the OLYAdata on the low mass side; furthermore, they are 
learly higher than the DM2 results inthe 
entral region between 2 and 2.6 GeV=
2. The small dots in Fig. 8.2b illustrate theresonant !�0 ! �+���0�0 
ontribution taken from ND [182℄ and DM2 [188℄.Finally, the total e+e� isove
tor 
ross se
tion is 
ompared to the � ve
tor 
urrentspe
tral fun
tion. The following 
ontributions require some dis
ussion:{ The isospin des
riptions for the two- and four-pion final states are easily foundby inverting Eqs. (8.1), (8.2) and (8.3). The isos
alar ! ! �+�� 
ontribution issubtra
ted from the total �+�� 
ross se
tion.{ The four-pion final state of the !�0 mode is already 
ontained in the �+���0�0
ross se
tion. A 11.2% 
orre
tion for the other ! de
ay modes is applied.{ The e+e�! �+��� data are taken from ND [182℄ and DM2 [192℄.{ The 
ross se
tions for the six-pion final states 3�+3�� and 2�+2��2�0 were mea-sured by DM1 [193℄, M3N [190℄, CMD [184℄ and DM2 [194℄. Using Pais' 
lasses [52℄(see Se
tion 1.4) one 
an dedu
e an upper limit for the unknown ����+ 4�0 
rossse
tion. Assuming 
onservatively the 
lasses f411g and f510g to be dominant, oneobtains ��+��4�0 � (3=2)� �2��2�+ 2�0 � (9=24)� �3��3�+.{ To extra
t the isove
tor part of the K+K� and K0SK0L states, the SU(3) relationbetween pion and kaon form fa
tors is adopted to infer the relation [177℄�K+K�(s) = �3K4 �3� ��+��(s) ; (8.5)160
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ate the regions that are expanded in (b) and (
). Figure(b) shows the pion form fa
tor near threshold. The 
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1 2 3Figure 8.2: Comparison of the isospin-rotated four-pion � data with the 
orrespondinge+e� 
ross se
tions. The error bars shown 
ontain both statisti
al and systemati
 errors.An enhan
ement in the low mass part of the �+���0�0 
hannel in (b) is expe
ted fromthe resonant !� 
ontribution (small points).where �K;� = (1� 4M2K;�=s)1=2. This 
an be dire
tly related to the ��! K�K0 ��spe
tral fun
tion, for whi
h, due to the un
ertainty of the relation (8.5), a totalsystemati
 un
ertainty of 25% is assumed.{ The DM1 and DM2 
ollaborations [196, 197℄ made some effort to isolate a smallisove
tor 
omponent of the e+e�!K�K0S�� 
ross se
tion. This 
an be s
aled upto the full K�K� 
ontribution whi
h 
an be related to the 
orresponding � spe
tralfun
tion using isospin symmetry.{ The in
lusive rea
tion e+e�!K0S+X was analysed by DM1 [198℄. Having subtra
tedfrom its 
ross se
tion the separately measured 
ontributions of the final statesK0SK0L, K0SK+�� and K0SK0L�0, it still in
ludes the modes K0SK0S�+��, K0SK0L�+��,K0SK0L�0�0, K0SK+���0 and K0SK��+�0. With the assumption that the 
ross se
-tions for the pro
esses e+e�!K0 �K0(��)0 and e+e�!K+K�(��)0 are equal, one 
ansummarize the total K�K�� 
ontribution as twi
e the above 
orre
ted K0S+X 
rossse
tion. A reasonable estimate of the systemati
 un
ertainty, implied by the as-sumption made, is obtained by taking the 
ross se
tion for the 
hannel K+K��+��measured by DM1 [199℄ and DM2 [187℄. Sin
e the K�K�� isove
tor part is unknownit is assumed to be (50� 50)%.Fig. 8.3 shows both the total � ve
tor 
urrent spe
tral fun
tion and the 
orrespondingspe
tral fun
tion 
oming from the isove
tor e+e� 
ross se
tion. Agreement is found at162
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al
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orrelated | see Fig. 6.5). Thisis essentially due to the observed disagreement between the ��! 2���+�0 �� spe
tralfun
tion and the 
orresponding e+e� 
ross se
tion.8.2 � Bran
hing Ratios from e+e� Cross Se
tionsFollowing the spirit of the pre
eeding se
tion it is interesting vi
e versa to 
ompare �ve
tor bran
hing ratios to CVC predi
tions obtained from the integralBCVC(�� ! X��� )B(�� ! e� �� ��e) = 3 jVudj2 SEW2��2M2� M2�Z4m2� ds s 1� sM2� !2  1 + 2sM2� ! �I=1e+e�!X0(s) ; (8.6)163



� ve
tor mode BR� (%) BRCVC (%) ����0 �� 25.35� 0.19 24.31� 0.65 1.5��3�0 �� 1.24� 0.14 1.10� 0.10 0.82���+�0 �� 4.17� 0.12 4.36� 0.38 0.5(6�)� �� 0.037� 0.022 0.20� 0.09 1.8! �� �� 1.83� 0.10 1.76� 0.17 0.4� ���0 �� 0.170� 0.028 0.134� 0.031 0.9K�K0 �� 0.194� 0.042 0.182� 0.053 0.2(K�K�)� �� 0.34� 0.13 0.072� 0.036 2.0Table 8.1: CVC predi
tions for the bran
hing ratios of the � ve
tor 
hannels. The referen
evalues of the � bran
hing ratios are taken from Tab. 6.1. The last 
olumn gives thestandard deviation between 
orresponding values in units of 1�.where B(�� ! e� �� ��e) is taken from Eq. (1.13) assuming universality; the ele
troweak
orre
tion fa
tor SEW is defined as in Se
tion 1.3.2 and �I=1e+e�!X0(s) is the measured 
rossse
tion of the rotated e+e� isove
tor final state whi
h 
orresponds to the �� hadroni
de
ay 
hannel X� �� . The integration is performed over 
orrelated data points affe
tedby statisti
al and systemati
 un
ertainties. The pro
edure is identi
al with the one usedfor the evaluation of the muoni
 (g� 2) and the running �(s) on measured data grounds.It is des
ribed in detail in Se
tion 9.2.For the two- and six-pion 
hannels, the 
oresponding e+e� final states X0 are dedu
edby simply inverting Eqs. (8.1), (8.2) and (8.3). The isos
alar ! ! �+�� 
ontributionis subtra
ted from the total �+�� 
ross se
tion. The effe
t of the interferen
e is small
ompared to the total error of the integral (8.6): BCVC(���0 �� )!���Int:�BCVC(���0 �� ) =�0:09%. The total six-pion bran
hing ratio is obtained using isospin 
onstraints to boundthe missing �+��4�0 
ross se
tion as explained in the pre
eeding se
tion. The total I = 1e+e� six-pion 
ross se
tion equates then via CVC the ve
tor part of B(��! (6�)� �� ).Eq. (8.5) is used to extra
t the isove
tor part of the final states K�K. An un
ertainty of25% is assumed in this relation. The total ��!KK0 �� bran
hing ratio is equal to twotimes the K+K� 
ontribution. Finally, B(��! (K�K�)� �� ) is obtained from the res
aled(fa
tor three) isove
tor part of the e+e�! K�K0S�� 
ross se
tion, provided the dynami
sto be governed by K�K.The CVC results and the 
orresponding � bran
hing ratios are 
ompiled in Tab. 8.1.All 
hannels but the six-pion and the K�K� final states show reasonable agreement betweenthe measured � bran
hing ratios and the CVC predi
tions. Using three times the total,I = (0+ 1) e+e�!K�K0S�� 
ross se
tion and negle
ting the differen
e in shape betweenthe two isospin states, one 
an estimate the isove
tor 
ontribution to the integral (8.6)from the in
lusive CVC bran
hing ratio B(I=0+1)CVC (��! (K�K�)� �� ) = (0:24�0:04)% to be(100+0�13)%. In the same way, but using the e+e� measurement as referen
e, one obtainsfor the ve
tor part of (K�K�)� in � de
ays the estimate (17� 9)%.164



8.3 A Fit of the Pion Form Fa
torSeveral parametrisations of the pion form fa
tor Eq. (1.31) 
an be found in the liter-ature. (See, e.g., Refs. [164, 200, 169, 201℄.) In this se
tion, different fits using theK�uhn-Santamaria [164℄ and the Gounaris-Sakurai parametrisations [200℄ are presented.In addition, a 
ombined fit to � and e+e� data is performed, where the masses andwidths of the ��(770) and the �0(770) are separately determined, in order to extra
t pos-sible isospin violating effe
ts.As seen in Se
tion 7.3, the unfolding pro
edure introdu
es additional systemati
 un-
ertainties be
ause of the numeri
al instability of the problem. Generally, one 
an statethat unfolding is ne
essary if a theoreti
al des
ription of an observed distribution is notavailable, as is the 
ase for the total ve
tor (and axial-ve
tor) hadroni
 spe
tral fun
tionsin � de
ays. Also, unfolding is needed for 
omparison with e+e� results where the massis experimentally known with very good a

ura
y. However in the spe
ifi
 
ase of the���0 spe
tral fun
tion, phenomenologi
al models based on ve
tor resonan
es whi
h de-s
ribe the lineshape exist. One therefore does not need to unfold, as a 
onvolution ofthe theoreti
al 
urve with the dete
tor response matrix A is a well defined and stableproblem. The 
onvolved theoreti
al distribution 
an subsequently be fitted to the data.This pro
edure is followed here.The results of all types of fits are given with errors, in
luding both statisti
al andsystemati
 un
ertainties. The sour
es of systemati
 un
ertainties 
orrespond in detail tothose mentioned in Chapter 7, apart from those introdu
ed by the unfolding pro
edure.The 
orrelations between the fitted parameters in the 
ombined fit are given as a 
orre-lation matrix.Systemati
 errors of the e+e� annihilation data are 
aused by un
ertainties 
omingmainly from the determination of the effi
ien
y of the two-pion re
onstru
tion and theluminosity measurement. These errors are given as normalisation un
ertainties by theexperiments, i.e., they s
ale linearly with the measured 
ross se
tions. The usual wayof introdu
ing su
h errors into a least square minimisation is to treat them as being to-tally 
orrelated. They therefore populate the o�-diagonal elements of the 
orresponding
ovarian
e matrix. However, it is known that this pro
edure introdu
es a bias into theminimisation, leading systemati
ally to lower values in terms of the normalisation of thefitted parametrisation [202℄. This 
an be demonstrated by means of the following simpleexample:Consider two measurements x1; x2 with statisti
al errors �1; �2. Consider further a
ommon offset error �o� of systemati
 origin (e.g., a 
alibration un
ertainty). The 
ovari-an
e matrix reads then C =  �21 + �2o� �2o��2o� �22 + �2o� ! : (8.7)165



The mean value hki and its error �k are obtained from the mimization of �2 = Pi;j=1;2(xi�k)C�1ij (xj � k). Using Eqs. (2.93) and (2.94), one hashki = x1�22 + x2�21�21 + �22 ;(�k)2 = �21�22�21 + �22 + �2o� : (8.8)The mean value hki keeps un
hanged by the systemati
 offset error �o� while the error�k in
reases. Offset errors therefore do not introdu
e a bias into the �2 minimization,i.e., the fit.Unfortunately, the 
ase be
omes annoying when normalisation errors o

ur. Consider-ing the same two-measurement example but repla
ing the offset error by a normalisationun
ertainty �norm, e.g., luminosity or effi
ien
y errors whi
h s
ale with the measuredvalue, yields the following 
ovarian
e matrixC =  �21 + x21�2norm x1x2�2normx1x2�2norm �22 + x22�2norm ! : (8.9)and the minimization leads then tohki = x1�22 + x2�21�21 + �22 + (x1 � x2)2�2norm ;(�k)2 = �21�22 + (x21�22 + x22�21)�2norm�21 + �22 + (x1 � x2)2�2norm : (8.10)One observes a systemati
 tenden
y of hki in Eq. (8.10) to lower values governed by thestrength of the normalisation un
ertainty �norm and the differen
e between the input mea-surements. The same bias o

urs in the expression for �k. Citing d'Agostini [202℄: \Theadvantage for the �t to prefer under these 
onditions, normalization fa
tors smaller thanone �nds its deeper reason in the standard formalism of the error propagation, where only�rst derivatives are 
onsidered." In order to quantify the importan
e of the above obser-vations one 
an imagine two measurements x1 = 5�2, x2 = 5�1 and �norm = 20%. Thatgives hki = 5:00� 1:80. Setting now x1 = 6� 2, x2 = 4� 1 with the same �norm = 20%one would in an unbiased 
ase expe
t the same mean value and error; instead, Eq. (8.10)yields hki = 4:26� 1:55 where both, mean value and error de
reased.To avoid su
h an effe
t, the best estimate of the parameters is found when usingsystemati
 errors without 
orrelations as for the statisti
al ones. The 
orresponding pa-rameter errors, however, are determined by repeating the fit when taking into a

ountthe full 
orrelations of the systemati
 errors among the measurements of one experiment.Measurements between different experiments are assumed to be un
orrelated.8.3.1 The K�uhn-Santamaria (KS) ParametrisationIn the K�uhn-Santamaria parametrisation the pion form fa
tor is given by 
ontributionsfrom the known isove
tor meson resonan
es �(770), �(1450) and �(1700), taking into166



a

ount �|! interferen
e:F I=1;0� (s) = BW�(770)(s) 1+ÆBW!(783)(s)1+Æ + � BW�(1450)(s) + 
 BW�(1700)(s)1 + � + 
 ; (8.11)with the Breit-Wigner propagatorsBWKS�(M�)(s) = M2�M2� � s � ips��(s) (8.12)and the energy dependent width��(s) = ��(M2� )  M2�s !�  k(s)k(M2� )!3 ; (8.13)where k(s) = 12 ps ��(s) and k(M2� ) is the pion momentum in the � rest frame. As inRefs. [164℄ and [169℄ the amplitudes �, 
 and Æ are assumed to be real. Interferen
e withthe isospin-violating ele
tromagneti
 ! ! �+�� de
ay o

urs only in e+e� annihilation.Consequently, Æ is fixed to zero when fitting � data. A

ording to Ref. [201℄ a fit param-eter � is added to take into a

ount possible un
ertainties in the p-wave approximationof the s-dependent width.Parameter K�uhn-Santamaria Gounaris-SakuraiM��(770) 774.9 � 0.9 776.4 � 0.9���(770) 144.2 � 1.5 150.5 � 1.6� �0.094 � 0.007 �0.077 � 0.008M��(1450) 1363 � 15 1400 � 16��(1450) � 310 � 310
 �0.015 � 0.008 0.001 � 0.009M��(1700) � 1700 � 1700��(1700) � 235 � 235� � 1:0 � 1:0�2/dof 81/65 54/65Table 8.2: Fit results of the pion form fa
tor in ��! ���0 �� de
ays using the K�uhn-Santamaria (left-hand 
olumn) and the Gounaris-Sakurai parametrisation (right-hand 
ol-umn). The values of ��(1450), M��(1700) and ��(1700) are taken from Ref. [17℄.The results of the � data and the 
ombined fit using the KS parametrisation are listedin the left-hand 
olumns of Tables 8.2 and 8.3.8.3.2 The Gounaris-Sakurai (GS) ParametrisationStarting from a more elaborate treatment of the p-wave s
attering amplitude for a broadresonan
e, the following parametrisation was obtained with the additional requirement167



of the normalisation F�(0) � 1, as in the KS parametrisation. The simple Breit-Wignerresonan
es in (8.11) are repla
ed (for s � 4m2�) by [200℄BWGS�(M�)(s) = M2� ( 1 + d � ��=M�)M2� � s + f(s) � ips��(s) ; (8.14)wheref(s) = �� M2�k3(M2� ) " k2(s) �h(s)� h(M2� )� + (M2� � s) k2(M2� ) dhds ����s=M2� # : (8.15)The s dependen
e of ��(s) and k(s) is the same as in Eq. (8.13). The fun
tion h(s) isdefined as h(s) = 2� k(s)ps lnps+ 2k(s)2m� ; (8.16)with dh=dsjM2� = h(M2� ) h(8k2(M2� ))�1 � (2M2� )�1i + (2�M2� )�1.The normalisation BWGS�(M�)(0) = 1 fixes the parameter d = f(0)=(��M�). It is foundto be [200℄ d = 3� m2�k2(M2� ) lnM� + 2k(M2� )2m� + M�2� k(M2� ) � m2�M�� k3(M2� ) : (8.17)The results of the � data and the 
ombined fit using the GS parametrisation are listedin the right-hand 
olumns of the Tables 8.2 and 8.3.Con
luding from Table 8.2, the fits establish a need for the �(1450) 
ontributionto the weak pion form fa
tor in the KS and GS parametrisations (� = �0:087 � 0:012)with a fitted mass M�(1450) = (1380 � 24) MeV=
2 when fixing the width at ��(1450) =310 MeV=
2 [17℄. No signifi
ant eviden
e of a �(1700) 
ontribution is found (
 = �0:008�0:008). The previous values are the weighted averages between the results of both fittypes. Their errors a

ount for statisti
al and systemati
 un
ertainties 
oming from modeldependen
e. It must be stated that the fitted �(1450) parameters show large 
orrelationswith the 
orresponding �(1450) width. In fa
t, �xing ��(1450) = 600 MeV=
2 leads tothe averaged fit results: � = �0:156, M�(1450) = 1470 MeV=
2 and 
 = �0:030 with asubstantial improvement of the �2, i.e., 56 (KS) and 51 (GS) over 65 degrees of freedom.One 
ould try to explain the enhan
ement of the pion form fa
tor 
entered around1200 MeV=
2 as originating from an inelasti
 effe
t indu
ed via unitarity by the openingof the !�0 
hannel whi
h o

urs at 920 MeV=
2 [203℄. Although this effe
t is physi
allysound and should take pla
e, the proposed des
ription is not very predi
tive and requiresa fa
tor (M20 =(M20 � s� iM0�0))n0 with three additional parameters M0, �0 and n0 to beadjusted in the fit. However, the existen
e of a �(1450) meson is already well establishedin the �+��2�0 final state [204℄ and sin
e the sensitivity of the data on the pion formfa
tor is not suffi
ient to fit a larger number of parameters, the inelasti
 parametrisationis not used in the present analysis.Fig. 8.4 shows the KS/GS-type fits using one and three Breit-Wigner amplitudes.168
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Figure 8.4: Fit of the ��! ���0 �� invariant mass spe
trum using the K�uhn-Santamaria(KS) and the Gounaris-Sakurai (GS) parametrisation. The solid and dashed 
urves are thefun
tions 
orresponding to the KS/GS-type form fa
tor �ts given in Table 8.2. They havebeen 
onvolved with the dete
tor resolution and the � phase spa
e. Due to statisti
al 
u
-tuations in the dete
tor response matrix, the fun
tions are not smooth after 
onvolution.The dashed-dotted line 
orresponds to a GS-type �t in whi
h only the �(770) 
ontributionis taken into a

ount.
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8.3.3 Combined Fit of � and e+e� DataThe results of the 
ombined � and e+e� data fit with the KS and GS parametrisationsare presented in Table 8.3. In these fits, the pion form fa
tor is des
ribed by the �resonan
e with different parameters fitted for �� and �0, while the mu
h smaller �(1450)and �(1700) 
ontributions are assumed to be isospin invariant. In this way, it is possibleto dire
tly 
ompare, for the first time, in a model-independent way the parameters ofthe 
harged and the neutral �'s. Due to the large number of degrees of freedom in the
ombined fits, all free parameters 
an be simultaneously determined with good pre
ision.All presented fits resulted in signifi
antly higher �(770) masses than the value ofM�(770) =(768:5 � 0:6) MeV=
2 (average of �� and �0) given by the PDG [17℄. Within largeParameter K�uhn-Santamaria (KS) Gounaris-Sakurai (GS)Æ (1.91 � 0.15)�10�3 (1.97 � 0.10) �10�3 (1.97 � 0.15)�10�3M��(770) 773.4 � 0.9 775.7 � 0.9 783.8 � 3.0M�0(770) 773.4 � 0.7 775.7 � 0.7 783.8 � 3.0���(770) 147.7 � 1.6 150.8 � 1.7 162.0 � 5.3��0(770) 147.3 � 1.3 150.8 � 1.3 162.4 � 5.0� �0.229 � 0.020 �0.161 � 0.010 �0.184 � 0.010M�(1450) 1465 � 22 1448 � 19 1490 � 23��(1450) 696 � 47 503 � 38 591 � 53
 0.075 � 0.022 0.076 � 0.009 0.074 � 0.010M�(1700) 1760 � 31 1757 � 20 1799 � 34��(1700) 215 � 86 237 � 78 255 � 39� � 1.0 � 1.0 0.45 � 0.11�2/dof 190/195 194/195 193/194M��(770) �M�0(770) 0.0 � 1.0 0.0 � 1.0 0.0 � 1.2���(770) � ��0(770) 0.4 � 1.8 0.0 � 2.0 �0.4 � 2.5Table 8.3: Results of the 
ombined �t of the ���0 and �+�� resonan
e amplitudes a
-
ording to the K�uhn-Santamaria and the Gounaris-Sakurai model. In the se
ond GS-type�t, the parameter � introdu
ed in Eq. (8.13) is additionally �tted. This leads to higherparameter errors with strong 
orrelations among them.un
ertainties (about 8 MeV=
2) essentially due to model dependen
e, the width ��(770)was found to be in agreement with the PDG value of ��(770) = (150:7 � 1:2) MeV=
2.The additional fit parameter � in the se
ond type of fit is found to be � = 0:45 � 0:11,i.e., quite different from the fixed value � � 1 in the first type of fits. As 
an beexpe
ted, a different adjustment of � has a 
onsiderable impa
t on the fitted mass andwidth of the �(770). The mass of M (�=0:45)�(770) = 783:8 is 
learly larger then the peakvalue and, in fa
t, it is even larger the mass of the !(783). Both � and e+e� data aresensitive to the �(1450) parameters. The �(1450) width is found to be strongly model-dependent, but from all fit types its value is signifi
antly higher than the PDG value of��(1450) = (310 � 60) MeV=
2 obtained from e+e�! !� data. This differen
e 
ould be170



ALEPH M�� M0� ��� �0�M�� 1 0.18 0.32 0.02M0� - 1 0.03 0.31��� - - 1 0.17Table 8.4: Average 
orrelations found in the KS/GS-type �ts (with �xed �) between massesand widths of the 
harged and neutral �0(770).linked to the negle
t of inelasti
 effe
ts as dis
ussed in the previous se
tion. The fittedmasses M�(1450) from all fit types are found to be in rather good agreement with the PDGaverage of M�(1450) = (1449 � 8) MeV=
2. The information 
on
erning the mass, widthand relative amplitude of the �(1700) is essentially extra
ted from the e+e� data andfound to be in fairly good agreement with the PDG values.Systemati
 un
ertainties due to the energy s
ale in e+e� annihilation experiments arediffi
ult to estimate as, in general, the publi
ations do not refer to this point. In most
ases, the experiments used the narrow �(1020) resonan
e peak to 
alibrate the beamenergy. Consequently, intrinsi
 un
ertainties are introdu
ed by slight modifi
ations ofthe 
entral � mass value over the years, e.g., M� = 1019:57 MeV=
2 in 1980 be
ameM� = 1019:41 MeV=
2 in 1996. An additional systemati
 un
ertainty of 0.3 MeV=
2 is
onsidered in the �0 mass measurement.Although the absolute values of the �(770) masses and widths depend signifi
antlyon the KS- or GS-type of the fit and the parameter �, their respe
tive differen
es, i.e.,�M�(770) =M��(770) �M�0(770) and ���(770) = ���(770) � ��0(770) are stable. Using the fitresults from Table 8.3, one obtains the average�M�(770) = (0:0 � 1:0 � 0:1) MeV=
2���(770) = (0:1 � 1:8 � 0:5) MeV=
2 :The first errors are due to statisti
al and systemati
 un
ertainties (in
luding 
orrelationsbetween the fit parameters), while the se
ond ones a

ount for differen
es from the res-onan
e parametrisations. Fig. 8.5 shows the results with its 39% CL error ellipse takinginto a

ount the 
orrelations between the fit parameters given in Table 8.4.A differen
e between ��� and ��0 
ould o

ur on one hand through ele
tromagneti
isospin-violating de
ay modes su
h as � ! ��
, whi
h is observed at the 1% level forthe �0 [17℄. On the other hand the dominant � ! �� 
hannel 
ould also manifest someisospin violation. An obvious 
ontribution 
omes from the observed ��|�0 and a poten-tial ��| �0 mass differen
es whi
h refle
t into different values for the width a

ordingto (8.13). The � mass dependen
e is not 
ompletely 
lear: one 
ould 
onsider a variationgiven by �� � k3(M2� )=M2� (8.18)171
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Figure 8.5: Width di�eren
e ���(770) = ���(770)���0(770) as a fun
tion of the di�eren
e inthe �(770) mass �M�(770) =M��(770)�M�0(770). The point is the measurement with its 
or-related one-sigma error ellipse. The dashed and solid lines show the expe
ted dependen
esfrom Eqs. (8.18) and (8.19), respe
tively. The hat
hed area depi
ts the ele
tromagneti
 �mass di�eren
e predi
ted in [206℄.or, as argued in Chiral Perturbation Theory [205℄,�� � k3(M2� ) : (8.19)A

ording to the 
harge of the �, the pion momentum in the � rest system is given by2k(M2�0) = (M2�0 � 4m2��)1=2 for the neutral �0 and 2k(M2��) = [M2�� � 2(m2�� +m2�0) +(m2�� � m2�0)2=M2��℄1=2 for the 
harged ��, respe
tively. The dashed and solid lines inFig. 8.5 give the fun
tional dependen
e of the width differen
e ��� on �M� in the ap-proximations of Eqs. (8.18) and (8.19), respe
tively, normalised to the fitted value of ��.A further dis
ussion of isospin (CVC) violating 
ontributions to the respe
tive ��'s isgiven in Se
tion 9.1.It is interesting to observe that the measured �M� is signifi
antly smaller than themass differen
e between 
harged and neutral pions �M� = M�� � M�0 = (4.5936 �0.0007) MeV=
2 [17℄, where the dominant effe
t is understood to be of ele
tromagneti
origin (�M em� ' 4:5 MeV=
2 [79℄). The �M� measurement 
an be 
ompared to the(model dependent) result of �M� = (�0:3 � 2:2) MeV=
2 [17℄ obtained in hadroni
 pro-du
tion, however in good agreement with this determination. The Mark III Collaborationexploited data on J= ! �+���0 de
ays, dominated by J= ! ��, to measure the mass172



differen
e of the 
harged and neutral �'s [207℄. Their preliminary result is found to bein good agreement with the result presented here. Note that the value dedu
ed from thedifferen
e in the mean values taken from Ref. [17℄ hM��i � hM�0i = (�1:8� 1:4) MeV=
2is potentially unreliable as they both represent the weighted mean of independent mea-surements using not ne
essarily the same parametrisations. A theoreti
al ele
tromagneti
� mass differen
e of �0.7 MeV=
2< �M� < 0.4 MeV=
2 in agreement with the mea-surement has re
ently been evaluated in Ref. [206℄. The measured differen
e ��� is foundto be 
onsistent with the expe
ted isospin violation from the ��|�0 and ��| �0 massdifferen
es.8.4 Con
lusionsThe CVC property of the Standard Model provides the possibility to identify the � ve
torde
ay 
hannels with the isove
tor 
omponents of the e+e� hadroni
 final states by meansof isospin symmetry. The �+�� and �+���+�� 
ross se
tions measured in e+e� anni-hilation have been found to be in good agreement with the respe
tive ���0 and ��3�0spe
tral fun
tions. The �+���0�0 
ross se
tion has been 
ompared to the 
orrespond-ing linear 
ombination of ��3�0 and 2���+�0 spe
tral fun
tions from � de
ays. Above2 GeV=
2, � data points are signifi
antly higher than the respe
tive e+e� measurements(DM2). This is thought to be due to a disagreement in the non-resonant 
ontribution asa good agreement with DM2 for the resonant (!�) part of the 
ross se
tion has re
entlybeen found by the ALEPH Collaboration [5℄.Fits of the pion form fa
tor based on the K�uhn-Santamaria [164℄ and the Gounaris-Sakurai [200℄ parametrisations have been performed. In this framework, the existen
e ofan additional �(1450) 
ontribution is firmly established in � de
ays. The fit using theGS parametrisation resulted in a better des
ription of � data yielding a �2 of 54 over 65degrees of freedom. The parameters of the dominant �(770) 
ontribution found in this fitare: M��(770) = (776:4� 0:9) MeV=
2 and ���(770) = (150:5� 1:6) MeV=
2.A 
ombined fit to � and e+e� data has been performed in order to measure thedifferen
e in mass and width between the dominant 
harged and neutral �(770) ampli-tudes, expe
ted to be generated by isospin-violating effe
ts. The observed mass differen
eM��(770) �M�0(770) = (0:0� 1:0) MeV=
2 is signifi
antly smaller than the 
orrespondingvalue for the pions, while the width differen
e ���(770) � ��0(770) = (0:1� 1:9) MeV=
2 is
onsistent with isospin violation from the ��|�0 and ��| �0 mass differen
es.
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Chapter 9The Hadroni
 Contribution to theMuon (g � 2) and to �(M2Z)The 
ontribution from hadroni
 loops to the muon anomalous magneti
 moment and tothe running of the QED fine stru
ture 
onstant � at low energy 
annot be 
al
ulated with
urrent QCD methods. Via dispersion relations these 
ontributions are related to absorp-tive parts of 
urrent-
urrent 
orelators whi
h those are proportional to e+e� annihilation
ross se
tion measurements and � ve
tor spe
tral fun
tions (see Se
tion 1.3.3). The lowenergy hadroni
 
ontribution 
an therefore dire
tly be 
omputed from experimental data.By virtue of the good quality of � spe
tral fun
tions one 
an expe
t a 
onsiderable im-provement in the pre
ision of the above quantities when in
luding � data into the 
urrentanalysis based on e+e� 
ross se
tions only. The results presented here are published inRef. [208℄.Introdu
tionThe anomalous magneti
 moment a� = (g� 2)=2 of the muon, defined through its devia-tion from the bare magneti
 moment obtained for the spin half muon from the solution ofthe Dira
 equation, is experimentally and theoreti
ally known to very high a

ura
y. The
ontribution of heavier obje
ts to a� relative to the anomalous moment of the ele
trons
ales as (m�=me)2 � 4 � 104. These properties allow an extremely sensitive test of thevalidity of QED and of additional 
ontributions from strong and ele
troweak intera
tions.In order to a
hieve a deeper understanding of SM input parameters like, e.g., the fermionmasses, theories have been proposed whi
h in
lude new parti
les su
h as additional gaugebosons, supersymmetri
 partners of the known fermions or exited leptons related to spe
u-lations about 
ompositness. The muon anomaly provides a stringent test for new theoriesbeyond the Standard Model, sin
e any new field (parti
le) whi
h 
ouples to the muonmust 
ontribute to a�. In prin
iple the existen
e of new, heavier parti
les 
an be dete
tedthrough their effe
ts via virtual radiative pro
esses on the behaviour of lighter observedparti
les, i.e., on the muon (g � 2). 175



The present value from the 
ombined �+ and �� measurements [209℄,a� = (11 659 230� 85)� 10�10 ; (9.1)should to be improved to a pre
ision of at least 4� 10�10 by a forth
oming Brookhavenexperiment [210℄1 (BNL-E821). It is 
onvenient to separate the predi
tion from the Stan-dard Model (SM) aSM� into its different 
ontributionsaSM� = aQED� + ahad� + aweak� ; (9.4)where aQED� = �2� + 0:765857381(51)����2 + 24:050531(40)����3+126:02(42)����4 + 930(170)����5= (11 658 470:6� 0:2)� 10�10 ; (9.5)is the pure ele
tromagneti
 
ontribution (see [212℄ and referen
es therein), ahad� is the
ontribution from hadroni
 va
uum polarization, and aweak� = (15:1 � 0:4) � 10�10 [212,213, 214℄ a

ounts for 
orre
tions due to the ex
hange of the weak intera
ting bosons upto two loops. Using the re
ent analysis of S. Eidelman and F. Jegerlehner [179℄ that foundahad� = (702:4�15:3)�10�10, and applying fourth order 
orre
tions due to the ex
hange ofadditional photons and ele
tron or quark loops (summarized by T. Kinoshita et al. [215℄to (�4:1� 0:7)� 10�10) one findsaSM� = (11 659 184� 16)� 10�10 : (9.6)1The prin
iple of the measurement is simple: a muon beam is inje
ted into a storage ring. The timedilatation provides an in
rease of the muon lifetime whi
h allows a high number of orbits before themuons de
ay into ele
trons. The differen
e between the orbital 
y
lotron frequen
y !
 and the spinpre
ession frequen
y !s defines the pre
ession frequen
y !a of the muon spin relative to its momentumwhi
h is proportional to the anomalous magneti
 moment: !a = (eB=m
)a�. In a

elerators where bothmagneti
 and ele
tri
 fields are present the pre
ession frequen
y is given by!a = em
 �a�B��a� � 1
2 � 1�� �E� ; (9.2)whi
h is independent of the ele
tri
 field E at the \magi
" 
 fa
tor
 =s 1a� + 1 ' 29:3 ; (9.3)i.e., jp�j = 3:094 GeV=
. One 
an thus a
hieve verti
al fo
using with ele
trostati
 quadrupoles, andbuild the storage ring magnet to have a uniform dipole magneti
 field to determine a�. This eliminationof the magneti
 field gradient (already established in the most re
ent CERN experiment [211℄) whi
hpreviously was required for fo
using, permits a signifi
ant improvement in a

ura
y. The spin pre
ession!a is re
onstru
ted from the dire
tion and the number of ele
trons emitted from the de
aying muons as afun
tion of the time and the muon lifetime. It is of 
ru
ial importan
e for the subsequent determinationof a� to pre
isely know the value of the magneti
 field B to an a

ura
y better than 4� 10�7 !176
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ertainties to a� from pure QED, QCD and ele
troweakintera
tions, where for the hadroni
 
ontribution the result obtained in this analysis isused. The shaded areas depi
t the sensitivities of past CERN experiments and the designvalue of BNL-E821.Comparing the errors of the respe
tive 
ontributions to aSM� reveals that its total un-
ertainty is 
learly dominated by the leading order va
uum polarization 
orre
tion ahad� ,originating from a quark-loop insertion into the muon vertex 
orre
tion diagram as shownin Figure 9.2. The different 
ontributions to a� and their un
ertainties are shown inFig. 9.1. In parti
ular, it is annoying that the error on the hadroni
 
ontribution is of thesame order of magnitude as aweak� whi
h to test is the aim of the BNL-E821 experiment.In this 
hapter, a new evaluation of the hadroni
 va
uum polarization 
ontribution toa� and also to the running of the QED fine stru
ture 
onstant �(s) from low energy tothe mass of the Z boson is presented. In addition to using the 
omplete and in 
omparisonwith previous analyses slightly enlarged experimental information on e+e� annihilationdata, the new data from hadroni
 � de
ays are in
orporated whi
h provide a more pre-
ise des
ription of the hadroni
 
ontributions at energies less than 1.5 GeV. Attention177



is brought to the straightforward and statisti
ally well-defined averaging pro
edure anderror propagation used, whi
h takes into a

ount full systemati
 
orrelations between the
ross se
tion measurements. Mu
h 
are has been put into the treatment of unmeasuredfinal states whi
h are bound via isospin 
onstraints.9.1 Hadroni
 Va
uum Polarization in 
 and W prop-agatorsAs QCD is a non-Abelian theory with massless gauge bosons, its perturbative expansionat low energies is not well-behaved and non-perturbative effe
ts lead to 
urrently un-predi
table long distan
e resonan
e phenomena in quark intera
tions. Fortunately, 
rossse
tions measured in e+e� annihilation and spe
tral fun
tions from � de
ays provide anexperimental a

ess to the hadroni
 va
uum polarization: from unitarity, the hadroni

ross se
tion of e+e� annihilation is related to the absorptive part of the va
uum polar-ization 
orrelator via the opti
al theorem.Similarly, hadroni
 spe
tral fun
tions from � de
ays are dire
tly related to the isove
-tor va
uum polarization 
urrents when isospin invarian
e (CVC) and unitarity hold. Forthis purpose one has to worry whether the breakdown of CVC due to quark mass effe
ts(mu 6= md generating ��J� � (mu � md) for a 
harge-
hanging hadroni
 
urrent J�between u and d quarks) or unknown isospin-violating ele
tromagneti
 de
ays has non-negligible 
ontributions within the present a

ura
y. However, the CVC predi
tions of� bran
hing ratios evaluated in Se
tion 8.2 show reasonable agreement within about 5%experimental a

ura
y over the full range of ex
lusive ve
tor hadroni
 final states. Ex-pe
ted deviations from CVC due to so-
alled se
ond 
lass 
urrents as, e.g., the de
ay�� ! ��� �� where the 
orresponding e+e� final state �0� (C=+1) is stri
tly forbidden,have estimated bran
hing fra
tions of order of (mu �md)2 ' 10�5 [216℄, while the exper-imental upper limit amounts to B(� ! ��� �� ) < 1:4� 10�4 [17℄ with 95% CL. Another
lassi
al test is the pion �-de
ay, yielding a sensitivity to CVC violation of 3%: the CVChypothesis relates the isove
tor, ve
tor matrix element of the (severely suppressed) de
ay�� ! �0e���e (no axial-ve
tor part) to the ele
tromagneti
 form F� fa
tor of the pionh�0(k0)jJ�jpi�(k)i CVC= �Vudp2h�0(k0)jj�emjpi�(k)i= �Vudp2F� �(k � k0)2� (k + k0)� : (9.7)The small mass differen
e of m���m�0 ' 4:6 MeV=
2 permits to equate F� ((k � k0)2) 'F�(0) = 1. The �-de
ay bran
hing ratio 
an then be 
al
ulated with kinemati
 vari-ables. Taking into a

ount ele
tromagneti
 radiative 
orre
tions of order 1% one ob-tains the theoreti
al predi
tion [217℄ of BCVC(�� ! �0e���e) = (1:0482� 0:0048)� 10�8whi
h is in agreement with the most pre
ise measurement [218℄ of B(�� ! �0e���e) =(1:026� 0:039)� 10�8.An estimate of a possible CVC violation 
an be obtained in the �� final state whi
his dominated by the �(770) resonan
e. SU(2) symmetry breaking 
an o

ur in the ��{�0 masses and widths 
aused by ele
tromagneti
 intera
tions. Hadroni
 
ontributions178



Final states ������0�� (�103) Ref.�! ! ��0
 0.32 [219℄�
 �0.34� 0.21 [17℄� 
 �0.38� 0.07 [17℄`+`� �0.091� 0.004 [17℄m�� �m�0 , m�� �m�0 6.3� 2.5 [17, 206℄��
 �3� 3 [219℄Sum 2.8� 3.9Table 9.1: Expe
ted CVC violation from ele
tromagneti
 intera
tions in ��{�0 de
ays.to the ��{�0 width differen
e are expe
ted to be mu
h smaller sin
e they are propor-tional to (mu � md)2. The different ele
tromagneti
 
ontributions to the width arelisted in Table 9.1: radiative transitions introdu
e a negligible effe
t, while the dom-inant 
ontribution 
omes from the ��{�0 mass differen
e. A re
ent theoreti
al anal-ysis [206℄ indi
ates that the �� and �0 masses are in fa
t equal within 0.5 MeV=
2:m�� �m�0 = �(0:15� 0:55) MeV=
2. This predi
tion has been verified in Se
tion 8.3.3with the result: m���m�0 = �(0:0�1:0) MeV=
2. Sin
e the �� and �0 mass differen
e isknown experimentally [17℄ to be m�� �m�0 = (4:5936� 0:0005) MeV=
2 and understoodtheoreti
ally [79℄ to be almost 
ompletely from ele
tromagneti
 origin, it is expe
ted thatthe total �� and �0 widths should be different even in the limit where hadroni
 intera
-tions are SU(2)-invariant (this in
ludes the 
hiral limit). An additional point 
on
erns
ontributions from photon bremsstrahlung. While the infrared divergen
es in � ! ��
de
ays vanishes when in
luding the vertex 
orre
tion graphs, finite terms are expe
ted to
ontribute differently to the widths of the 
harged and the neutral �. The 
orrespondingbremsstrahlung graphs have been 
al
ulated in Ref. [219℄. The width 
ontributions fromfinite terms to both the �� and the �0 turn out to be negative. The estimate of thewidth differen
e given in Tab. 9.1 assumes finite 
ontributions to the widths from loop
orre
tions to be small.The total expe
ted SU(2) violation in the � width is finally 
omputed from the above
onsiderations to be ��� � ��0�� = (2:8� 3:9)� 10�3 ; (9.8)where the error 
omes essentially from the estimate of the ��{�0 mass differen
e and ofthe ��
 
ontribution. This effe
t introdu
es 
orre
tions for ahad� and the running of �(s)when in
luding � data (see Se
tion 9.6).Æahad� = �(1:3� 2:0)� 10�10 (9.9)in the ahad� 
al
ulation from the �� ! ���0 �� spe
tral fun
tion whi
h is applied inthe present analysis. Corre
tions from the higher mass resonan
es �(1450); �(1700) are179
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hadFigure 9.2: Leading order hadroni
 va
uum polarization 
ontribution to a�.expe
ted to be negligible. Similarly a 
orre
tion ofÆ��(5)had(M2Z) = �(0:09� 0:12)� 10�4 (9.10)is introdu
ed in the 
al
ulation of the running of �.From a more qualitative point of view, one should keep in mind that in this analysisthe CVC hypothesis is applied at a very low energy s
ale where the absorptive parts ofthe matrix elements are largely dominated by non-perturbative QCD whi
h are expe
tedto fa
torize from their respe
tive W or 
 ex
itation.However, ele
troweak radiative 
orre
tions must be taken into a

ount. Their domi-nant 
ontribution 
omes from the short distan
e 
orre
tion to the effe
tive four-fermion
oupling �� ! (d�u)� �� . The radiative 
orre
tions are absorbed into an overall mul-tipli
ative fa
tor SEW = 1:0194 � 0:0040 introdu
ed in the definition of the spe
tralfun
tions (1.22). The origin of SEW and its error are dis
ussed in Se
tion 1.3.2 of Chap-ter 1.9.1.1 Muon Magneti
 AnomalyBy virtue of the analyti
ity of the va
uum polarization 
orrelator, the 
ontribution of thehadroni
 va
uum polarization to a� 
an be 
al
ulated via the dispersion integral [220℄ahad� = 14�3 1Z4m2� ds �had(s)K(s) : (9.11)Here �had(s) is the total e+e�! hadrons 
ross se
tion as a fun
tion of the 
.m. energy-squared s, and K(s) denotes the QED kernelK(s) = x2  2� x22 ! + (1+x)2 �1 + 1x2� ln(1 + x)� x + x22 ! + (1 + x)(1� x)x2 lnx (9.12)180
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tromagneti
 kernel-fun
tion K(s) multiplying the 
ross se
tion in thedispersion integral (9.11).with x = (1 � ��)=(1 + ��) and � = (1 � 4m2�=s)1=2 (see also remarks 
on
erning thenumeri
al stability ofK(s) in Ref. [179℄). The fun
tionK(s) de
reases monotoni
ally within
reasing s (Fig. 9.3). It gives a strong weight to the low energy part of the integral (9.11).About 91% of the total 
ontribution to ahad� is a

umulated at 
.m. energies ps below2.1 GeV while 72% of ahad� is 
overed by the two-pion final state whi
h is dominated bythe �(770) resonan
e. The pre
ise spe
trum of the two-pion final state from � data aswell as new input for the more 
ontroversial four-pion final states should therefore helpto signifi
antly improve the ahad� determination.9.1.2 Running of the QED Fine Stru
ture ConstantIn the same spirit one 
an evaluate the hadroni
 
ontribution ��(s) to the renormal-ized va
uum polarization fun
tion �0
(s) whi
h governs the running of the ele
tromag-neti
 fine stru
ture 
onstant �(s). For the spin 1 photon, �0
(s) is given by the Fouriertransform of the 
ontra
tion of the ele
tromagneti
 
urrents j�em(s) in the va
uum (q�q��q2g��) �0
(q2) = i R d4x eiqxh0jT (j�em(x)j�em(0))j0i. With ��(s)=�4��Re h�0
(s)� �0
(0)i,one has �(s) = �(0)1���(s) ; (9.13)where 4��(0) is the square of the ele
tron 
harge in the long-wavelength Thomson limit.The 
ontribution ��(s) 
an naturally be subdivided in a leptoni
 and a hadroni
 part.Furthermore, at s = M2Z it is appropriate to separate the leading va
uum polarization
ontribution involving the five light quarks u; d; s; 
; b from the top quark 
ontributionsin
e the latter 
annot be 
al
ulated in the light fermion approximation.The leading order leptoni
 
ontribution is given by��lep(M2Z) = �(0)3� X̀ �3� "�53 + � 2̀ � 12�`(3� � 2̀) ln 1� �`1 + �`!#181



= �(0)3� X̀"ln sm2̀ � 53 +O  m2̀s !#= 314:2� 10�4 (s �M2Z) : (9.14)Using analyti
ity and unitarity, the dispersion integral for the 
ontribution from the lightquark hadroni
 va
uum polarization ��(5)had(M2Z) reads [221℄��(5)had(M2Z) = � M2Z4�2 � Re 1Z4m2� ds �had(s)s�M2Z � i� ; (9.15)where �(s) = 16�2�2(s)=s � Im�0
(s) from the opti
al theorem, and Im�0
 stands for theabsorptive part of the hadroni
 va
uum polarization 
orrelator. In 
ontrast to ahad� , theintegration kernel favours 
ross se
tions at higher masses. Hen
e, the improvement whenin
luding � data is expe
ted to be small.The top quark 
ontribution 
an be 
al
ulated using the next-to-next-to-leading order�3s predi
tion of the total in
lusive 
ross se
tion ratio R, defined asR(s) = �tot(e+e� ! hadrons)�(e+e� ! �+��) = 3s4��2�tot ; (9.16)from perturbative QCD using MS [95, 179℄:Rpert(s) = 3Xf 24Q2f  1� 4m2fs !1=2 1 + 2m2fs !35 241 + �s(s)� + F3  �s(s)� !2 + F4  �s(s)� !335�0�Xf Qf1A2 F 04  �s(s)� !3 : (9.17)The 
oeffi
ients F3 and F4 are taken from Eqs. (2.65) for nf a
tive 
avours. The lastterm� F4(Pf Qf )2 with F 04 = 1:2395 stems from \light-by-light" s
attering diagrams withthree internal photon lines. The mf dependent fa
tors in Eq. (9.17) a

ounts for phasespa
e suppression near the f �f produ
tion threshold. The evaluation of the integral (9.15)with mtop = 175 GeV and the running strong 
oupling 
onstant fixed at �s(M2Z) = 0:121yields ��top(M2Z) = �0:6� 10�4.Using ��(5)had(M2Z)= (280� 7)� 10�4 [179℄, one obtains��1(M2Z) = 128:890� 0:090 : (9.18)Again, the error is dominated by the hadroni
 va
uum polarization part that is not
al
ulable within perturbative QCD.9.2 The Integration Pro
edureThe information used for the evaluation of the integrals (9.11) and (9.15) 
omes mainlyfrom dire
t measurements of the 
ross se
tions in e+e� annihilation and via CVC from182



� spe
tral fun
tions. The integrals themselves are evaluated using the trapezoidal rule,i.e., 
ombining adja
ent measurement points by straight lines. Even if this method isstraightforward and free from theoreti
al 
onstraints (other than CVC in the � 
ase),its numeri
al 
al
ulation requires spe
ial 
are. The 
ombination of measurements fromdifferent experiments taking into a

ount 
orrelations { both inside ea
h data set andbetween different experiments are subje
ted to additional studies and dis
ussions.9.2.1 Averaging Data from different ExperimentsIn order to exploit the maximum information, weighted averages of different experimentsat a given energy are 
al
ulated instead of evaluating separately the integrals for everyexperiment and finally averaging them2. Generally, if different measurements at a given
.m. energy show in
onsisten
ies, i.e., their �2 per degree of freedom (dof) is larger thanone, the error of their weighted average is res
aled with q�2=dof.The solution of the averaging problem is found using a 
orrelated �2 minimization,defining �2 = NexpXn=1 NnXi;j=1(xni � ki) (Cnij)�1 (xnj � kj) ; (9.19)where xni is the ith 
ross se
tion measurement of the nth experiment in a given final state,Cnij is the 
ovarian
e between the ith and the jth measurement and ki is the unknowndistribution. The 
ovarian
e matrix Cn is given byCnij = ( (�ni;stat)2 + (�ni;sys)2 for i = j�ni;sys ��nj;sys for i 6= j ; i; j = 1; : : : ; Nn ; (9.20)where �ni;stat (�ni;sys) denotes the statisti
al (systemati
) error of xni . The systemati
 errorsof the e+e� annihilation measurements are essentially due to luminosity and effi
ien
yun
ertainties. The minimum 
ondition d�2=dki = 0; 8i leads to the linear equationproblem NexpXn=1 NnXj=1 (xnj � kj) (Cnij)�1 = 0 ; i = 1; : : : ; Nn : (9.21)The inverse 
ovarian
e ~C�1ij between the solutions ki, kj is the sum over the inverse
ovarian
es of every experiment ~C�1ij = NexpXn=1(Cnij)�1 : (9.22)2One 
ould imagine two experiments a and b, ea
h with two independent measurements a1(E1)��a1,a2(E2) ��a2 and b1(E1) ��b1, b2(E2) ��b2 at energies E1 6= E2. Setting �a1 = �a2 = �b1 = �b2leads to identi
al errors in both integration methods. However, non-symmetri
 errors as, e.g., �a1=2 =2�a2 = 2�b1 = �b2=2 propagate a 53% larger un
ertainty when 
al
ulating independently the sum overthe points (trivial integration) of the experiments a, b and averaging afterwards rather than averagingha1; b1i and ha2; b2i first, i.e., keeping the energy information of the respe
tive points in the average.183



One should be aware of a potential bias when using least squared minimization te
h-niques in the presen
e of overall normalization un
ertainties [202℄ (see Se
tion 8.3). Inorder to demonstrate that the solutions ki of the linear equation (9.21) are unbiased,
onsider the following situation: two experiments X, Y have ea
h measured two 
rossse
tions x1, x2 and y2, y3, where x2 and y2 overlap at the same energy and are going to beaveraged. The solution distribution ki therefore 
ontains three measurements i = 1; 2; 3whi
h 
onsists essentially of the points x1, y3 and the average hx2; y2i. The 
ovarian
ematri
es of the experiments, taken from Eq. (9.20) are (a � x; y)Ca =  �a21;stat +�a21;sys �a1;sys�a2;sys�a1;sys�a2;sys �a22;stat +�a22;sys ! ; (9.23)so that the solutions ki of (9.21) for the three remaining measurements take the formk1 = x1 + (y2 � x2) �x1;sys�x2;sysÆ22;totk2 = x2 �y22;stat +�y22;sysÆ22;tot + y2 �x22;stat +�x22;sysÆ22;totk3 = y3 + (x2 � y2) �y3;sys�y2;sysÆ22;tot (9.24)with Æ22;tot = �x22;stat +�x22;sys +�y22;stat +�y22;sys . Eq. (9.24) be
omes the simple un
or-related solution if systemati
 errors are absent. Due to the initial 
orrelation between themeasurements, the averaging of x2 and y2 readjusts the points x1, y3 too. One 
on
ludesfrom Eq. (9.24) that the presen
e of 
orrelated systemati
 errors naturally in
uen
es thesolution, but does not bias it.However, dire
t 
orrelations from normalization un
ertainties o

urring between theexperiments as des
ribed in the next paragraph would indeed bias the averaging pro
e-dure. They are therefore subsequently added into the solution 
ovarian
e matrix (9.22).9.2.2 Correlations between ExperimentsEq. (9.22) provides the 
ovarian
e matrix needed for the error propagation when 
al-
ulating the integrals over the solutions ki from Eq. (9.21). Up to this point, ~Cij only
ontains 
orrelations between the systemati
 un
ertainties within the same experiment.However, due to 
ommonly used simulation te
hniques for a

eptan
e and luminosity de-terminations as well as state-of-the-art 
al
ulations of radiative 
orre
tions, systemati

orrelations from one experiment to another 
annot be ex
luded. It is 
learly a dif�
ulttask to reasonably estimate the amount of su
h 
orrelations as they depend on the 
apabil-ities of the 
ontributing experiments and one's theoreti
al understanding of the dynami
sof the respe
tive final states. In general, one 
an state that in older experiments, whereonly parts of the total solid angle were 
overed by the dete
tor a

eptan
e, individualexperimental limitations should dominate the systemati
 un
ertainties. Potentially 
om-mon systemati
s, su
h as radiative 
orre
tions or ef�
ien
y, a

eptan
e and luminosity
al
ulations based on the Monte Carlo simulation, play only minor roles. The 
orrelations184



between systemati
 errors below 2 GeV 
.m. energy are therefore estimated to be between10% and 30%, with the ex
eption of the �+�� final state, where a 40% 
orrelation due tothe easier experimental situation and the better knowledge of the dynami
s is imposed,whi
h leads to non-negligible systemati
 
ontributions from the un
ertainties of the radia-tive 
orre
tions. At energies above 2.1 GeV the experiments measured the total in
lusive
ross se
tion ratio R. Between 2.1 and 3.1 GeV, individual te
hni
al problems dominatethe systemati
 un
ertainties. At higher energies, new experiments provide nearly full ge-ometri
al a

eptan
e whi
h de
reases the un
ertainty of ef�
ien
y estimations. Radiative
orre
tions as well as theoreti
al errors of the luminosity determination give important
ontributions to the final systemati
 errors quoted by the experiments. The 
orrelationsbetween the systemati
 errors of the experiments are therefore estimated to be negligiblebetween 2 GeV and 3 GeV, 20% between 3 GeV and 10 GeV, and 30% above 10 GeV.These 
orrelation 
oeffi
ients are added to all those entries of ~Cij from Eq. (9.22)whi
h involve two different experiments.9.2.3 In
lusion of � DataIn this analysis, data from the � de
ays ��! ���0 �� , ��! ��3�0 �� and ��! 2���+�0 ��are used in addition to the 
ommon e+e� data sets. Assuming isospin invarian
e to hold,the 
orresponding e+e� isove
tor 
ross se
tions are 
al
ulated via the CVC relations (8.1),(8.2) and (8.3). The � spe
tral fun
tions v1, defined in Eq. 1.22, are given as binned 
on-tinous distributions of the mass-squared s. In ea
h bin i, the spe
tral fun
tion v1(si)
ontains the (normalized) invariant mass spe
trum �Ni=N , integrated over the bin widthdsi. On the 
ontrary e+e� 
ross se
tions are measured at dis
rete energy settings. Toea
h e+e� measurement is asso
iated a � 
ross se
tion value obtained by interpolatingbetween adja
ent bins. This interpolation takes into a

ount the 
orrelations betweenthe bins and is a
hieved imposing a fun
tional form obtained from a fit to Breit-Wignerresonan
es using the Gounaris-Sakurai parametrization [200℄ (see Se
tion 8.3). However,the fit fun
tion is renormalized in ea
h bin so that its integral over the width of ea
h bin
orresponds to the measured CVC 
ross se
tion for that bin. All the data points | � ,e+e� and interpolated � values | are inje
ted with their 
orrelations into Eqs. (9.21) and(9.22).Due to the high bin-to-bin 
orrelations of the � data and the signifi
ant normalizationun
ertainty 
oming from the � hadroni
 bran
hing ratios, biases of the least-square mini-mization (see Se
tion 8.3) 
annot be ex
luded. The average solution is therefore 
al
ulatedtwi
e, i.e., with and without 
orrelations, taking the mean value of both integrations asthe result and adding half of the total differen
e as systemati
 error. This is done in all
ases where � data are involved. The effe
t amounts to about 10% of the total error.9.2.4 Evaluation of the IntegralThe pro
edure des
ribed above provides the weighted average and the 
ovarian
e of the
ross se
tions from different experiments 
ontributing to a 
ertain final state in a givenrange of 
.m. energies. Now, the trapezoidal rule is applied. In order to perform the inte-185



grations (9.11) and (9.15), the integration range is subdivided into NH suffi
iently smallenergy steps and the 
orresponding 
ovarian
e is 
al
ulated for ea
h of these steps (whereadditional 
orrelations indu
ed by the trapezoidal rule has to be taken into a

ount). Thenew high-binned 
ovarian
e matrix CH reads thenCHkl = N�1Xi;j=1Dk;i ~CijDl;j ; k; l = 1; : : : ; NH ; (9.25)with the derivativesDk;i = (~si+1 � sHk )=(~si+1 � ~si)Dk;i+1 = �(~si � sHk )=(~si+1 � ~si) � 8k : ~si � sHk < ~si+1 (9.26)and Dk;i = 0 elsewhere. ~Cij is the average 
ovarian
e matrix (9.22) and the ~si are theenergies 
orresponding to the entries in ~Cij, while the sHk denote the energies 
orrespondingto the new high-binned 
ovarian
e matrix CHkl . This pro
edure yields error envelopesbetween adja
ent measurements as depi
ted by the shaded bands in Figs. 9.6 and 9.7.The integrals (9.11) and (9.15) 
an now easily be 
al
ulated from the new high-binneddistribution and their errors are obtained by gaussian propagation of the 
ovarian
e matrixCH .9.3 Radiative Corre
tionsHigher order radiative 
orre
tions bias the measurements of both 
ross se
tions in e+e� an-nihilation and invariant mass spe
tra from � hadroni
 de
ays. The e+e� experiments gen-erally 
orre
t the measured 
ross se
tion for QED effe
ts, in
luding bremsstrahlung, va
-uum polarization and higher order self-energy graphs (see referen
es in [179℄). Followingthe pres
ription of Ref. [179℄, all in
lusive 
ross se
tion measurements R at masses belowthe J= resonan
e are multiplied by the (small) 
orre
tion fa
tor (1+��lep(s))(�=�(s))2in order to a

ount for the missing 
orre
tion for hadroni
 va
uum polarization.In � de
ays, final state radiation from the � itself or from its de
ay produ
ts 
aninfluen
e the invariant mass measurement. Due to the high mass of the � lepton, thebremsstrahlung graph is largely suppressed. Both types of radiation are in
luded in theMonte Carlo simulation program KORALZ [140, 141, 142℄, used to unfold the measureddistributions from dete
tor resolution and physi
al (higher order) effe
ts. Even if thea
tual frequen
y with whi
h final state radiation o

urs or if its energy was not well sim-ulated in the Monte Carlo, re
onstru
ted photons found to originate from radiation of the� de
ay [24℄ are in
luded in the invariant mass determination, and thus do not bias themeasurement.Ele
troweak radiative 
orre
tions are applied through the CVC 
orre
tion fa
tor SEWdefined in Eq. (1.25). 186



9.4 The Origin of the DataThe ex
lusive low energy e+e� 
ross se
tions have mainly been measured by experimentsworking at e+e� 
olliders in Novosibirsk and Orsay. Due to the high hadron multipli
ityat energies above 2.5��3.1 GeV, the ex
lusive measurement of the respe
tive hadroni
final states is not pra
ti
able. Consequently, the experiments at the high energy 
ollid-ers DORIS and PETRA (DESY) and PEP (SLAC) have measured the total in
lusive
ross se
tion ratio R. Some of the e+e� data used have here already been mentioned inSe
tion 8.1. Nevertheless, for sake of 
ompleteness they are 
ontained in the following
ompilation:{ The e+e�! �+�� measurements are taken from OLYA [169, 170℄, TOF [171℄,NA7 [172℄, CMD [169℄, DM1 [173℄ and DM2 [174℄. In addition, the new ���0� spe
tral fun
tion is used, normalized to the world average bran
hing ratio B(��!���0 �� )= (25.24� 0.16)% [17℄. A

ording to Eq. (8.1), � data provide only thedominant isove
tor part of the total two-pion 
ross se
tion. A 
orre
tion due to thesmall isospin-violating isos
alar ! ! �+�� final state, whi
h interferes with theisove
tor amplitude, is applied. A small 
orre
tion for the missing, i.e., unmeasuredde
ay modes �! �0
 (only for e+e� data) and �! �
, is added.{ The rea
tion e+e�! �+���0 is dominated by ! and � intermediate resonan
es. Inthe peak region of these resonan
es analyti
 parametrizations of the 
ross se
tionsare used. The non-resonant data are taken from ND [182℄, M2N [191℄, M3N [190℄,DM1 [222℄ and DM2 [223℄. Corre
tions for the missing ! and � de
ay modes areapplied.{ The e+e�! �+���0�0 data are available from OLYA [181℄, ND [182℄, M2N [191℄,DM2 [187, 194, 188, 189℄ and M3N [190℄. A

ording to Eq. (8.3), a linear 
ombina-tion of both four-pion � de
ay 
hannels 
onne
ts the 
orresponding spe
tral fun
-tions with the above e+e� final state. The bran
hing ratios B(��! 2���+�0 �� )=(4.25� 0.09)% and B(��! ��3�0 �� )= (1.14� 0.14)% [17℄ are used as respe
tivenormalizations.{ The rea
tion e+e�! !�0 is mainly re
onstru
ted in the �+���0�0 final state. Itwas studied by the 
ollaborations ND [182℄ and DM2 [188℄. Corre
tions for themissing ! de
ay modes are applied.{ The e+e�! �+���+�� final state was studied by the experiments OLYA [181℄,ND [182℄, MEA [183℄, CMD [184℄, DM1 [185, 186℄, DM2 [187, 188, 189℄ and M3N [190℄.The 
orresponding spe
tral fun
tion from ��! ��3�0 �� (a

ording to Eq. (8.2)) isalso used.{ The e+e�! �+���+���0 final state is taken from M3N [190℄ and CMD [184℄. Theother five-pion mode e+e�! �+��3�0 
an be a

ounted for using the rigourousisospin relation ��+��3�0 = 0:5� ��+���+���0.187



{ For the rea
tion e+e�! !�+��, measured by the groups DM1 [185℄ and DM2 [184℄,a 
orre
tion for ! de
ays other than into three pions whi
h appear in the five-pionfinal state is applied.{ The e+e�! �+��� data were studied by ND [182℄ and DM2 [192℄. One mustsubtra
t from the 
ross se
tion the 
ontributions whi
h are already 
ounted in the�+���+���0 and �+��3�0 finale states.{ The 
ross se
tions of the six-pion final states 3�+3�� and 2�+2��2�0 were measuredby DM1 [193℄, M3N [190℄ CMD [184℄ and DM2 [194℄. In Se
tion 8.1 an upper limitfor the unknown ���+ 4�0 
ross se
tion of ��+��4�0 � (3=2)��2��2�+ 2�0� (9=24)��3��3�+ was derived using isospin 
onstraints. Half of this upper limit is taken asthe estimated 
ontribution, with an error of 100%.{ The e+e�!K+K� and e+e�!K0SK0L 
ross se
tions are taken from OLYA [224℄,DM1 [225℄ and DM2 [226℄.{ The rea
tions e+e�!K0SK+�� and e+e�!K+K��0 were studied by DM1 [199, 227℄and DM2 [187℄. Using isospin symmetry the 
ross se
tion of the final state K0SK0L�0is obtained from the relation �K0SK0L�0 = �K+K��0 .{ The in
lusive rea
tion e+e�!K0S+X was analyzed by DM1 [198℄. From it, one 
anestimate the total K�K�� 
ontribution (this time for both I = 1 and I = 0) asdes
ribed in Se
tion 8.1.{ At higher energy the total 
ross se
tion ratio R is measured in
lusively. Data pro-vided by the experiments 

2 [228℄, MARK I [229℄, DELCO [230℄, DASP [231℄,PLUTO [232℄, LENA [233℄, Crystal Ball [234℄, MD-1 [235℄, CELLO [236℄, JADE [237℄,MARK-J [238℄, TASSO [239℄, CLEO [240℄, CUSB [241℄ and MAC [242℄ are used inthis analysis. Above 3.5 GeV the measurements of the MARK I Collaboration aresignifi
antly higher than those from LENA, PLUTO and Crystal Ball. In addition,the QCD predi
tion of R, whi
h should be reliable in this energy regime, favourslower values. In agreement with Ref. [179℄, MARK I data are negle
ted above thisenergy threshold.Although small, the enhan
ement of the 
ross se
tion due to 
|Z interferen
e is
orre
ted for 
.m. energies above the J= mass. Using the fa
torial ansatz a

ordingto Ref. [243, 179℄, yields a negligible 
ontribution to ahad� and a �0:30� 10�4 shiftof ��(5)had(M2Z).Fig. 9.4 shows as an example the 
ross se
tions for the three-, five- and six-pionfinal states and for e+e�! K+K�. The in
lusive 
rosse
tion ratio R is plotted in Fig. 9.5together with the QCD perturbative predi
tion from Eq. 9.17 for �s(MZ)=0.1200� 0.0013.9.5 Analyti
al ContributionsIn some energy regions where data information is s
ar
e and/or reliable theoreti
al pre-di
tions are available, analyti
al 
ontributions to extend the experimental integral are188
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tions of the e+e� f inal states �+���0, (5�)0, 3�+3�� and K+K� ver-sus the 
.m. energy ps. From isospin symmetry one expe
ts ��+��3�0 = 0:5���+���+���0(upper right hand plot).used.9.5.1 The �+�� Threshold RegionTo over
ome the la
k of data at threshold energies, the se
ond order expansion Eq. (8.4)obtained from Chiral Perturbation Theory [178℄ is used as a des
ription of the pion formfa
tor F� (whi
h is 
onne
ted with the two-pion 
ross se
tion via Eq. (1.31).9.5.2 Narrow Resonan
esThe e+e� annihilation 
ross se
tion involves narrow resonan
es su
h as the !(782) and�(1020) at low energies, the J= and � resonan
es at the 
�
 and b�b quark thresholds,189
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Figure 9.5: In
lusive hadroni
 Cross se
tions ratio in e+e� annihilation versus the 
.m.energy ps. The QCD perturbative predi
tion Eq. (9.17) inputs �s(MZ)= 0.1200. At the
�
 and b�b produ
tion thresholds, the 
ross se
tions are dominated by non-perturbative
ontributions.respe
tively, as well as their ex
ited spe
tros
opi
 states. It is safe to parametrize thesestates using relativisti
 Breit-Wigner resonan
e shapes with an s-dependent width. Theexpression �(s) = 12�M2P �ee�P M2P�P�(s)(s�M2P )2 +M2P�2(s) ; (9.27)is used for the 
ross se
tion of a resonan
e P with the s-dependent width [179℄�(s) = sM2P Xi B(P ! Xi) FXi(s)FXi(M2P ) : (9.28)The above sum is over all bran
hing ratios of the resonan
e P with the respe
tive phasespa
e fa
tors FXi(s) given, e.g., for a spinless two-body de
ay X = P1P2 by FP1P2 =(1 � (mP1 + mP2)2=s)3=2. The physi
al input values of the parametrizations and their190



errors are taken from Ref. [17℄. The total parametrization errors are then 
al
ulated bygaussian error propagation.9.5.3 High Energy TailAt energies suffi
iently above the � resonan
e family, the perturbative QCD predi
tionof R with �ve a
tive quarks is supposed to be reliable. In agreement with Ref. [179℄,Rpert(s) from Eq. (9.17) is applied for ps � 40 GeV.9.6 ResultsThe integrals (9.11) and (9.15) are evaluated ex
lusively, i.e., for every 
ontributing finalstate, up to the 
.m. energy of 2.125 GeV. Even if some parti
ular modes have beenmeasured up to somewhat higher energies, one has to worry about unmeasured ex
lusivemodes and therefore use the total R measurement above this threshold. Both energyregions are assumed to be un
orrelated. Be
ause the 
ontributions of the ex
lusive 
han-nels at low energy are simply summed up, their respe
tive 
ovarian
es must be estimatedwhen propagating the error: in general, unmeasured final states whose 
ontributions arededu
ed from measured ones via isospin are set to be 100% 
orrelated with these. Alsodifferent dete
tors performing the same measurement are 
orrelated through the sharingof 
ommonly used simulation te
hniques to 
al
ulate a

eptan
e and sele
tion ef�
ien
ywhi
h depend on the assumed underlying physi
al dynami
s. Contributions from reso-nan
es that are analyti
 are globally assumed to have 20% 
orrelations due to modellingun
ertainties. Between purely measured final states the 
orrelations are estimated de-pending on the number of 
ommon experiments that 
ontribute to their measurementsand on the 
ommon energy region, as well as a

ording to the relative importan
e of theirstatisti
al and systemati
 errors. In general the estimation yields a 
orrelation between10% and 20%. This treatment is different from that of Ref. [244℄ where a 100% 
orrelationwas assumed.As des
ribed in Se
tion 1.3.3, 
orre
tions to the 
harged �� width have to be applied toa

ount for small CVC-violating effe
ts. The magnitude of the width differen
e Eq. (9.8)translated into ahad� and ��(5)had(M2Z) is evaluated using the fitted GS parametrization ofthe � line shape (Se
tion 8.3). One obtains the additive 
orre
tionsÆahad� = �(1:3� 2:0)� 10�10Æ��(5)had(M2Z) = �(0:09� 0:12)� 10�4 (9.29)for the ��! ���0 �� spe
tral fun
tion whi
h is applied in the present analysis. Corre
tionsfrom the higher mass resonan
es �(1450); �(1700) are expe
ted to be negligible.The two- and four-pion 
ross se
tions (in
l. the � 
ontribution) in different energyregions are depi
ted in Figs. 9.6 and 9.7. The bands are the results within (diagonal)error-envelopes of the averaging pro
edure and the appli
ation of the trapezoidal ruledes
ribed in Se
tion 9.2. 191
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Final states ahad� (�1010) ��(5)had(M2Z) (�104) Energy (GeV)�+�� threshold 2.30 � 0.05 0.04 � 0.00 4m2� { 0.320�+�� 495.86 � 12.46 34.01 � 0.87 0.320 { 2.125�+�� (in
l. � data) 500.81 � 6.03 34.31 � 0.38 0.320 { 2.125�(�0
 + � 
) (1) 0.30 � 0.05 0.02 � 0.01 0.298 { 2.125! 37.09 � 1.07 2.97 � 0.09 0.420 { 0.810! ! �
, neutrals (1) 0.03 � 0.01 < 0:01 0.810 { 2.125� 39.23 � 0.94 5.18 � 0.12 1.000 { 1.055�! � 
, �0
 (1) 0.09 � 0.01 0.01 � 0.00 1.055 { 2.125�+���0 (below �) 4.12 � 0.41 0.42 � 0.04 0.810 { 1.000�+���0 (above �) 1.90 � 0.72 0.46 � 0.26 1.055 { 2.125�+��2�0 21.41 � 2.36 5.82 � 0.63 0.910 { 2.125�+��2�0 (in
l. � data) 22.26 � 1.53 6.16 � 0.49 0.897 { 2.125! �0(! ! �
, neutr.) (1) 0.88 � 0.11 0.18 � 0.02 0.930 { 2.125�+���+�� 15.90 � 1.34 4.61 � 0.39 0.983 { 2.125�+���+�� (in
l. � data) 16.50 � 0.98 4.76 � 0.31 0.794 { 2.125�+���+���0 4.02 � 0.51 1.51 � 0.20 1.019 { 2.125�+��3�0 (2) 2.01 � 0.26 0.75 � 0.10 1.019 { 2.125! �+��(! ! �
, neutr.) (1) 0.07 � 0.02 0.03 � 0.01 1.340 { 2.125�+���+���+�� 0.47 � 0.14 0.19 � 0.04 1.350 { 2.125�+���+��2�0 3.32 � 0.36 1.35 � 0.14 1.350 { 2.125�+��4�0 (2) 2.40 � 2.40 0.98 � 0.98 1.350 { 2.125� �+�� (3) 0.51 � 0.14 0.16 � 0.05 1.075 { 2.125K+K� 4.30 � 0.58 0.85 � 0.10 1.055 { 2.055K0SK0L 1.20 � 0.42 0.23 � 0.08 1.090 { 2.125K0SK+�� (+ K0LK��+ (2)) 2.04 � 0.36 0.70 � 0.12 1.340 { 2.125K+K��0 0.42 � 0.29 0.15 � 0.10 1.440 { 2.125K0SK0L�0 (2) 0.42 � 0.29 0.15 � 0.10 1.440 { 2.125K�K�� (all modes) 4.52 � 1.65 1.82 � 0.66 1.441 { 2.125J= (1S,2S,3770) 8.04 � 0.52 9.97 � 0.68 3.096 { 3.800�(1S,2S,3S,4S,10860,11020) 0.10 � 0.01 1.18 � 0.08 9.460 { 11.20R 41.64 � 3.61 164.31 � 5.59 2.125 { 40.0R (perturbative) (4) 0.16 � 0.00 42.82 � 0.10 40.0 {1P (e+e� !hadrons) 695.0 � 15.0 280.9 � 6.3 4m2� {1P (e+e� !hadrons) (in
l. � data) 701.1 � 9.4 281.7 � 6.2 4m2� {11Corre
tion for missing modes (see text).2Dedu
ed from isospin relations (see text).3Without 
ontribution from � ! �+���0 and � ! 3�0.4Values are taken from [179℄.Table 9.2: Summary of the ahad� and ��(5)had(M2Z) 
ontributions from e+e� annihilationand � de
ays. The line \�+�� threshold" 
ontains the results from the integral overexpression (8.4) at threshold energies. 193
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tion of the 
.m. energy-squared. The bandrepresents the result of the averaging pro
edure des
ribed in the text within its diagonalerrors. The right-hand plot shows additionally the e+e�! !�0 amplitude (small points).9.6.1 Lowest Order Hadroni
 ContributionsThe results of the ex
lusive 
ontributions to ahad� and ��(5)had(M2Z) are presented in Ta-ble 9.6. After the in
lusion of the � data, the error of ahad� is dominated mu
h less by theun
ertainty of the two-pion 
ontribution. Other important sour
es are the 
ontradi
tory�+��2�0 data, as well as the unmeasured �+��4�0 final state. In the latter 
ase, limits
an be set only by using very 
onservative isospin arguments. As shown in Se
tion 8.1 thelarge upper limit 
omes from the assumption of a dominant �411 
lass a

ompanied by avanishing �321 
ontribution. Both 
lasses o

ur in �+���+��2�0, while none 
ontributesto �+���+���+�� and only �411 is part of �+��4�0 (see Se
tion 1.4). The measured
ross se
tion of �+���+��2�0 is 
learly higher than the 
orresponding �+���+���+��final state hen
e guaranteeing a leading 
ontribution from one of the 
lasses mentioned ifisospin invarian
e holds. Sin
e those 
lasses 
orrespond to eigenstates, a resonan
e analy-sis of the measured six-pion data would reveal important properties of the 
lass stru
tureof the respe
tive modes whi
h thus 
ould give more 
onstraining isospin bounds.Another large un
ertainty 
omes from the K�K�� final states. The measurement ofthe K+K��+�� mode alone does not allow one to 
al
ulate isospin bounds for all possible
ontributions. Fortunately, it is possible to extra
t the 
omplete K�K�� 
ontribution onthe basis of a DM1 measurement of the in
lusive 
hannel K0S+X [198℄. Nevertheless, largeexperimental un
ertainties prevent a pre
ise determination of the 
orresponding integrals.194
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Figure 9.8: Quadrati
 
ontribution of the various error sour
es to ahad� (left hand plot) and��(5)had(M2Z) (right hand plot) after the in
lusion of � data. In the energy region 0{2:1 GeVall ex
lusive 
ontributions that are not given separately are in
luded.The last important error sour
e, espe
ially for ��(5)had(M2Z), 
omes from the integralover the measured high energy in
lusive 
ross se
tion ratio R. The reliability of the QCDperturbative expansion for energies suffi
iently above the still unpredi
table resonan
ephenomena has been proven in many 
ases (see, e.g., �s measurements from different en-ergy s
ales at LEP, HERA and from � de
ays). Thus, theoreti
al input at energies lowerthan 40 GeV should be reliable and 
ould signifi
antly help to redu
e the integrationun
ertainties [245, 246℄. However, this has not been used in the present analysis whi
hrelies on experimental data as far as possible.The squared 
ontributions of the various final states and energy regimes to the errorsof ahad� and ��(M2Z) are depi
ted in Fig. 9.8. Only the results after the in
lusion of �data are shown. One obtains for the lowest order hadroni
 va
uum polarization diagramof the muoni
 anomalous magneti
 moment the 
ontributionsahad� = (695:0� 15:0)� 10�10 (e+e� data only)ahad� = (701:1� 9:4)� 10�10 (
ombined e+e� and � data)and for the running of � at M2Z��(5)had(M2Z) = (280:9� 6:3)� 10�4 (e+e� data only)��(5)had(M2Z) = (281:7� 6:2)� 10�4 (
ombined e+e� and � data) :Fig. 9.9 shows a 
ompilation of published results. The in
lusion of the new � datayields a large improvement in the pre
ision of the ahad� determination. The differen
ein ahad� between the ex
lusive e+e� analyses of [179℄ and this work is mainly due to adisagreement in the two-pion integral where signifi
antly lower values are obtained here.195
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700 750 800 850 280 300 320 340 360Figure 9.9: Comparison of estimates of ahad� (lowest) and ��(5)had(M2Z). The numbers aretaken from Refs. [169, 215, 179, 244, 247, 248, 245, 249℄.In addition, differen
es in the handling of unmeasured modes generate in
onsistent results.The results of Ref. [215℄ 
annot easily be 
ompared to the newer ones as the data set didnot in
lude the re
ent DM2 results. The differen
es in the final errors of ahad� in theex
lusive e+e� analysis of this work 
ompared to Ref. [179, 244℄ is mainly 
aused bydifferent te
hniques in the handling of the data and their errors. The detailed studyof the origin of 
orrelations, their propagation, as well as the rigourous use of isospin
onstraints to bound unmeasured modes yield slightly smaller errors here. As expe
ted,the gain in the pre
ision of ahad� 
oming from � data is signifi
ant whereas it is very smallfor ��(5)had(M2Z) sin
e the dominant 
ontributions and un
ertainties 
ome from energiesabove the � mass.9.6.2 Higher Order ContributionsIn the famous paper of Kinoshita et al. [215℄, higher order 
ontributions to the muonhadroni
 va
uum polarization graph, su
h as additional lepton or quark loops insertedin the diagram of Fig. 9.2 and the so-
alled light-by-light s
attering graph, have beenevaluated. The latter has been re
omputed by different groups obtaining (�5:2� 1:8)�10�10 [250℄ and (�9:2 � 3:2) � 10�10 [251℄ with large un
ertainties 
ompared to the de-signed experimental a

ura
y of �a� ' 4:0� 10�10 of the forth
oming BNL experiment.The 
onservative average of (�6:2� 4:0)� 10�10 is used in the following with an enlargederror to a

ount for in
onsisten
ies.The 
al
ulation of the higher order O(�=�)3 loop diagrams is a

omplished and partly
orre
ted in a re
ent work [252℄, where se
ond order kernel fun
tions K(2)(s) are provided.These are used to 
al
ulate the 
orresponding 
ontributions in the same spirit as the dom-inant lowest order graph by virtue of the dispersion integral (9.11). The numeri
al evalua-196



tion in Ref. [252℄ was performed on the basis of the data sample used by Ref. [179℄. This ex-er
ise is repeated here in order to 
he
k the 
onsisten
y of the results. For the 
ontributionof diagrams with additional photon ex
hanges, e.g., the fourth order muon vertex 
orre
-tion, the kernel labeled K(2a)(s) in [252℄ is used whi
h gives a(2a)� = (�20:9� 0:4)� 10�10.The diagrams with an ele
tron loop inserted in one of the photon lines of Fig. 9.2 (kernelK(2b)(s) in Ref. [252℄) 
ontribute to a(2b)� = (10:6� 0:2)� 10�10, where the asymptoti
 ex-pansion, the analyti
al and numeri
al solutions provided in Ref. [252℄ lead to very similarresults. Finally, the insertion of two hadroni
 loops in the muon vertex 
orre
tion graph(kernel K(2
)(s) in Ref. [252℄) results in a(2
)� = (0:27� 0:01)� 10�10. The 
ontributionsa(2a;b;
)� are found to be in agreement with Ref. [252℄. All higher order results given hereare 
omputed from the e+e� data set only.The 
ompilation of the hadroni
 higher order parts (in
luding light-by-light s
attering)yields ahad� [(�=�)3℄ = (�16:2� 4:0)� 10�10.9.6.3 Results for ahad� and �(M2Z)Colle
ting all 
ontributions, one obtains for the anomalous magneti
 moment of the muona� = (11 659 164:5� 15:6)� 10�10 (e+e� data only)a� = (11 659 170:6� 10:2)� 10�10 (
ombined e+e� and � data) ;where the errors of the lowest order 
al
ulation ahad� and a(2a;b;
)� are added linearly.The inverse of the fine stru
ture 
onstant at M2Z is found to be��1(M2Z) = 128:882� 0:087 (e+e� data only)��1(M2Z) = 128:878� 0:085 (
ombined e+e� and � data) :One may use the latter (
ombined) result for �(M2Z) to improve the 
onstraint on themass of the standard model Higgs boson MHiggs inferred from a global ele
troweak fit(see also Se
tion 2.6). This is done by utilizing 
urrent available ele
troweak data [112,111℄ and the ZFITTER ele
troweak library [253℄. It requires M2Z, mtop, and �(M2Z) asinput parameters, whi
h are allowed to vary within their experimental a

ura
ies. Theadditional parameters MHiggs and the strong 
oupling 
onstant at M2Z, �s(M2Z), are freelyadjusted in the fit. It is found to be �s(M2Z) = 0:1201 � 0:0033 whi
h is in perfe
tagreement with the experimental value of 0.122� 0.006 [129℄ from the analyses of QCDobservables in hadroni
 Z de
ays at LEP. The fitted Higgs boson mass is 138+137�76 GeV,
ompared to 149+148�82 GeV when using the previous value of �(M2Z) from Eq. (9.18). Anadditional error of 50 GeV should be added to a

ount for theoreti
al un
ertainties [253℄.Fig. 9.10 depi
ts the variation of �2 as a fun
tion of the Higgs boson mass for thenew and previously used values of �(M2Z) (the latter taken from [179℄). The upper limitfor MHiggs is 516 GeV at 95% CL. The 
orrelation 
ontours between the fit parameter�s(MZ) and MHiggs is shown in Fig. 9.11. 197
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tion of the Higgs mass.9.7 Con
lusionsIn this 
hapter, the hadroni
 va
uum polarization 
ontribution to (g�2) of the muon andto the running of the QED fine stru
ture 
onstant �(s) at s = M2Z has been reevaluatedusing � ve
tor spe
tral fun
tions in addition to slightly enlarged e+e� annihilation 
rossse
tion data sets in order to improve the pre
ision of the 
orresponding integrals. Theresults are, to lowest order, ahad� =(701.1� 9.4)�10�10 yielding a� = (11 659 170:6�10:2)�10�10 and ��(5)had(M2Z)= (281.7� 6.2)�10�4, propagating ��1(0) to ��1(M2Z) = (128:878�0:085). The improvement 
oming from � data is small in the ��(5)had(M2Z) 
ase whi
h isdominated by high energy 
ontributions. However, it 
auses a 37% redu
tion in the erroron ahad� .In the near future, new low energy e+e� annihilation data are expe
ted to be produ
edby the CMD-2 Collaboration [254℄ at Novosibirsk. In addition, new results for the ��!���0 �� spe
tral fun
tion with a pre
ision 
omparable to the ALEPH data were re
entlypresented by the CLEO Collaboration [255℄. Signifi
ant improvement is also expe
tedfrom energy s
ans at the future high-luminosity e+e� 
ollider DA�NE in Fras
ati.
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Chapter 10� Spe
tral Fun
tions and QCDThe theoreti
al basis of the following phenomenologi
al QCD analysis using ve
tor andaxial-ve
tor spe
tral fun
tions has been outlined in Chapter 2. The subje
t of the studiesare QCD sum rules obtained in the environment of 
hiral symmetry, and the measurementof �s(M� ) and non-perturbative 
ontributions to the hadroni
 width of the � .10.1 QCD Chiral Sum RulesAs seen in Se
tion 2.4, the appli
ation of 
hiral symmetry, i.e., negle
ting quark massesallows the 
omputation of interesting low energy sum rules involving the differen
e ofve
tor and axial-ve
tor spe
tral fun
tions. By virtue of the identity (1.27), the formulaeEqs. (2.36), (2.37), (2.39) and (2.40), expressed as fun
tions of the ve
tor and axial-ve
torspe
tral fun
tions defined in Eq. (1.22), read14�2s0!1Z0 ds 1s [v1(s)� a1(s)℄ = f 2� hr2�i3 � FA ; (10.1)14�2s0!1Z0 ds [v1(s)� a1(s)℄ = f 2� ; (10.2)14�2s0!1Z0 ds s [v1(s)� a1(s)℄ = 0 ; (10.3)14�2s0!1Z0 ds s ln s�2 [v1(s)� a1(s)℄ = �4�f 2�3� (m2�� �m2�0) : (10.4)Eq. (10.1) is known as the Das-Mathur-Okubo (DMO) sum rule [6℄. It relates the givenintegral (IDMO) to the square of the pion de
ay 
onstant f�=(92.4� 0.26) MeV [17℄ ob-tained from the de
ays �� ! ����� and �� ! �����
; to the pion axial-ve
tor formfa
tor FA for radiative de
ays1 �� ! `���`
; and to the pion 
harge radius-squared1In 
ases where it is a real radiative photon the differential de
ay rate 
an be written asd2��!`�
dE
dE` = d2(�IB + �SD + �INT)dE
dE` ; (10.5)201



hr2�i=(0.431� 0.026) fm2 [53℄, The error of hr2�i in
ludes theoreti
al un
ertainties. For
ompleteness the results on the pion polarizability (see next se
tion) will be also expressedin terms of the standard value hr2�i=(0.439� 0.008) fm2 obtained from a one parame-ter fit to the same spa
e-like data [180℄. Eqs (10.2) and (10.3) are the first and se
ondWeinberg sum rules (WSR) [7℄, where the pion pole in (10.2) is already integrated out.When swit
hing quark masses on, only the first WSR remains valid while the se
ondWSR breaks down due to 
ontributions from the differen
e of non-
onserved ve
tor andaxial-ve
tor 
urrents of order m2q=s, leading to a quadrati
 divergen
e of the integral (seeSe
tion 2.4.1). Eq. (10.4) represents the ele
tromagneti
 splitting of the pion masses [83℄.Although apparently 
ontaining an arbitrary energy s
ale �, the sum rule is a
tually in-dependent of � by virtue of the se
ond WSR (10.2). However, for finite s0, Eq. (10.4)maintains its � dependen
e.The above integrals are 
al
ulated with variable upper integration bounds s0 � M2�using the spe
tral fun
tions and their respe
tive 
ovarian
e matri
es in order to providea straightforward gaussian error propagation taking into a

ount the strong bin-to-bin
orrelations of the spe
tral fun
tions. In general, 
learly, an integral of the above type isevaluated as I(s0) = s0Z0 dsW (s) [v1(s)� a1(s)℄ = Nbin(s0)Xi=1 W (si) [v1;i � a1;i℄ ; (10.6)and its squared error reads�2I(s0) = Nbin(s0)Xi;j=1 W (si) hCVij + CAiji ; (10.7)where the anti
orrelations between v1 and a1 due to the estimates of the ve
tor/axial-ve
tor parts of the final states K�K� and K�K�� are reabsorbed in the respe
tive 
ovarian
ematri
es CV=A so that v1 and a1 are now un
orrelated.Fig. 10.1 shows the ve
tor minus axial-ve
tor distribution obtained from � de
ays inaddition to two times the ve
tor spe
tral fun
tion v1;e+e� from e+e� annihilation (seeSe
tion 8.1) data minus the in
lusive (v1 + a1) measurement, yielding a 
orresponding(v1 � a1) spe
tral fun
tion with a slightly better pre
ision at the end of the � phasespa
e. This treatment is of 
ourse not free from ambiguities as an eventual 
on
eptualdisagreement (e.g., undete
ted systemati
 un
ertainties) between the � ve
tor spe
tralfun
tion v1 whi
h is in
luded in the (v1 + a1) spe
tral fun
tion and v1;e+e� translates intothe differen
e (v1 � a1) whi
h then is in
onsistent. Inferen
es from results obtained insu
h a way should therefore be handled with pruden
e.The sum rules (10.1){(10.4) versus the upper integration bound s0 � M2� are plottedin Figs. 10.2a{d. In addition to the the � spe
tral fun
tions, again the 
ontribution frome+e� annihilation 
ombined with the (v1 + a1) in
lusive measurement are shown. Thewhere �IB, �SD and �INT are the 
ontributions from inner bremsstrahlung, stru
ture-dependent radiationand there interferen
e. The stru
ture-dependent term is parametrized by using ve
tor and axial-ve
torform fa
tors FV=A (for the 
omplete expression see Ref. [17℄).202
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tor minus axial-ve
tor (v1 � a1) spe
tral fun
tion. The band shows the
orresponding spe
tral fun
tion using two times the ve
tor spe
tral fun
tion from e+e�annihilation data minus the in
lusively measured (v1+a1) spe
tral fun
tion from � de
ays.horizontal band depi
ts the respe
tive 
hiral predi
tion of the integrals taken from [48℄.One observes that only for the DMO sum rule (Fig. 10.2a), where 
ontributions fromhigher mass-squares are suppressed, does the saturation within the one sigma error seemto o

ur at the � mass s
ale. The other sum rules (Fig. 10.2b{
) are apparently notsaturated at M2� as indi
ated by the non-vanishing (v1 � a1) spe
tral fun
tion at the endof the � phase spa
e (Fig. 10.1) and its still os
illating behaviour.A way to improve the saturation of finite energy sum rules is to apply the Borel-transformed formulae (Se
tion 2.3.2) emphasizing the lower resonan
es of the spe
tra.On the other hand, Borel-transformed sum rules give rise to non-perturbative 
orre
tionsfrom quark 
ondensates and non-vanishing quark masses s
aling with the Borel parameterM2. For example, the Borel-transformed first WSR reads [77℄14�2s0!1Z0 ds e�s=M2 [v1(s)� a1(s)℄ = f 2�203
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orresponding to Eqs (10.1){(10.4) (plots: a{d) versus the upperintegration bound s0.+�s(M2)2� "�mu(M2)md(M2)�2 � 83 f 2�m2�M2 � 32�9 (h0j�qqj0i)2M4 + : : :# ; (10.8)where the 
urrent algebra expression f 2�m2� = �(mu+md)h0j�uuj0i obtained from Eqs. (2.30)and (2.31) are used, mu(M2) and md(M2) denote the running quark masses des
ribedby Eq. (2.15). The Borel integral (10.8) is plotted in Fig. 10.3 for M2 = 1 GeV2.The 
omparison with Fig. 10.2d makes the gain in pre
ision and asymptoti
ness obvi-ous. The 
hiral predi
tion is taken from the r.h.s. of Eq (10.8) setting f� as definedabove, �s(1 GeV) = 0:59 � 0:07 evolved from �s(M� ) = 0:35 � 0:02 (Se
tion 10.2),mu(1 GeV) = 5 � 3 MeV=
2, md(1 GeV) = 10 � 5 MeV=
2 [17℄ and negle
ting higherorder non-perturbative 
ontributions O(M�6) and 
ontributions other than quark 
on-densates. One thus obtains (8:44� 0:17)� 10�3 GeV2, while the integral over � data ats0 � 3 GeV2 reads (7:61� 0:26)� 10�3 GeV2, somewhat lower than the 
hiral predi
tionso that further non-perturbative terms need to be added. Anyway, the pre
ision obtainedis remarkable and su
h 
onstraints 
an be used in order to measure higher order non-perturbative 
ontributions or | if these are known from other sour
es | one might evenget limits on the light quark masses? 204
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hiral predi
tion isgiven by the r.h.s of Eq. (10.8).10.1.1 The Polarizability of the PionIn order to quantify the a
tual pre
ision of the sum rules, the ele
tri
 polarizability of thepion2, given by [256℄ �E = �FAm�f 2� ; (10.9)is determined in this se
tion utilizing the DMO sum rule IDMO (10.1) as proposed in [257℄.The 
omputation of the pion axial-ve
tor form fa
tor FA is most a

urate using the mea-surement of the ratio 
 � FA=FV obtained from radiative pion de
ays �� ! e���e
. Usingthe weighted average 
=0.46� 0.05 of the measurements [258℄ as well as the CVC relationbetween the pion ve
tor form fa
tor and the �0 lifetime jFV j = (1=�)(2���0m�0)�1=2 =0:0132� 0:0005 [259, 17℄ leads to�theoE = (2:86 � 0:33)� 10�4 fm3 ; (10.10)as a theoreti
al predi
tion.Using the � (v1 � a1) spe
tral fun
tions, the DMO integral at the � mass s
ale givesI�DMO = (28:0 � 1:6 � 1:1) � 10�3, where the first error is the dire
tly propagated inte-gration error using the 
ovarian
e matri
es of the spe
tral fun
tions. The se
ond erroris a systemati
 error whi
h a

ounts for missing asymptoti
ness be
ause the integrationstops at � s0 = 3 GeV2 (it is not performed to exa
tly M2� sin
e the error of the spe
tralfun
tions blows up at the very end of the � phase spa
e). For the 2v1(e+e�)�(v1+ a1)(�)spe
tral fun
tion one obtains I�;e+e�DMO = (25:2� 1:3� 0:4)� 10�3 with a �2 = 2:7=1 when2The ele
tri
 polarizability �E of a physi
al system 
an be understood 
lassi
ally as the proportionality
onstant whi
h governs the indu
tion of the dipole moment p of a system in the presen
e of an externalele
tri
 field E: p = �EE. The polarizability is an important quantity to 
hara
terize a parti
le, i.e., inprobing its inner stru
ture. 205




ompared to the above pure � result, assuming both measurements 
onservatively to be50% 
orrelated (the a
tual 
orrelation is lower sin
e the in
lusive (v1+ a1) and the ex
lu-sive v1 and a1 � spe
tral fun
tions have large un
orrelated parts). The weighted average(taking into a

ount the 
orrelation) ishIDMOi = (26:4 � 1:5)� 10�3 : (10.11)A

ording to the pres
ription of Ref. [17℄, the error is in
reased by q�2=1 to a

ount forsome in
onsisten
y. Combining (10.1) and (10.9) with the assumption that the 
ontribu-tion to (10.1) for s0 > M2� is negligible, i.e., the integral is saturated, one finds that thepion polarizability is �expE = (2:40 [2:68℄ � 1:14 [0:76℄)� 10�4 fm3 : (10.12)The figures in bra
kets give the 
orresponding result if the standard value of hr2�i =(0:439� 0:008) fm2 [180℄ is used for the pion 
harge radius-squared. Both results (10.12)are in agreement with the 
hiral predi
tion (10.10).The authors of [257℄ (see also [260, 85℄) used the first WSR (10.2) as an additional
onstraint to 
onsiderably improve the pre
ision and the reliability of the IDMO evaluationas it naturally redu
es the sensitivity to the saturation assumption.Another approa
h to the solution of (10.1) deals with the Borel-transformed DMO sumrule, whi
h suppresses the high energy tail of the spe
tral fun
tion in order to improvesaturation at M2� and to in
rease the pre
ision of the integral [257, 261℄:ÎDMO(M2) = 14�2s0!1Z0 ds e�s=M2 v1(s)� a1(s)s+ f 2�M2 � C6hO(6)i6M6 � C8hO(8)i24M8 (10.13)where ÎDMO(M2) = IDMO in the limit M2 ! 1. At suffi
iently high M2 the impa
tof the dimension D = 6 and dimension D = 8 non-perturbative terms on ÎDMO(M2)is small. One may use proje
ting sum rules with improved saturation to determine the
orresponding phenomenologi
al operators:4�2C6hO(6)i ' s0Z0 ds s2 [v1(s)� a1(s)℄� �1s0 s0Z0 ds s [v1(s)� a1(s)℄ ; (10.14)�4�2C8hO(8)i ' s0Z0 ds s3 [v1(s)� a1(s)℄� �2s20 s0Z0 ds s [v1(s)� a1(s)℄ : (10.15)Eqs. (10.14) and (10.15) hold for s0 !1 sin
e the se
ond term on the r.h.s. vanishes inthe 
hiral limit by virtue of the se
ond WSR (10.3). Unfortunately, the gain in 
onvergen
eof the sum rules obtained from the insertion of the (even less 
onvergent) se
ond WSR isnot very su

essful as it is a

ompanied by large additional errors. The 
oeffi
ients �1=2in (10.14) and (10.15) depend on the high energy tail of the (v1 � a1) spe
tral fun
tion206
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e-transformed DMO sum rule ÎDMO as a fun
tion of the Borel param-eter M2 for the ex
lusive � and the 
ombined e+e�, � (v1 � a1) spe
tral fun
tion. Theshaded area depi
ts the � integral without the non-perturbative 
ontributions. It divergeshyperboli
ally at small M2.whi
h 
an be expanded in powers of s0. They are estimated to be �1 � 1:5 and �2 � 2:8.This gives for the non-perturbative 
ontributions the extremely rough estimates (using� data only): C6hO(6)i = �0:025 � 0:027 GeV6 and C8hO(8)i = �0:15 � 0:16 GeV8,whi
h yields the most pre
ise value of ÎDMO=(26.3� 0.6) for � spe
tral fun
tions at (high)M2 = 2:6 GeV2 enabling one to avoid the large errors of the ina

urate operator termsat low energy.A more promising solution of Eq. (10.13) lies in a simultaneous fit of ÎDMO and thenon-perturbative terms by means of moments on the Borel parameter M2. A �2 fit isperformed using the (strongly 
orrelated) moments M2=0.2, 0.7, 1.2, : : :, 3.7 GeV2 inorder to guarantee suffi
ient information for the 
onstraint of the dimension D = 6 andD = 8 operators at lowM2 and non-biased, purely perturbative 
ontributions at highM2to fix ÎDMO through the Borel-transformed DMO integral in (10.13). The fit 
onvergeswith a �2 = 2:3 over 5 degrees of freedom, yielding (for � data)ÎDMO = (25:8 � 0:3 � 0:1)� 10�3 ; (10.16)whi
h is in agreement with (10.11). The se
ond error a

ounts for estimated un
ertaintiesindu
ed by the saturation assumption. From the fit, the non-perturbative 
ontributionsare C6hO(6)i=0.0029� 0.0002 GeV6 and C8hO(8)i=�0.0015� 0.0003 GeV8 with an an-ti
orrelation of nearly 100%. 207



Fig. 10.4 depi
ts ÎDMO as a fun
tion of M2 for the pure � and the 
ombined � ande+e� annihilation (v1 � a1) spe
tral fun
tions. In this 
ase, the pure � spe
tral fun
-tion provides smaller errors be
ause of the more a

urate two-pion 
ontribution in �de
ays whi
h is strongly weighted in (10.13). The shaded band shows the � result with-out the non-perturbative terms. Non-perturbative 
ontributions dominate the integral atM2 < 1 GeV2 and be
ome negligible for M2 > 2:5 GeV2 as the 
omparison between theshaded and the hat
hed bands demonstrates. Using (10.16) the ele
tri
 polarizability is�expE = (2:68 [2:96℄ � 0:91 [0:32℄)� 10�4 fm3 (10.17)with signifi
antly lower errors 
ompared to (10.12) due to the improved 
onvergen
e of theLapla
e-transformed DMO sum rule. Again the figures in bra
kets give the 
orrespondingresult when using the standard value of hr2�i.10.2 The Measurement of �s(M�)The measurement of �s(M� ) presented in this se
tion adopts a method based on a simul-taneous fit of the hadroni
 � de
ay rate and spe
tral moments, whi
h was proposed byF. Le Diberder and A. Pi
h [13℄, and was already employed in previous analyses by theALEPH [8℄ and CLEO [9℄ Collaborations. The theoreti
al framework, relevant formulaeand definitions of the observables are given in Se
tion 2.510.2.1 R� and the MomentsComputing the ratio of the in
lusive ve
tor and axial-ve
tor bran
hing fra
tions, takenfrom Tabs. 6.1 and 6.2, to the ele
troni
 bran
hing fra
tion Eq. (1.7) yields the semilep-toni
 widths R�;V = 1:782 � 0:018 ; (10.18)R�;A = 1:710 � 0:018 ; (10.19)R�;V+A = 3:492 � 0:015 ; (10.20)R�;V+A+S = 3:649 � 0:013 : (10.21)The in
lusive sum R�;V+A has a mu
h lower error than the ex
lusive R�;V=A sin
e the lattersuffers from anti-
orrelations between the bran
hing ratios of \adja
ent" � de
ay 
hannels,i.e., those whi
h differ by only one additional �0. This is taken into a

ount in the
al
ulation of the error. However, these anti-
orrelations disappear when there is no needto separate the V , A 
omponents. Clearly, the value obtained and the error for R�;V+Amust 
orrespond toR�;V+A+S�R�;S, where R�;S = 0:156�0:008 [90℄ is the strange hadroni
width (of �us quark 
urrents), be
ause of the overall bran
hing ratio normalisation to one.Thus, it serves as a good 
ross 
he
k of the 
orrelations intervening into the 
al
ulation.The above strange quark in
lusive width was used in Ref. [90℄ to infer a measurement of thestrange quark mass at the � mass s
ale of ms(M� ) = 212+30�35 MeV=
2 whi
h is dominatedby un
ertainties of experimental origin. Thus, there is no advantage in in
luding R�;S (orequivalently R�;V+A+S) in this analysis, as the improvement in experimental pre
ision is208
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0 0.5 1 1.5 2 2.5 3 3.5Figure 10.5: Distribution of the (V + A) spe
tral moments k = 1; l = 0; : : : ; 3 (withoutpion pole) a

ording to the integrand in Eq. (10.22).then entirely effa
ed by the ms un
ertainty of the theoreti
al predi
tion.To separate the measurement from theoreti
al 
onstraints on the non-perturbative
ontributions to the OPE, spe
tral moments are 
omputed from the invariant mass spe
traof ve
tor and/or axial-ve
tor final states. The normalisation a

ording to Eq. (2.89)redu
es 
onsiderably the 
orrelation between the � hadroni
 width and the moments. Itis 
ompletely negligible in the (V +A) 
ase where R�;V+A is 
al
ulated from the differen
eR� � R�;S, whi
h has no 
orrelations with the hadroni
 invariant mass spe
trum. The
orrelations between R�;V=A and the 
orresponding moments are estimated to be 30%,where they are positive between R�;V=A and D10V=A and negative for D1l>0V=A . Fig. 10.5 showsthe distribution of the integrand inDkl�;V=A � M2�Z0 ds  1� sM2� !k  sM2� !l 1NV=A dNV=Ads ; (10.22)whi
h 
orresponds to Eq. (2.89), for k = 1; l = 0; : : : ; 3. As 
an be 
on
luded fromEq. (2.88), higher moments in l, proje
ting on higher squared masses, determine higherdimensional OPE terms. The effe
t of an �s and, e.g., Æ(8) variation on R�;V and the209



ALEPH l = 0 l = 1 l = 2 l = 3D1lV 0.7159 0.1689 0.0532 0.0227�expD1lV 0.0034 0.0006 0.0007 0.0006D1lA 0.7205 0.1471 0.0639 0.0303�expD1lA 0.0033 0.0009 0.0005 0.0004D1lV+A 0.7177 0.1581 0.0585 0.0265�expD1lV+A 0.0022 0.0006 0.0004 0.0004Table 10.1: Spe
tral Moments of ve
tor (V ), axial-ve
tor (A) and ve
tor plus axial-ve
tor(V +A) in
lusive � de
ays. The errors give the total experimental un
ertainties in
ludingstatisti
al and systemati
 e�e
ts.ALEPH D10�;V D11�;V D12�;V D13�;VD10�;V 1 �0.215 �0.862 �0.947D11�;V { 1 0.636 0.394D12�;V { { 1 0.959D13�;V { { { 1
ALEPH D10�;A D11�;A D12�;A D13�;AD10�;A 1 �0.377 �0.766 �0.951D11�;A { 1 0.843 0.479D12�;A { { 1 0.871D13�;A { { { 1ALEPH D10�;V+A D11�;V+A D12�;V+A D13�;V+AD10�;V+A 1 �0.320 �0.862 �0.950D11�;V+A { 1 0.614 0.247D12�;V+A { { 1 0.896D13�;V+A { { { 1Table 10.2: Experimental 
orrelations between the moments Dkl�;V=A.moments, whi
h demonstrates the 
onstraints of the measured observables on the QCDquantities, is shown in Fig. 10.6. The 
entral points are the theoreti
al predi
tion ofR� ; V and the moments for some input values �s(M� ), Æ(4), Æ(6) and Æ(8). The stars depi
tthe deviation when 
hanging �s ! �s + 2��s, while the triangles show what happenswhen shifting Æ(8) ! Æ(8)+2�Æ(8). One observes that �s is determined from R�;V and thefirst moments D10V , D11V , but little effe
t is seen for the higher moments D12V , D13V . Onthe other hand, these moments determine the high dimensional non-perturbative powerterm, while the sensitivity from R�;V is weak. The measured values of the momentsfor V , A and (V + A) spe
tral fun
tions are given in Tab. 10.1; for their 
orrelationmatri
es see Tab. 10.2. The 
orrelations between the moments are 
omputed analyti
allyfrom the 
ontra
tion of the derivatives of two involved moments with the 
ovarian
ematri
es of the respe
tive normalized invariant mass-squared spe
tra. In all 
ases, thenegative sign between the k = 1; l = 0 and the k = 1; l > 0 moments is understood tobe due to the � and the �, a1 peaks whi
h determine the major part of the respe
tivek = 1; l = 0 moments. They are mu
h less important for higher moments as one 
an210



Error sour
e D10�;V D11�;V D12�;V D13�;V Se
tionStatisti
al error 0.17 0.20 0.25 0.56 6Fake photons 0.05 0.08 0.10 0.14 7.1.1ECAL energy 
alibration 0.10 0.09 0.17 0.39 7.1.2ECAL energy resolution 0.10 0.03 0.25 0.65 7.1.3Photon likelihood: ref. distributions 0.07 0.09 0.12 0.41 7.1.4Photon likelihood: 
ut on estimator 0.01 0.05 0.09 0.08 7.1.4Photon min. energy threshold 0.09 0.10 0.14 0.28 7.1.5Cut on distan
e: photon{tra
k 0.01 0.05 0.11 0.14 7.1.6Energy dependen
e of re
onstr. m�0 0.03 0.03 0.04 0.09 7.1.7TPC momentum 
alibration 0.01 0.01 0.03 0.05 7.2.1TPC momentum resolution 0.01 0.01 0.01 0.02 7.2.2Unfolding: variation of � 0.04 0.10 0.35 0.58 7.3Unfolding: differen
e test{true 0.06 0.06 0.23 0.37 7.3MC statisti
s 0.13 0.09 0.21 0.66 7.4Bran
hing ratios 0.34 0.20 1.02 1.85 7.4Non-� ba
kground 0.03 0.02 0.18 0.36 7.4Separation V {A 0.17 0.08 0.49 0.94 6.1MC distributions 0.05 0.04 0.17 0.30 6.1Total 0.48 0.37 1.33 2.59Table 10.3: Relative experimental errors (in %) to the ve
tor moments. The last 
olumnindi
ates the referen
e se
tion where the spe
i�
 error sour
es are des
ribed.see in Fig. 10.5. Consequently, the amount of the negative 
orrelation in
reases withl = 1; : : : ; 3. This also explains the large (and in
reasing) positive 
orrelations betweenthe k = 1; l > 0 moments, in whi
h, with growing l, the high energy tail be
omes more andmore important 
ounterbalan
ing the low energy peaks. The individual 
ontributions tothe total errors are listed in Tab. 10.3 for the ve
tor 
ase. One 
learly sees the dominan
efrom the bran
hing ratio un
ertainties whi
h is also the only error 
ontributing to R�:V=A.An improvement of the bran
hing ratio measurement is therefore of utter importan
e andexpe
ted, in parti
ular, from a forth
oming ALEPH analysis in
luding all LEP I data.This measurement of the spe
tral moments 
an be 
ompared to previous publi
ationswhi
h are available from ALEPH and CLEO (Fig. 10.7). One observes a 
lear shift of thefirst moment k = 1; l = 0 to lower values and, 
orresponding to their anti-
orrelations,larger values for the k = 1; l > 0 moments in the new analysis when 
ompared to the211



Rτ,V

1.7 1.75 1.8

D10,V

0.71 0.72 0.73

D11,V

0.16 0.165 0.17 0.175

D12,V

0.051 0.052 0.053 0.054 0.055

D13,V

0.021 0.022 0.023 0.024Figure 10.6: E�e
t of a �s ! �s + 2��s (hollow stars) and Æ(8) ! Æ(8) + 2�Æ(8) (hol-low triangles) shift on R�;V and the ve
tor moments. The points in the 
entres give theunshifted values.

D10(V+A) D11(V+A) D12(V+A) D13(V+A)

ALEPH 97

CLEO 95

ALEPH 93

0.71 0.740.15 0.160.054 0.060.02 0.028

Figure 10.7: Measured spe
tral moments DklV+A in 
omparison to results obtained in pre-vious analyses by CLEO [9℄ and ALEPH [8℄. Note the strong 
orrelations between therespe
tive moments l = 0; : : : ; 3. 212



former ones. This is to a large extent explained by the different � bran
hing ratios usedand the 
onsideration of K�K, K�K� and K�K�� 
ontributions in this measurement.10.2.2 Theoreti
al Predi
tion and Un
ertaintiesThe 
ombined fit for V , A and (V + A) performed here adjusts the parameters �s(M� ),h(�s=�)GGi (from Eq. (2.82)), ��sh�qqi2V=A from (Eq. (2.83)) and hO8iV=A of the OPE inthe theoreti
al predi
tions of R�;V=A (2.54) and the spe
tral moments (2.85). Clearly onehas to worry about the theoreti
al un
ertainties affe
ting these predi
tions. They do notdiffer qualitatively for either R�;V=A or the moments. However, quantitatively, one expe
tslarger effe
ts, e.g., from un
ertainties in the perturbative series, on the � hadroni
 widthsor lower moments (l ' 0; 1). Instead, un
ertainties from non-perturbative 
ontributions(other than those whi
h are fitted) should affe
t higher moments (l ' 3; 4) more thanlower ones. The translation from theoreti
al errors on R�;V=A to �s(M� ) 
an be easilyperformed using Eq (2.54) and Tab. 2.1 (the third line 
orresponds to the method usedhere) and 
al
ulating the derivative. One obtains (with K4 = 25)��s(M� ) = �R�;V=A0:633 + 0:743�s(M� ) + 1:323�2s(M� ) + 1:822�3s(M� ) (10.23)' 0:88�R�;V=A ; for : �s(M� ) = 0:35 ;and ��s(M� ) = 0:44�R�;V+A. Note that this dependen
e is larger than what one wouldexpe
t from the naive Taylor expansion (2.70) whi
h leads to ��s ' 0:58�R�;V=A.The following list 
ompiles the un
ertainties entering into the theoreti
al predi
tions.The errors used and their impa
t on R�;V=A and �s(M� ) are expli
itly given in Tab. 10.4,while the total theoreti
al errors on R�;V=A and the moments are presented in Tab. 10.5and finally the 
orrelation matrix of the theoreti
al errors between R�;V+A and the (V +A)moments is given in Tab. 10.6.{ Physi
al 
onstants: relevant physi
al 
onstants are(a) the CKM matrix element jVudj,(b) the ele
troweak radiative 
orre
tion fa
tor SEW,(
) light quark masses mu; md.Errors from the light quark masses are negligible (as the light quark mass 
ontribu-tion at all), while the others, in parti
ular �SEW, must be taken into a

ount (seeTab. 10.4).{ Perturbative series: errors in the trun
ated perturbative expansion originatemainly from the unknown higher order expansion 
oeffi
ient K4. Motivated by theworks presented in Refs. [262, 263℄, K4 is 
hosen to be K4 = K3(K3=K2) ' 25,obtained assuming an algebrai
 growth of the perturbation series, with an error of50. This point is further dis
ussed in a later paragraph.213



Error sour
e Value�� �R�;V+A ��s(M� ) ��s(MZ)SEW 1:0194� 0:0040 0.014 0.006 0.0006Vud 0:9752� 0:0007 0.005 0.002 0.0002K4 K3(K3=K2)� 50 0.028 0.012 0.0013�3 0� �3(�3=�2) 0.003 0.001 0.0001R-s
heme (RS) �MS2 ! �RS2 = 2�MS2 0.004 0.002 0.0002R-s
ale � = �M2� M� + 0:7 0.011 0.005 0.0005Total errors 0.034 0.015 0.0016Table 10.4: Sour
es of theoreti
al un
ertainties and its impa
t on R�;V+A and �s(M� ) for�s(M� )= 0:35 and evolved to �s(MZ). The origins of the di�erent errors are explained inthe text. The e�e
ts on R�;V=A are one-half of R�;V+A, while V and A are degenerated.ALEPH R� D10� D11� D12� D13�V 0.017 0.0040 0.0034 0.0004 0.0002A 0.016 0.0040 0.0030 0.0004 0.0003(V + A) 0.034 0.0040 0.0031 0.0004 0.0003Table 10.5: Total theoreti
al errors for the ve
tor, axial-ve
tor and (V + A) hadroni
widths and moments.Another important point is the renormalization s
ale (�) dependen
e of thepredi
tion. It is governed by the parameter � = �=M� where ideally the finalobservables are independent of �. This fa
t is expressed in the RGE whi
h governsthe running of �s. Formally, the integrals (2.67) in Eq. (2.66) also obey the RGE [86℄:� �A(n) (�s(��2s))�� = nXk=1�kA(n+k) ��s(��2s)� : (10.24)In a trun
ated series the renormalisation s
ale dependen
e remains and is thereforean intrinsi
 un
ertainty of the theoreti
al predi
tion. On the other hand, there is noreason to believe that the renormalisation s
ale should deviate very mu
h from theenergy s
ale at whi
h QCD is applied. In order to get an estimate of the asso
iatedun
ertainty, � is varied from M� (� = �=M� = 1), whi
h is the standard value to� = 2:5. When 
hanging the �-s
ale, the 
oeffi
ients ~Kn(�) of the perturbativeexpansion, as well as �s, have to be reexpressed a

ording to the RGE. The �dependen
e of the 
oeffi
ients is expli
itely given in Eq. (2.63).In addition to the renormalisation s
ale dependen
e, the arbitrariness of the
hoi
e of the renormalisation s
heme (RS) leaves an ambiguity. The effe
t of thisambiguity is tested by 
hanging �MS2 into an arbitrary �RS2 = 2�MS2 and re
omputing�s and the ~Kn in the new s
heme.As 
an be seen in Tab. 10.4, the un
ertainty from the missing �3 
oeffi
ient is214



ALEPH R�;V+A D10�;V+A D11�;V+A D12�;V+A D13�;V+AR�;V+A 1 0.879 �0.856 �0.539 �0.800D10�;V+A { 1 �0.992 �0.507 �0.874D11�;V+A { { 1 0.396 0.810D12�;V+A { { { 1 0.842D13�;V+A { { { { 1Table 10.6: Theoreti
al 
orrelations between R�;V+A and the moments Dkl�;V+A.negligibly small. The implementation of the new value for �3 from Eq. (2.19) hasno impa
t on this analysis.{ Non-perturbative operators in the OPE power terms of dimensions D = 4; 6; 8have no theoreti
al errors sin
e they are free varying parameters of the fits andwill be determined experimentally. Contributions from higher orders have not been
al
ulated yet. Their Wilson 
oeffi
ients 
arry a large number of non-trivial quark-quark, quark-gluon and gluon-gluon dynami
al effe
ts. Fortunately, as 
on
ludedfrom Eq. (2.57), they 
an only 
ontribute indire
tly via a logarithmi
 dependen
e ons, i.e., they are proportional to �2s. The subsequent operator of dimension D = 10is then suppressed by �2s=M10� ' 4� 10�4, and thus negle
ted in this analysis. Alsonegle
ted is any additional dimensionD = 2 term (ex
ept the quark masses). D = 2terms 
annot be generated by a dynami
al QCD a
tion and are therefore absent inthe SVD approa
h. But they are not ruled out experimentally and are still 
ontro-versial theoreti
ally. A possible D = 2 
ontribution from ultraviolet renormalons isof perturbative origin as it is 
aused by the trun
ation of the perturbative series.This is further dis
ussed in the following paragraph.By far the most 
riti
al error sour
es are effe
ts from the trun
ated perturbativeexpansion at order �3s, sin
e one 
ould expe
t some 
onvergen
e problems at �s(M� )=� �1. It is natural to express the 
orresponding un
ertainty through the size of the firstnegle
ted term, i.e., K4 in Eq. (2.66) (or ~K4 whi
h takes into a

ount the RS dependen
e).No expli
it 
al
ulation of K4 exists but several estimates are available:A.L. Kataev and V. Starshenko [262℄ advo
ated the pres
ription of the prin
iple ofminimal sensitivity (PMS) [264℄, whi
h allows the 
omputation of an RS with optimal
onvergen
e, i.e., with minimal dependen
e on higher order 
orre
tions. A
tually, thedifferen
e between an observable 
al
ulated in the RS using the PMS and the ordinaryRS, say MS, provides an estimate of the missing terms a

umulated inK4. The estimationyields ÆR�;V=A ' 53(�s(M� )=�)4 whi
h is K4 ' 36. To stress the su

ess of this approa
h,the authors refer to several 
al
ulations in
luding that of the four-loop 
orre
tion to theele
troni
 (g � 2)e, whi
h previously has been 
orre
tly estimated by means of the samemethod [265℄.F. Le Diberder [263℄ performed an experimental estimate of K4 using the a priori free-dom of 
hoi
e of the renormalisation s
ale � = �M� (insofar as all physi
al observables215



are reexpressed in � and thus obey the RGE). The sensitivity at � = M� is naturallysmall. �s measurements from other s
ales whi
h are less pre
ise than the one obtainedfrom � de
ays (with a large error on K4) are additional inputs into the experimentalfit. However, redu
ing � in
reases the sensitivity dramati
ally, giving rise to the pre
isedetermination K4 = 27� 5 at � ' 1 GeV.These 
onsistent estimations are rather en
ouraging. Nevertheless, 
al
ulations ofhigher order renormalon 
hains also indi
ate 
omparable values of K4 but they predi
t anos
illating behaviour of the series, i.e., small Kn 
oef�
ients for n-even and large Kn forn-odd. One therefore has to worry about important 
ontributions from the K5 term whi
hwas found to be 788 in Ref [89℄. On the other hand, by virtue of the impli
it resummationof the �s Taylor expansion in the A(n) integrals, the perturbative series (2.66) 
onvergesmore rapidly than the naive guess � (�s=�). For �s(M� ) = 0:35, one has in fourth orderA(4) = 18:92 � 10�5, and at higher orders A(5) = 1:436� 10�5 and A(6) = 0:073 � 10�5.Thus even an extremely large K5 � 800 produ
es an effe
t of �R�;V=A ' 0:017, whi
his still 
overed by the systemati
 un
ertainty listed in Tab. 10.4. In Ref. [89℄, R� andthe spe
tral moments have been 
al
ulated employing a renormalon resummation of theAdler fun
tion (2.58) in the large-�0 limit. The resummation is performed by evaluatingthe integral of the Borel transform in the large-�0 limit, where IR and UV singularities(\renormalons") appear in the new Borel plane as mentioned in the brief introdu
tionSe
tion 2.5.3. The UV renormalons, situated outside the integration range, have alternat-ing signs and 
an be resummed. However, the IR renormalons lie inside the integrationrange on the positive axis and give rise to non-perturbative power 
ontributions whi
hare absorbed in the OPE. Fig. 10.8 depi
ts the results for Æ(0) using the different methodsto evaluate the perturbative series. The large-�0 limit resummed perturbative predi
tionis taken from Ref. [89℄. Expanding �s in the large-�0 Borel integral in a Taylor series upto �4s and setting K4 = 25 yields the 
urve labeled \large-� expansion" [89℄. The \expan-sion" 
orresponds to the naive Taylor expansion Eq. (2.70) and the numeri
al solutionis Eq (2.66) with a numeri
al evaluation of the A(n) integrals. One observes an impor-tant dis
repan
y between the large-�0 limit and the numeri
al solution employed in thisanalysis. However, experien
es from other appli
ations indi
ate that the estimates fromthe large-�0 limit are most probably oversized [266℄ and will probably be redu
ed whenin
luding additional renormalon 
hains whi
h are negle
ted in the present 
al
ulation.This point re
eives additional support from the 
omparison between the known (exa
t)Kn values and the results from the large-�0 expansion [89℄:order Kn(exa
t solution) Kn(large� � limit)n = 1 1 1n = 2 1:6398 1:5565n = 3 6:3711 15:711n = 4 : : : 24:83n = 5 : : : 787:8While the agreement in se
ond order is a

eptable, it is very bad in third order. Theresummed solution shows an os
illating behaviour with large n-odd values and relativelysmall n-even 
oeffi
ients. Even if the individual Kn 
oeffi
ients of the large-� expansion216



Numerical solution

Large-β resummation
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δ(0
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0.2
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0.3

0.35

0.28 0.3 0.32 0.34 0.36Figure 10.8: Perturbative 
ontribution Æ(0) to R�;V=A with di�erent approa
hes. The\expansion", the \numeri
al solution" and the \large-� expansion" are given for K4 =K3(K3=K2) ' 25. The shaded band depi
ts the response to the variation �K4 = �50.do not fit to the exa
t solutions, the total (Kn + gn) 
ontributions to Æ(0) shows a mu
hbetter agreement.Finally, the un
ertainty 
hosen for the fourth order perturbative 
oeffi
ient is �K4 =�50 and should be a 
onservative estimate.No additional un
ertainty is introdu
ed to 
over as the possible existen
e of a Æ(0) �(�2=s) term, be
ause it is understood that su
h a 
ontribution 
ould only exist as a 
on-sequen
e of the trun
ation of the perturbative series (Se
tion 2.5.3), whose un
ertaintiesare already embedded in the �K4 
onsideration.10.2.3 Results of the Combined FitsThe fit program, written by F. Le Diberder, is the same as used in the first ALEPHanalysis of �s from � de
ays in 1993 [8℄. The fit minimizes a �2, 
al
ulated in the usualmanner through the 
ontra
tion of the differen
es between measured and fitted quantitieswith the inverse of the sum of the experimental and theoreti
al 
ovarian
e matri
es takenfrom Tabs. 10.2 and 10.6.The results of the various fits are listed in Tab. 10.7. Tab. 10.8 gives the 
orresponding
orrelation matri
es between the fitted parameters. The limited number of observablesand the high 
orrelations between the spe
tral moments explain the large 
orrelationsobserved espe
ially between the fitted non-perturbative operators. Taking into a

ountthese 
orrelations, one obtains for the total non-perturbative 
ontributions ÆNP;V = 0:019�0:005, ÆNP;A = �0:022� 0:003 and ÆNP;V+A = �0:002� 0:004, respe
tively.One noti
es a remarkable agreement between the �s(M� ) values of the different 
olumns.217



ALEPH Ve
tor (V ) Axial-Ve
tor (A) V + A�s(M� ) 0:348� 0:014� 0:016 0:355� 0:018� 0:016 0:352� 0:007� 0:016Æ(0) 0.200� 0.016 0.205� 0.019 0.203� 0.013Æ(2) �(0.3� 0.2)�10�3 �(0.6� 0.2)�10�3 �(0.5� 0.2)�10�3Æ(4) (0.4� 0.7)�10�3 (�5.8� 0.7)�10�3 �(2.7� 0.7)�10�3Æ(6) 0.029� 0.004 �0.028� 0.004 0.001� 0.003Æ(8) �0.009� 0.001 0.008� 0.001 �0.001� 0.001Total ÆNP 0.020� 0.005 �0.026� 0.004 �0.003� 0.004�2=d.o.f. 0.4/1 0.1/1 0.3/1Table 10.7: Fit results of �s(M� ) and the OPE non-perturbative 
ontributions from ve
-tor, axial-ve
tor and (V + A) 
ombined �ts using the hadroni
 widths and the 
orre-sponding spe
tral moments as input parameters. Where two errors are given they denoteexperimental (�rst number) and theoreti
al un
ertainties (se
ond number). The total non-perturbative 
ontribution is the sum ÆNP = Pn=2;4;6;8 Æ(n).ALEPH �s(M� ) Æ(4)V Æ(6)V Æ(8)V�s(M� ) 1 �0.050 �0.235 �0.146Æ(4)V { 1 0.767 0.812Æ(6)V { { 1 0.973Æ(8)V { { { 1
ALEPH �s(M� ) Æ(4)A Æ(6)A Æ(8)A�s(M� ) 1 �0.050 0.555 �0.506Æ(4)A { 1 �0.847 0.902Æ(6)A { { 1 �0.975Æ(8)A { { { 1ALEPH �s(M� ) Æ(4)V+A Æ(6)V+A Æ(8)V+A�s(M� ) 1 0.050 0.075 0.088Æ(4)V+A { 1 �0.644 0.769Æ(6)V+A { { 1 �0.939Æ(8)V+A { { { 1Table 10.8: Correlation matri
es a

ording to the �ts presented in Tab. 10.7 for ve
tor(upper left table), axial-ve
tor (upper right) and (V + A) (lower table).
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Figure 10.9: Non-perturbative 
ontribution Æ(6) to the in
lusive ve
tor and axial-ve
tor �hadroni
 widths. The ellipse depi
ts the new ALEPH result. The strong 
orrelations ofabout 90% between Æ(6)V and Æ(6)A are found in an additional �t in whi
h the ex
lusive ve
torand axial-ve
tor widths and moments were 
ombined.On the other hand, the 
onformity of the results is not \too good" from the statisti
alpoint of view, when taking into a

ount that the large 
orrelations between the 
olumnsof Tab. 10.7 stem from theoreti
al un
ertainties of 
ommon origin. The same argument,i.e., strong 
orrelations between the input observables, renders the small �2's obtainedin the individual fits harmful, due to the fa
t that the \real" degree of freedom must besmaller than one. The results 
an be 
ompared to those obtained in the previous ALEPHanalysis [8℄ where the strong 
oupling was measured to be �s(M� ) = 0:330� 0:046 usinga mu
h smaller data set of 8500 � de
ays.The individual as well as the total non-perturbative power 
ontributions to the in
lu-sive R�;V+A are all 
ompatible with zero, while the un
ertainty of the total 
ontributionamounts to only 0.4%, whi
h is mu
h smaller than the error 
oming from the perturbativeterm. The gain from the separation of ve
tor and axial-ve
tor 
hannels 
ompared to thein
lusive (V + A) fit be
omes obvious in the adjustment of the leading non-perturbative
ontributions of dimension D = 6 and D = 8, whi
h 
an
el in the in
lusive sum. The in-formation for their a

urate determination 
omes mainly from the high l = 3; 4 moments.Certainly, this 
an
ellation of the non-perturbative terms puts a premium on the �s(M� )determination from the in
lusive (V +A) observables, and is reassuring even though one219
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0.3 0.35 0.4 0.45Figure 10.10: Results for �s(M� ) using R�;V+A only, the moments DklV+A only and the
ombined information from ve
tor and axial-ve
tor � de
ays. Note that the measurementsare very 
orrelated due to the dominant theoreti
al errors.knows OPE to be well-behaved. The 
ontributions from mass terms Æ(2), whi
h behavelike m2u=d, are below the 0.1% level. The gluon 
ondensate governing the Æ(4) 
ontribu-tions is undete
table in all 
ases whi
h agrees well with the fa
t that it is suppressed tose
ond order �2s (see Eq. (2.57) and Eq. (2.82)). Another interesting observation is thealternating sign in both ve
tor and axial-ve
tor 
ases between the Æ(6) and Æ(8) terms.This is 
onne
ted with the spe
ial form of the shape of the ve
tor (axial-ve
tor) hadroni
width as a fun
tion of the � mass s0, represented by the spe
tral moments in the abovefits. The shape grows faster (slower) than the perturbative predi
tion with de
reasings0 < M2� giving rise to the balan
ing Æ(6) addition. It then abruptly explodes in the op-posite dire
tion, due to strong in
uen
es from low energy poles (resonan
es), whi
h arequalitatively des
ribed by the opposite sign of the Æ(8) 
ontribution. These properties willbe dis
ussed in detail in the next se
tion. Fig. 10.9 depi
ts the measured Æ(6)A versus Æ(6)V in
omparison with other estimations of both experimental and theoreti
al origin. The solidline 
orresponds to Eq. (2.83). The referen
es are: \ALEPH 93" [8℄, \ALEPH 95" [24℄,\Narison 95" [267℄ and \BNP 92" [12℄.In order to 
he
k the 
onsisten
y of the different approa
hes one 
an use either thenormalisation, i.e., the � hadroni
 width obtained from the hadroni
 bran
hing ratios orthe expli
it form of the spe
tral fun
tions, i.e., the spe
tral moments. �s(M� )
an thenbe determined using variables 
oming only from one of these inputs. This is done for the(V +A) 
ase where 
ontributions from non-perturbative terms are very small, so that theeffe
t of additional theoreti
al assumptions are minimized. The results of these fits areshown in Fig. 10.10. They are in perfe
t agreement.The evolution of the \best" and most robust �s(M� ) measurement from the in
lusive220



(V +A) observables based on the Runge-Kutta integration of the differential equation toN3LO (Se
tion 2.2.2) yields�s(M� ) = 0:348� 0:008exp � 0:015theo�s(MZ) = 0:1211� 0:0008exp � 0:0016theo � 0:0010evol (10.25)The first error a

ounts for the experimental un
ertainty, the se
ond number gives theun
ertainty of the theoreti
al predi
tion of R� and the spe
tral moments, and the lasterror stands for possible ambiguities in the evolution due to un
ertainties in the mat
hings
ales of the quark thresholds (0.0010). Effe
ts asso
iated with the trun
ation of theRGE at O(�5s) are small (the new N3LO order gives a tiny 
ontribution of �s(MZ)3: order��s(MZ)4: order = 0:00034).Using Eq. (2.13) one 
an express the value of �s(M� ) in terms of the MS renormal-ization s
ale �MS at three loop level. For the result (10.25) at � = M� with three a
tive
avours one has �(3)MS = (397� 14exp � 27theo) MeV : (10.26)10.2.4 The Running of �s(s)The analysis presented in the pre
eeding se
tion provides pre
ise measurements of �s(M� ).So far, there have been no major obsta
les and 
onsequently the perturbative expansionand the OPE approa
h used to build the theoreti
al predi
tion of the observables arebelieved to des
ribe nature | at least phenomenologi
ally. Nevertheless, by means of theex
lusive measurement of the ve
tor and axial-ve
tor spe
tral fun
tions, it be
omes possi-ble to deepen the QCD analysis as the spe
tral fun
tions 
ontain the entire phenomena ofQCD physi
s at low energy. When de
reasing the energy s
ale, non-perturbative effe
tsbe
ome larger, a fa
t 
hara
terized by the appearan
e of high-peaked resonan
es in thespe
tral fun
tions, espe
ially the a1(1260), the �(770) and the �-pole. However, not onlynon-perturbative 
ontributions arise, but also the perturbative predi
tion in
reases withde
reasing energy and one might expe
t 
onvergen
e problems of the perturbative seriesat �(s0)=� > 0:1 [86℄.Using the spe
tral fun
tions, one 
an simulate the physi
s of a hypotheti
al � lep-ton with a mass ps0 smaller than M� . As de�ned in Eq. (2.50), the � hadroni
 widthR� (s0) is then 
al
ulated by 
onvoluting the spe
tral fun
tions with the kinemati
al fa
tor3(1�s=s0)2(1+2s=s0)=s0 
orresponding to the new \� mass" ps0. The evolution of R� (s0)provides a dire
t test of the running of �s(ps0), governed by the RGE �-fun
tion. Inaddition, results, whether or not they are 
onsistent with QCD, ought to prove the properuse of the OPE approa
h in � de
ays, and thus 
onfirm the astonishing pre
ision of the�s(M� ) measurement. A similar study was presented in Ref. [268℄. A fit of the theo-reti
al predi
tion R�;V=A(s0), espe
ially R�;V+A(s0), to the data over a reasonable range3Note that at small \� masses" s0, the different kinemati
al fa
tor for ve
tor and s
alar parti
lesbe
omes non-negligible. 221



smin0 � s0 �M2� in whi
h the OPE is valid will provide an important 
onsisten
y 
he
k ofthe results for �s(M� ) and the non-perturbative 
ontributions obtained in Se
tion 10.2.3using R� and the spe
tral moments. Again, in these studies one is very lu
ky to haveseparated ve
tor and axial-ve
tor 
hannels, whi
h now permits one to 
an
el the degener-ated perturbative series by using R�;V�A(s0) in order to dire
tly investigate its 
onsisten
ywith the OPE predi
tion, i.e., testing the power law that the experimental data obey.It is 
onvenient to exhibit the important questions and problems 
on
erning the �sdetermination and the use of the OPE in order to attempt to get answers or at least somehints from the respe
tive R�;V=A(s0) distributions:1. Down to whi
h smin0 is the OPE valid ? The regime of validity is then assigned bysmin0 � s �M2� .2. Is smin0 identi
al in the V , A and (V + A) 
ase ?3. Can one distinguish two and three a
tive quark 
avours in the RGE?4. What is the dominating power of the OPE in the region of its validity, i.e., s0 � smin0 ?5. Do the dimensions D = 6; 8 des
ribe the non-perturbative spe
trum? Does thein
lusion of Æ(8) allow to de
rease smin0 ?6. Can one 
onstrain K4 or an eventual dimension D = 2 term?7. What follows for the theoreti
al errors ?The fun
tional dependen
e of the respe
tive R�;V=A hadroni
 widths are plotted inFig 10.11 and Fig 10.12 together with the results from the dire
t �2 fits and the momentsfit from Tab. 10.7. Also shown are the experimental errors, atta
hed to the data distri-butions, and the theoreti
al un
ertainties. The 
orrelations between two adja
ent binss1 < s2 are huge as the only different, i.e., new, information is provided by the bin at s2.They are even reinfor
ed by the genuine experimental and theoreti
al 
orrelations. The
orrelations are 
al
ulated analyti
ally from the respe
tive derivatives of Eq. (2.50) usingthe identity Eq. (1.27), and are pa
ked into an overall 
ovarian
e matrix that is used to
al
ulate the �2, whi
h is minimized in the fit. Fig. 10.13 shows the plot 
orrespondingto Fig. 10.11, translated into the running of �s(s0). Also plotted is the evolution usingonly two quark favours. No signifi
ant deviation is found, i.e., experimentally one 
annotdistinguish if two or three flavours are involved.The values obtained for the parameters are 
ompatible with those given in Tab. 10.7.For example in the 
ase of (V +A) the dire
t R�;V+A(s0) fit yields: �s(M� ) = 0:354�0:017,Æ(6)V+A = �0:005� 0:005 and Æ(8)V+A = (0:9� 1:3)�10�3, while there is a negligible depen-den
e on the gluon 
ondensate (whi
h therefore has been fixed in the fit). The 
urveblows up at de
reasing s0 due to the pion pole whi
h, at high phase spa
e suppression,be
omes very strong (see also for R�;A(s0) in Fig. 10.12). In the pure ve
tor 
ase, there isno pseudos
alar 
ontribution to 
ounterbalan
e the �. Thus R�;V (s0) de
reases dramati-
ally after passing the peak of the resonan
e. One observes an energy shift between the222
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Figure 10.11: (V + A), V and A hadroni
 widths versus the square \� mass" s0. All
urves is plotted as error bands to emphasize their strong point-to-point 
orrelations in s0.The shaded band (with a solid line in the 
entre) \dire
t �t" depi
ts the result of the dire
tadjustment of the theoreti
al predi
tion to the data 
urve shown. The \moments �t" is theevolution of the theoreti
al predi
tion using the results for R�;V+A and the non-perturbativeterms from Tab. 10.7.o

urren
e of an obje
t (peak) in the spe
tral fun
tions and its effe
t on the � hadroni
width. For example, the � peak at 0.6 GeV2 gives rise to a maximum of R�;V (s0) arounds0 = 1:5 GeV2. This is due to a large phase spa
e suppression when the obje
t has a mass
omparable to the \� mass" s0.For R�;V+A(s0), the regime of validity of the OPE is 
learly above s;min0 ' 0:7 GeV2,and may rea
h down to smin0 � 1:7 for R�;V=A(s0). So far, the in
lusive sum (V + A) ismu
h better behaved than the individual 
ontributions, although the OPE seems to bevalid in all three 
ases. The experimental fa
t that the non-perturbative 
ontributions(inside present a

ura
y) exa
tly 
an
el over the whole range 1:2 GeV2 � s0 � M2� ap-pears almost magi
. It is the deeper reason why the �s determination from the in
lusiveV +A data is so robust. Below 1 GeV2 the error of the theoreti
al predi
tion of R�;V+A(s0)starts to diverge due to the large un
ertainty at this energy from the non-perturbativeterms (these errors are not 
ontained in the theoreti
al error band of the moments fitresult).One may refer to Question 4 and wonder whether the powers D = 6 and D = 8 ofthe OPE are the genuine powers of the non-perturbative terms arising in R�;V (s0) and223
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Figure 10.12: Ve
tor and axial-ve
tor hadroni
 widths versus the square \� mass" s0.The limits of the OPE validity are pushed to mu
h larger energies 
ompared to the morein
lusive (V + A) 
ase.
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Figure 10.13: The running of �s(s) as obtained from the f it of R�;V+A(s0) to the theoreti
alpredi
tion. the shaded band shows the data in
luding experimental and theoreti
al errors.The lines depi
t the di�erent methods to solve the RGE. The analyti
al method 
orrespondsto Eq. (2.13). The numeri
al method uses Runge-Kutta integration (up to four loops ofthe �-fun
tion) to solve the di�erential equation. Both 
urves are identi
al. Also shown isthe solution with two a
tive 
avours only. The blowing up of the error at small s0 stemsfrom the un
ertainties in the non-perturbative dimension D = 6 and D = 8 terms thatbe
ome dominant for s0 < 1 GeV2.R�;A(s0). Fortunately, as a tri
k, one 
an use the differen
e R�;V�A(s0), whi
h is free fromany perturbative 
ontribution for this inspe
tion. Fig. 10.14 depi
ts R�;V�A versus s0.One observes that it is 
learly positive at M2� . The regime of validity for the OPE hasagain be
ome smaller, i.e., smin0 is lo
ated around 2 GeV, a fa
t that is a
tually trivialas deviations from the OPE are reinfor
ed in (V � A) 
ompared to V; A. Two fits havebeen performed in order to test the underlying power law:(1) : R�;V�A(s0) = 32V 2udSEW  CDhODisD=20 ! ; 2 GeV2 � s0 �M2� ; (10.27)(2) : R�;V�A(s0) = 32V 2udSEW  C6hO6is30 + C8hO8is40 ! ; 1:2 GeV2 � s0 � M2� :(10.28)The first fit Eq. (10.27), whi
h has as free parameters the dimension D and the 
ompleteterm CDhODi, serves to fix the \genuine" power law, while the se
ond fit adjusts the twodimension D = 6; 8 operators in order to test the 
ompatibility of the OPE approa
h withthe non-perturbative shape of the data. The results are D = 6:9 � 0:5 and CDhODi =2:2 � 0:6 for the fit Eq. (10.27) and C6hO6i = 4:24 � 0:16 and C8hO8i = �4:83 � 0:17for Eq. (10.28) with, in both fits, strong anti-
orrelations between the fitted quantities225
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Figure 10.14: Di�eren
e of ve
tor and axial-ve
tor hadroni
 width R�;V�A versus the \�mass" s0. The solid/dashed line 
orresponds to the �t Eq. (10.27)/(10.28).of 97.5% and 98.7%, respe
tively. Thus, the dominating power of dimension D = 6 
anbe 
onfirmed, whi
h supports the SVZ approa
h [11℄. On the other hand, the se
ondfit reveals that the in
lusion of an additional D = 8 power term in the OPE does notquantitatively improve the agreement between the theoreti
al predi
tion (OPE) and thedata. The point of inflexion at about 2 GeV2, whi
h 
auses the break down of the puredimension D = 6 OPE, is not governed by a power D = 8 but rather by D ' 10. Thissuggests that pruden
e is required in the interpretation of the ex
ellent pre
ision obtainedfor the dimension D = 8 operators in the ve
tor and axial-ve
tor fits of Tab. 10.7, i.e.,for a term whi
h is a
tually not quite meaningful.Looking at Fig. 8.3 in Se
tion 8.1 one may 
onsider that additional insight into thenon-perturbative power law ought to be obtained from an in
lusion of e+e� annihila-tion ve
tor data at energies above the � . This is the same exer
ise already performed inSe
tion 10.1 in order to provide a 
omparison to � data. However, when be
oming quan-titative one has to be 
areful about the 
onsistent treatment of the different data setsto avoid differen
es between � ve
tor and e+e� isove
tor spe
tral fun
tions from beingfalsely interpreted as 
ontributions to (V � A). Therefore, the major part, in parti
ularthe � resonan
e where � and e+e� data show some disagreement in the normalisation,is still entirely taken from � (V � A) data. Beyond s0 = 2:7 GeV2 (where � and e+e�data agree for the ve
tor spe
tral fun
tion), a 
ombination of R�;V+A(s0), obtained fromthe QCD fit (Tab. 10.7), and two times the ve
tor part from e+e� annihilation dataare used. The R�;V+A(s0) theoreti
al predi
tion has proved in Fig. 10.11 to be very reli-able down to values of s0 ' 1 GeV2 be
ause non-perturbative 
ontributions 
an
el out.226
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Figure 10.15: Di�eren
e of ve
tor and axial-ve
tor hadroni
 width R�;V�A obtained from� spe
tral fun
tions (left side) and a 
ombination of e+e� annihilation data and theQCD theoreti
al predi
tion (right side) versus s0. The solid line 
orresponds to the �tEq. (10.27).Therefore, it should be therefore even more stable for energies above M� . In addition tothis, the R�;V+A(s0) theoreti
al predi
tion is normalised at s0 = M2� to the measurementEq. (10.20). Fig. 10.15 depi
ts the 
orresponding R�;V�A(s0) distribution. The plottedfun
tion is Eq (10.27) extended to masses s0 > M2� . The result seems to be a bit dis-
ouraging as it is hardly 
ompatible with a pure dimension D = 6 
ontribution4 Thisin
onsisten
y with the OPE approa
h 
ould be another hint (see Se
tion 8.2) of an over-estimation of the ve
tor part, possibly due to an axial-ve
tor dominan
e of the K �K� finalstates. This is still rather spe
ulative and must be 
leared up in forth
oming analyses. Itshould be strongly emphasized that these diffi
ulties do not affe
t the in
lusive (V +A)measurement on whi
h the �s(M� ) determination is based. However, again one sees thatresults based on pure ve
tor (or pure axial-ve
tor) should be handled with parti
ular 
areas the appli
ability of the OPE approa
h is not yet on solid ground.The last point to be dis
ussed here is 
on
erned with Question 6, i.e., does the studyof the running provide additional 
onstraints on K4 or an operator of dimension D = 2?The problem asso
iated with these two quantities insomu
h as they are degenerate with�s is that a simultaneous determination of them and �s is not pra
ti
able. Using �smeasurements from other experiments as input is a
tually not more meaningful as thepre
ision is insuffi
ient to obtain informative 
onstraints. One possibility is to advo
ate4Note that the strong 
orrelations allow indeed easily a verti
al shift of the total 
urve but the dire
tion,i.e., the slope is well determined. 227
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0.11 0.115 0.12 0.125 0.13 0.135Figure 10.16: Compilation of �s measurements evolved to MZ. The shaded band depi
tsthe new world average. The CLEO 95 and ALEPH 93 measurements have been res
aledby the 
urrent B` world average.the method of Ref. [263℄ whi
h determines K4 at a renormalisation s
ale � ' 1 GeV,i.e., signifi
antly lower than the � mass, in order to in
rease the sensitivity. The valueobtained is very pre
ise, but theoreti
ally questioned [266℄. The degenera
y between �sand the D = 2 term is even larger and all attempts to obtain a limit will usually fail. Inaddition, D = 2 terms, whi
h might arise from the trun
ation of the perturbative series(Se
tion 2.5.3), are of perturbative origin and should therefore 
an
el in R�;V�A. Upperlimits, obtained from the V , A or (V + A), rea
h 5%.10.2.5 A New World AverageFollowing the summary of �s measurements presented in Se
tion 2.6, a new world average
an be 
omputed using the present measurement Eq. (10.25), whi
h turns out to yieldthe most pre
ise individual �s(MZ) determination. Fig. 10.16 presents the new value for�s(M� ) in 
omparison to older ones taken from Refs. [8℄ and [9℄ (renormalised to the newmassless leptoni
 bran
hing ratio | see footnote in Se
tion 2.6). Also shown are otherpre
ise measurements from Latti
e QCD [119℄ and the overall ele
troweak fit [112℄ (the228




orresponding values are given in Tab. 2.2 Se
tion 2.6), and the average over all othermeasurements not ex
lusively presented here (flagged \yes" in Tab. 2.2). The shadedband depi
ts the new world average that is found, using the mathemati
s of Se
tion 2.6,to be h�s(MZ)i = 0:1198� 0:0017 ; (10.29)with a �2=d:o:f: = 3:9=6 assuming a 
orrelation of 30% due to the theoreti
al input intothe analyses. Only the new �s(M� ) result is used in the average.10.3 Comments and Con
lusionThe pre
eeding se
tions dealt with two important (one might say genuine) appli
ationsof the � spe
tral fun
tions to QCD: 
hiral sum rules are exploited in order to testve
tor/axial-ve
tor saturation at M� . It 
ould be shown that even if the a
tual pre
isionof the spe
tral fun
tions at the end of the � phase spa
e is rather weak, the appli
ation ofBorel transformed sum rules signifi
antly improves their asymptoti
ness and allows oneto obtain a

urate results. The main point of this analysis is that a measurement of �sat M� has been performed using a fit of non-perturbative operators and �s(M� ) to the� hadroni
 width and spe
tral moments, where the latter were taken from the � spe
tralfun
tions. The result obtained for �s(M� ) is 
urrently the most pre
ise experimentaldetermination (Se
tion 2.6). It is dominated by theoreti
al errors. Consisten
y 
he
ks
on
erning the running of �s(s0) and the non-perturbative 
ontribution to the hadroni
width were performed. Due to the suppression of non-perturbative terms, the theoreti
alpredi
tion of R�;V+A(s0) was shown to be in perfe
t agreement with the data down to the� region. It has further been shown that the dominant power law of the non-perturbativepart is 
ompatible with a dimension D = 6. Additional insight into the non-perturbativebehaviour be
ame possible beyond M� by using the (V + A) theoreti
al predi
tion anddata from e+e� annihilation. With in
reasing s0 > M2� , the non-perturbative 
ontributionflattens signifi
antly around R�;V�A(s0) ' 0:1, whi
h is in disagreement with the OPEexpe
tation. However, this is a small effe
t in the (V � A) part, whi
h emphasizes thenon-perturbative 
ontribution, by a fa
tor of larger than 10 
ompared to the (V +A) partwhi
h is used to determine �s and where the non-perturbative 
ontributions are negligiblysmall. The fa
t that the value of �s(M� ) determined here allows one to reprodu
e thebehaviour of R�;V+A down to � 0:7 GeV2 is a rather unexpe
ted result and puts the �sdetermination at the � s
ale on a very solid ground.
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Con
lusions and OutlookThe experimental aim of the analysis presented in this thesis is the measurement of thenon-strange ve
tor and axial-ve
tor spe
tral fun
tions of semi-hadroni
 � de
ays. Theprin
ipal ingredients of the spe
tral fun
tions are the invariant mass-squared spe
tra ofthe hadroni
 final states normalized to their respe
tive bran
hing ratios. The latter aremainly taken from the 
omprehensive ALEPH analysis of Ref. [24℄, while rare or unknownde
ay 
hannels are bound using isospin symmetry arguments.For ea
h event passing � pair sele
tion, 
harged tra
k identifi
ation and � hadroni
de
ay 
lassifi
ation, the 
riti
al steps of the invariant mass-squared measurement are theenergy and momentum 
alibration and the reje
tion of fake photons. In addition, the un-folding of dete
tor effe
ts, whi
h is ne
essary in order to obtain the physi
al mass-squaredspe
tra, demands parti
ular 
are. A new experimental method is employed based on asingular value de
omposition of the dete
tor response matrix and a regularization of itsinverse.Extensive systemati
 
omparisons of Monte Carlo simulation to the data are performedto ensure the high pre
ision of the spe
tral fun
tion measurement. For the �0 re
onstru
-tion is espe
ially important: the study and 
orre
tion of fake photons, the ECAL energy
alibration and resolution, the photon re
onstru
tion effi
ien
y and the �0 mass mea-surement. The tra
k re
onstru
tion is also investigated: the momentum 
alibration andresolution as well as the re
onstru
tion effi
ien
y and the effe
t of se
ondary nu
lear in-tera
tions. The unfolding method, the limited Monte Carlo statisti
s and the bran
hingratios as well as the non-� ba
kground are all 
onsidered. It turns out that the fakephoton reje
tion, the bran
hing ratios and the unfolding pro
edure yield the dominantsystemati
 error sour
es.The spe
tral fun
tion analysis opens a wide range of interesting appli
ations on phe-nomenologi
al QCD and provides important information about an energy region whi
h isout of rea
h of present theoreti
al predi
tions. The hypothesis of 
onserved ve
tor 
urrents(CVC) asso
iates the � ve
tor spe
tral fun
tions with the 
ross se
tions of 
orrespondingisove
tor final states of e+e� annihilation experiments. Comparisons are performed be-tween the two- and four-pion 
hannels as well as between the total ve
tor and isove
torspe
tral fun
tions from � de
ays and e+e� data. The 
ompilation of the total spe
tralfun
tions both in � de
ays and e+e� annihilation requirs parti
ular 
are. Additional infor-mation from isospin symmetry regarding unknown or unmeasured final states is ne
essary.Conversely, the CVC predi
tions of the ve
tor � bran
hing ratios from e+e� 
ross se
tionsare 
ompared to measured quantities from � de
ays. In general, good agreement is foundbetween e+e� and � data, where in many 
ases � data are more a

urate. A 
ombinedfit of the pion form fa
tor using phenomenologi
al formula based on ve
tor resonan
es isperformed in order to extra
t the differen
e in mass and width between the 
harged ��(from � de
ays) and the neutral �0 (in e+e� annihilation). They are found to be�M�(770) = (0:0 � 1:0 � 0:1) MeV=
2���(770) = (0:1 � 1:8 � 0:5) MeV=
2 ;233



where the first errors are the dire
t fit un
ertainties and the se
ond errors a

ount formodel dependen
ies. The fit result is found to be in agreement with a theoreti
al estimateof the ele
tromagneti
 � mass differen
e.In the � dominated two-pion final state, the pre
ision of � spe
tral fun
tions ex
eedsthe a

ura
y of e+e� 
ross se
tion measurements. This is exploited to improve the 
al-
ulation of the hadroni
 
ontributions to the muon (g � 2) and to the running of thefine stru
ture 
onstant, �(M2Z). These hadroni
 
ontributions dominate the present a
-
ura
y of the two basi
 physi
al observables. Both 
ontributions are evaluated by meansof a dispersion integral over experimental data in an energy regime that is deeply non-perturbative, and therefore not predi
table with 
urrent QCD methods. Data from �spe
tral fun
tions are in
luded via CVC for the most pre
ise two- and four-pion finalstates. Sin
e the parti
ular a

ura
y of the two-pion integral rea
hes a pre
ision of theorder of one per 
ent, a detailed study of CVC violating ele
tromagneti
 effe
ts is per-formed. It provides a small 
orre
tion to the measured 
ontribution from � de
ays ofabout �0:3%. The hadroni
 
ontributions obtained from the respe
tive integrals are forthe muoni
 (g � 2)ahad� = (695:0� 15:0)� 10�10 (e+e� data only)ahad� = (701:1� 9:4)� 10�10 (
ombined e+e� and � data)and for the running of � at M2Z��(5)had(M2Z) = (280:9� 6:3)� 10�4 (e+e� data only)��(5)had(M2Z) = (281:7� 6:2)� 10�4 (
ombined e+e� and � data) :A global ele
troweak fit, performed with the new determination (in
l. � data) of ��1(M2Z) =128:878� 0:085, leads to a Higgs boson mass of 138+137�76 GeV.The differen
e of ve
tor and axial-ve
tor spe
tral fun
tions offers insight into the lowenergy behaviour of QCD and the appli
ability of 
hiral symmetry. The DMO sum rule,the first and se
ond Weinberg sum rules, as well as the sum rule related to the ele
-tromagneti
 pion mass splitting, all relate integrals with infinite upper ranges to pre
isepredi
tions obtained using 
hiral symmetry, i.e., using massless light quarks. It is shownin this analysis that at the � mass s
ale these integrals are not saturated, i.e., they are stillos
illating, so that an evaluation of the sum rules 
annot be performed easily. However,the appli
ation of finite energy sum rule te
hniques 
onsiderably improves the 
onver-gen
e of the integrals, and allows for the evaluation of the pion polarizability by meansof the DMO sum rule: �E = (2:68 � 0:91)� 10�4 fm3 :The error in
ludes experimental and systemati
 un
ertainties.An important appli
ation of hadroni
 � de
ays to QCD is the determination of thestrong 
oupling 
onstant �s(M� ). The prin
iple of the measurement is based on a fitof the theoreti
al predi
tion for an in
lusive observable to the data, where �s(M� ) is234



a free parameter. Sin
e QCD is applied here at a low energy s
ale, one has to worrywhether non-perturbative effe
ts play a role. This is a

ounted for by the use of thelow energy Operator Produ
t Expansion (OPE), whi
h organizes the non-perturbative
ontributions as an expansion in powers of the � mass and 
oeffi
ients whi
h 
an be fittedsimultaneously with �s(M� ). The observables used are the � hadroni
 width and spe
tralmoments, whi
h are 
omplementary to ea
h other in the sense that they use informationfrom the normalization (R� ) and the form of the spe
tral fun
tions only (moments). Thebest and most robust determination of �s(M� ) is obtained from the in
lusive (V +A) fitthat yields �s(M� ) = 0:348� 0:008exp � 0:015theo :This value evolved to the Z mass s
ale gives�s(MZ) = 0:1211� 0:0008exp � 0:0016theo � 0:0010evol ;= 0:1211� 0:0021 :Expressed in terms of the MS renormalization s
ale at � =M� with three a
tive 
avoursat three loop level one has�(3)MS = (397� 14exp � 27theo) MeV :The result is dominated by theoreti
al un
ertainties, whose evaluation is still deli
ate.The total non-perturbative 
ontribution to R�;V+A is found to be 
ompatible with zeroand negligibly small. However, the same fit using the ex
lusive ve
tor and axial-ve
torhadroni
 widths and moments revealed that the non-perturbative 
ontributions, in par-ti
ular of dimension D = 6, are large, but fortunately exa
tly 
an
el out in the in
lusivesum, within present a

ura
y.The spe
tral fun
tion measurement opens the possibility to measure the � hadroni
width as a fun
tion of a variable \� mass" s0 � M2� , taking advantage of the universalnature of the measured spe
tral fun
tions. This provides a dire
t test of the running of�s(s0) whi
h governs the evolution of the theoreti
al predi
tion to values smaller than the� mass. A perfe
t agreement between the measured R�;V+A(s0) and theory is found for thewhole range of 0:7 GeV2 � s0 �M2� . At 0.7 GeV2, R�;V+A(s0) starts to blow up due to theinfluen
e of the � peak and the pion pole whi
h are of non-perturbative origin. A dire
tfit of the data and theory in the valid region yields the result �s(M� ) = 0:354� 0:017 ,in
luding experimental and theoreti
al un
ertainties, and very small 
ontributions of non-perturbative origin. The above value is 
onsistent with the result for �s(M� ) obtained inthe fit of R�;V+A(M2� ) and the moments. The same dire
t fit is performed for the ex
lu-sive ve
tor and axial-ve
tor R�;V=A(s0), where a worse agreement between experiment andtheory is found, and strong non-perturbative 
ontributions 
ause theory to break downmu
h earlier, i.e., at larger s0. The evolution of the non-perturbative 
ontributions asa fun
tion of s0 is a

essed dire
tly by 
onsidering the differen
e R�;V�A(s0) in whi
hperturbative 
ontributions 
an
el to all orders of the perturbative expansion. The fit ofa free dimensional operator to R�;V�A(s0) in order to test the dominant non-perturbativeOPE dimension leads to D = 6:9� 0:5 :235



This is in astonishing agreement with the assumption of a dominant D = 6 
ontributionmade in the SVZ approa
h. A fit of R�;V�A(s0) to an operator D = 6 plus an operatorD = 8 indi
ates that the addition of the D = 8 term does not quantitatively improvethe validity of the OPE. Data from e+e� annihilation in 
ombination with the theoreti
alpredi
tion of R�;V+A(s0) 
ould be used to extend the OPE analysis to masses greater thanM� and to elu
idate the asymptoti
 behaviour of the non-perturbative 
ontributions.Future work must be done in both the experimental and the theoreti
al domains. Ex-perimentally it has been shown that most of the physi
al observables 
al
ulated using the� spe
tral fun
tions as input are limited by the un
ertainties in the hadroni
 bran
hingratios and in the separation of ve
tor and axial-ve
tor final states. The a

ura
y of thehadroni
 bran
hing ratios is expe
ted to be improved substantially by means of a forth-
oming ALEPH analysis whi
h will in
lude the whole LEP I data set from 1990{1995.An improvement in the simulation of fake photons or the fake photon suppression in datawill provide a higher pre
ision of the low mass-squared tail of the ���0 spe
tral fun
tion,whi
h is important in the evaluation of the hadroni
 
ontribution to the muon (g � 2).A better knowledge of the dynami
s and the bran
hing ratios of multi-pion and K�K finalstates is ne
essary in order to extra
t more a

urate information about their G-parityand/or 
ontributions from eventual isospin violating de
ays of intermediate states. Amore detailed experimental and theoreti
al analysis of CVC violating effe
ts o

urring in� de
ays and e+e� annihilation would improve the a

ura
y and reliability of all 
om-parisons and 
al
ulations based on the CVC hypothesis. Clearly, the evaluation of thehadroni
 
ontribution to the running of the QED fine stru
ture 
onstant at MZ 
an beimproved using additional theoreti
al input for energy s
ales lower than 40 GeV fromperturbative, and even non-perturbative, QCD. The QCD analysis of the � spe
tral fun
-tions revealed that at the order of the � mass s
ale QCD already des
ribes the data well.Additional interesting results are expe
ted from a deeper study of the Borel transformedfinite energy sum rules. Optimisti
ally, one might obtain 
onstraints on the light u; dquark masses using fits to moments of the Borel parameter M2. The measurement of thestrange spe
tral fun
tion and, even more powerful, the separation of strange ve
tor andaxial-ve
tor 
omponents would give rise to tests of further sum rules involving, e.g., thedifferen
e between non-strange and strange ve
tor spe
tral fun
tions, whi
h 
ould re
eivesignifi
ant 
ontributions from the mass of the strange quark.Theoreti
ally, a primary goal is to a
hieve a better understanding of the higher orderN3LO perturbative 
ontribution to the � hadroni
 width. If a dire
t 
al
ulation of the firstunknown 
oeffi
ient K4 is 
urrently out of rea
h, more detailed studies of 
ontributionsfrom so-
alled renormalization 
hains seem to be ne
essary. In addition, the 
laimed non-existen
e of a dimension D = 2 
ontribution to R� is still dis
ussed among theorists andrequires further work. It is not unreasonable to hope to obtain answers from experimentto these primarily theoreti
al problems.
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